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Preface to the Third Edition 


This edition combines the earlier two volumes on Classical Dynamical Systems 
and on Classical Field Theory, thus including in a single volume the material for 
a two-semester course on classical physics. 

In preparing this new edition, I have once again benefited from valuable sug- 
gestions and corrections made by M. Breitenecker. 


Vienna, Austria, February 1997 Walter Thirring 


Preface to the Second Edition: 
Classical Dynamical Systems 


The last decade has seen a considerable renaissance in the realm of classical dy- 
namical systems, and many things that may have appeared mathematically overly 
sophisticated at the time of the first appearance of this textbook have since become 
the everyday tools of working physicists. This new edition is intended to take this 
development into account. I have also tried to make the book more readable and 
to eradicate errors. 

Since the first edition already contained plenty of material for a one-semester 
course, new material was added only when some of the original could be dropped 
or simplified. Even so, it was necessary to expand the chapter with the proof of the 
K-A-M theorem to make allowances for the current trend in physics. This involved 
not only the use of more refined mathematical tools, but also a reevaluation of the 
word fundamental. What was earlier dismissed as a grubby calculation is now seen 
as the consequence of a deep principle. Even Kepler's laws, which determine the 
radii of the planetary orbits, and which used to be passed over in silence as mystical 
nonsense, seem to point the way to a truth unattainable by superficial observation: 
The ratios of the radii of Platonic solids to the radii of inscribed Platonic solids are 
irrational, but satisfy algebraic equations of lower order. These irrational numbers 
are precisely the ones that are the least well approximated by rationals, and orbits 
with radii having these ratios are the most robust against each other's perturbations, 
since they are the least affected by resonance effects. Some surprising results about 
chaotic dynamics have been discovered recently, but unfortunately their proofs did 
not fit within the scope of this book and had to be left out. 

In this new edition, I have benefited from many valuable suggestions of col- 
leagues who have used the book in their courses. In particular, I am deeply grate- 
ful to H. Grosse, H.-R. Grümm, H. Narnhofer, H. Urbantke, and above all 
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M. Breitenecker. Once again the quality of the production has benefited from 
drawings by R. Bertlmann and J. Ecker and the outstanding word processing of 
F. Wagner. Unfortunately, the references to the literature have remained sporadic, 
since any reasonably complete list of citations would have overwhelmed the space 
allotted. 


Vienna, Austria, July 1988 Walter Thirring 


Preface to the Second Edition: 
Classical Field Theory 


In the past decade, the language and methods of modern differential geometry have 
been increasingly used in theoretical physics. What seemed extravagant when this 
book first appeared 12 years ago, as lecture notes, is now a commonplace. This fact 
has strengthened my belief that today students of theoretical physics have to learn 
that language—and the sooner the better. After all, they will be the professors 
of the twenty-first century, and it would be absurd if they were to teach then 
the mathematics of the nineteenth century. Thus, for this new edition I did not 
change the mathematical language. Apart from correcting some mistakes, I have 
only added a section on gauge theories. In the last decade, it has become evident 
that these theories describe fundamental interactions, and on the classical level, 
their structure is sufficiently clear to qualify them for the minimum amount of 
knowledge required by a theoretician. It is with much regret that I had to refrain 
from incorporating the interesting developments in Kaluza-Klein theories and 
in cosmology, but I felt bound to my promise not to burden the students with 
theoretical speculations for which there is no experimental evidence. 

I am indebted to many people for suggestions concerning this volume. In par- 
ticular, P. Aichelburg, H. Rumpf, and H. Urbantke have contributed generously to 
corrections and improvements. Finally, I would like to thank Dr. I. Dahl-Jensen 
for redoing some of the figures on the computer. 


Vienna, Austria, December 1985 Walter Thirring 


Preface to the First Edition 


This textbook presents mathematical physics in its chronological order. It origi- 
nated in a four-semester course I offered to both mathematicians and physicists, 
who were only required to have taken the conventional introductory courses. In 
order to be able to cover a suitable amount of advanced material for graduate stu- 
dents, it was necessary to make a careful selection of topics. I decided to cover 
only those subjects in which one can work from the basic laws to derive physically 
relevant results with full mathematical rigor. Models that are not based on realistic 
physical laws can at most serve as illustrations of mathematical theorems, and 
theories whose predictions are only related to the basic principles through some 
uncontrollable approximation have been omitted. The complete course comprises 
the following one-semester lecture series: 


I. Classical Dynamical Systems 
II. Classical Field Theory 
III. Quantum Mechanics of Atoms and Molecules 
IV. Quantum Mechanics of Large Systems 


Unfortunately, some important branches of physics, such as the relativistic quan- 
tum theory, have not yet matured from the stage of rules for calculations to math- 
ematically well-understood disciplines, and are therefore not taken up. The above 
selection does not imply any value judgment, but only attempts to be logically and 
didactically consistent. 

General mathematical knowledge is assumed, at the level of a beginning graduate 
student or advanced undergraduate student majoring in physics or mathematics. 
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Some terminology of the relevant mathematical background is collected in the 
Glossary near the beginning of the book. More specialized tools are introduced 
as they are needed; I have used examples and counterexamples to try to give 
the motivation for each concept and to show just how far each assertion may be 
applied. The best and latest mathematical methods to appear on the market have 
been used whenever possible. In doing this, many an old and trusted favorite of 
the older generation has been forsaken, as I deemed it best not to hand dull and 
worn-out tools down to the next generation. It might perhaps seem extravagant to 
use manifolds in a treatment of Newtonian mechanics, but since the language of 
manifolds becomes unavoidable in general relativity, I felt that a course that used 
them right from the beginning was more unified. 

References are cited in the text in square brackets [ ] and collected near the end 
of the book. A selection of the more recent literature is also to be found there, 
although it was not possible to compile a complete bibliography. 

I am very grateful to M. Breitenecker, J. Dieudonné, H. Grosse, P. Hertel, 
J. Moser, H. Narnhofer, and H. Urbantke for valuable suggestions. F. Wagner 
and R. Bertlmann have made the production of this book very much easier by their 
greatly appreciated aid with the typing, production, and artwork. 


Vienna, Austria, February 1977 Walter Thirring 


Note About the Translation 


In the English translation, we have made several additions and corrections to try to 
eliminate obscurities and misleading statements in the German text. The growing 
popularity of the mathematical language used here has caused us to update the 
Bibliography. We are indebted to A. Pflug and G. Siegl for a list of misprints in the 
original edition. The translator is grateful to the Navajo Nation and to the Institute 
for Theoretical Physics of the University of Vienna for hospitality while he worked 
on this book. 


Atlanta, Georgia, USA Evans M. Harrell II 
Vienna, Austria Walter Thirring 
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Glossary 


Logical Symbols 


for every 

there exist(s) 

there does not exist 
there exists a unique 
if a then b 

if and only if 


a is an element of A 

a is not an element of A 

union of A and B 

intersection A and B 

complement of A (In a larger set B: (a:a € B,a ¢ A}) 

{a:a € A,a ¢ B) 

symmetric difference of A and B: (A \ B)U (B \ A) 

empty set 

universal set 

Cartesian product of A and B: the set of all pairs (a, b),a € A, 
beB 
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Important Families of Sets 


open sets contains Ø and the universal set and some other specified sets, 
such that the open sets are closed under union and finite 
intersection 
closed sets the complements of open sets 
measurable contains Ø and some other specified sets, and closed under 
sets complementation and countable intersection 
Borel- the smallest family of measurable sets that contains the open 
measurable sets 
sets 
null sets, or the sets whose measure is zero. "Almost everywhere" means 
sets of "except on a set of measure zero." 
measure 
zero 


An equivalence relation is a covering of a set with a nonintersecting family of 
subsets. a ~ b means that a and b are in the same subset. An equivalence relation 
has the following properties: (i) a ~ a for all a; (ii) a ^ b > b ~ a; (iii) a ~ b, 
b-c-2a-c. 


Numbers 

N natural numbers 

Z integers 

R real numbers 

R+ (R^) positive (negative) numbers 

C complex numbers 

sup supremum, or lowest upper bound 

inf infimum, or greatest lower bound 

I any open interval 

(a, b) the open interval from a to b 

[a, b] the closed interval from a to b 

(a, b] and half-open intervals from a to b 

[a, b) 

R” R x --- x R This is a vector space with the scalar product 

S 


N times 


Qi, Nu | Xi, s XN) = Pun Yi 


Maps (= Mappings, Functions) 
f:A— B for every a € A an element f(a) € B is specified 


F(A) image of A, i.e., if f : A B,(f(a)e B: ae A) 
f b) inverse image of b, i.e., (a € A: f(a) = b} 
Fa inverse mapping to f. Warning: (1) it is not necessarily a 


function, and (2) distinguish from 1/f when B = R. 


f^(B) 

f is injective 
(one-to-one) 

f is surjective 
(onto) 

f is bijective 
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inverse image of B : peg f^ (b) 
ai # a => f(a) # fm) 


f(A) = B 


f is injective and surjective. Only in this case is f^! a true 


function 


UPS 


the function defined from A, x A» to B, x B2, so that 


(a, a2) > (f(a), f2(22)) 


Rh ofi 


fi composed with fz: if fı : A — B and f; : B > C, then 


fo fi: A> C sothata > fx(fi(a)) 
1 identity map, when A = B;ie.a — a. Warning: do not 
confuse witha — 1 when A = B = R. 


Fly f restricted to a subset U C A 

f |, evaluation of the map f at the point a; i.e., f(a) 

fiscontinuous the inverse image of any open set is open 

fismeasurable the inverse image of any measurable set is measurable 

supp f support of f: the smallest closed set on whose complement 
f-0 

Cc’ the set of r times continuously differentiable functions 

C, the set of C" functions of compact (see below) support 

XA characteristic function of A: x4(a) — 1... 

Topological Concepts 

topology any family of open sets, as defined above 

compact set a set for which any covering with open sets has a finite 


connected set 


discrete topology 
trivial topology 


simply connected set 


(open) neighborhood of 
acA 

(open) neighborhood of 
BCA 

p is a point of 
accumulation 
(= cluster point) of B 

B 

B is dense in A 


subcovering 

a set for which there are no proper subsets that are 
both open and closed 

the topology for which every set is an open set 

the topology for which the only open sets are @ and 
CO 

a set in which every closed path (loop) can be 
continuously deformed to a point 

any open subset of A containing a. Usually denoted 
by U or V 

any open subset of A containing B 


for any neighborhood U containing p, UN B\{p} # 0 


closure of B: the smallest closed set containing B 
B=A 
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B is nowhere dense in 


A 


metric (distance func- 


tion) for A 


separable space 
homeomorphism 
product topology on 


A, X Á? 


A \ B is dense in A 


a map d : A x A — R such that d(a, a) = 0; 
d(a,b) = d(b, a) > 0 for b £ a; and d(a,c) < 
d(a, b) + d(b, c) for all a, b, c in A. A metric 
induces a topology on A, in which all sets of the 
form (b : d(b, a) « n) are open 

a space with a countable dense subset 

a continuous bijection with a continuous inverse 

the family of open sets of the form U, x U2, where U; 
is open in A; and U; is open in A», and unions of 
such sets 


Mathematical Conventions 


V.f 
livi] (in three 
dimensions, 


Ivi 


dQ 
Mat, (IR) 
O(x) 


8f/84i 

dq(t)/dt 

determinant of the matrix Mi; 

2 Mi 

lifi = j, otherwise 0 

the totally antisymmetric tensor of degree m, with values +1 
transposed matrix: (M^); = Mji 

Hermitian conjugate matrix: (M*)i; = (Mj;)* 

scalar (inner, dot) product 


cross product 


gradient of f 

curl of f 

divergence of f 

length of the vector v: ||v|| = (3_,_, v2)'/2 = d(0, v) 


i=l “i 


differential line element 
differential surface element 
m-dimensional volume element 
is perpendicular (orthogonal) to 
is parallel to 

angle 

element of solid angle 

the set of real n x n matrices 
order of x 


The summation convention for repeated indices is understood except where it does 
not make sense. For example, L;,x, stands for »» LikXy. 
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Groups 
GL, group of n x n matrices with nonzero determinant 
O, group of n x n matrices M with M M* — 1 (unit matrix) 
SOn subgroup of O, with determinant 1 
En Euclidean group 
Sn group of permutations of n elements 
U, group of complex n x n matrices M with MM* = 1 (unit 
matrix) 
SPn group of symplectic n x n matrices 
Physical Symbols 
mi mass of the ith particle 
Xi Cartesian coordinates of the ith particle 
t=x°/c time 
s proper time 
qi generalized coordinates 
Pi generalized momenta 
ei charge of the ith particle 
k gravitational constant 
c speed of light 
h = h/27 Planck's constant divided by 27 
H electromagnetic field tensor 
Ba gravitational metric tensor (relativistic gravitational potential) 
E electric field strength 
B magnetic field strength in a vacuum 
~ is on the order of 
> is much greater than 
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derivative of f : R" > R” 
chart 

n-dimensional torus 
n-dimensional sphere 
boundary of M 

mapping of the tangent space into IR" 
tangent space at the point q 
derivative of f at the point q 
tangent bundle 

projection onto a basis 
derivative of f : Mj > M; 
set of vector fields 

induced mapping on 7," 

Lie derivative 

natural basis on the tangent space 
flow 

automorphism of a flow 
action 

Lagrangian 

Hamiltonian 

cotangent space 

dual basis 

differential of a function 
space of tensors 
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Len — UG — Q 
$ e 


Roa 


ro 

eltiaip 
E,(M) 

d 

QIN 

E? (U) 

(e (x) | e€(x)) 


ly 
* 
ô 
A 


Ly 


tensor product 

wedge (outer, exterior) product 
interior product 

*-mapping 

tensor bundle 
pseudo-Riemannian metric 

set of tensor fields 

set of p-forms 


fiber product 
transposed derivative 


pull-back, or inverse image of the covariant 


tensors 
exterior derivative 
Lie bracket 
canonical forms 
Liouville measure 
Hamiltonian vector field 
bijection associated with w 
Poisson brackets 
generalized configuration space 
Hamiltonian on M, 
action-angle variables 
Meller transformations 
scattering matrix 
differential scattering cross-section 
angular momentum 
boost 
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1/41 — v?/c? (relativistic dilatation) 
electromagnetic 2-form 
1-form of the potential 
Lorentz transformation 
Schwarzschild radius 
basis of the p-forms 
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electric and magnetic fields 
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gauge function 
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total charge 
energy-momentum tensor 
total energy-momentum 
energy-momentum form of the field 
world-line 
energy-momentum form of matter 
Lagrangian 

action 

Poynting's vector 

domains of influence 

Green function 

retarded Green function 
retarded Green function (form) 
retarded field strength 
incoming field strength 
outgoing field strength 
radiation field 

D-function 

energy loss per period 
specified current 

dielectric constant 
superpotential 
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J*(x) future of x 

J (x) past of x 

C(x, S) set of causal curves 

Cl(x, S) set of differentiable causal curves 


d(A) length of A 


(10.6.18(a)) 
(10.6.18(a)) 
(10.6.18(b)) 
(10.6.18(b)) 
(10.6.18(c)) 


Part I 


Classical Dynamical Systems 


1 


Introduction 


1.1 Equations of Motion 


The foundations of the part of mechanics that deals with the motion of point- 
particles were laid by Newton in 1687 in his Philosophiae Naturalis Principia 
Mathematica. This classic work does not consist of a carefully thought-out system 
of axioms in the modern sense, but rather of a number of statements of various 
significance and generality, depending on the state of knowledge at the time. We 
shall take his second law as our starting point: “Force equals mass times accelera- 
tion.” Letting x; (t) be the Cartesian coordinates of the ith particle as a function of 
time, this means 


2 
(1.1.1) mi 


where F; denotes the force on the ith particle. In nature, so far as we know, there are 
just four fundamental forces: the strong, weak, electromagnetic, and gravitational 
forces. In physics books there are in addition numerous other forces, such as 
friction, exchange forces, forces of constraint, fictitious forces (centifugal, etc.), 
and harmonic forces, with which we shall only be peripherally concerned. The first 
two fundamental forces operate at the subatomic level, outside the realm of classical 
mechanics, so in fact we shall only discuss gravitation and electromagnetism. 
The exact expressions for these forces are rather complicated in their full gener- 
ality, but, surprisingly, they both simplify greatly in the limit where the velocities 
of the particles are much less than the speed of light. They are the gradients of the 


4 1. Introduction 
Newtonian and Coulombic potentials, i.e., 


Xj — Xi 
(1.1.2) Fix) = 35 —— mm; — ee;), 
jzi |x; — xi| 


where x is the gravitational constant and e; is the charge of the ith particle. 

For the elementary constituents of matter, e? and xm? are of very different 
orders of magnitude: for protons, e? ~ 1095 «m?. The reason that gravitation is 
nonetheless significant is that all masses are positive and add constructively in a 
large object, whereas the overall charge can be neutral. In astronomical bodies 
(N ~ 10?" for the sun), only gravitation contributes significantly to (1.1.2). One 
might hestitate to apply (1.1.1) to such bodies, because a star is hardly a point- 
particle, and itis unclear what meaning should be attached to x;. But itis noteworthy 
that (1.1.1) also applies to the center of mass of the whole body, which moves 
according to Newton’s law in response to the net force. In practice there is no 
difficulty with the meaning of x;, since heavenly bodies are usually rather small, 
compared with typical distances between them. 

To get a feeling for the meaning of the constants of nature just introduced, let us 
look at their orders of magnitude in the framework of (1.1.1) and (1.1.2). Suppose 
a particle orbits a star with N ~ 10°” protons, with period t at radius R. Then 
from (1.1.1) and (1.1.2), essentially 


R? 
(1.1.3) uocem, 


in which the mass of the orbiting particle has dropped out, with a purely grav- 
itational force. In cgs units, «mp ~ 10^??, so for a given R we expect period 
t ~ 1016 R22 N-!/ and velocity v ~ 107!6 R-!/? N'!7, For typical cosmic 
distances and N ~ 105: 


R (cm) t (sec) v (cm/sec) 
Earth’s orbit 10” 107 106 
double star — 10!! 104 107 
black hole 105 1075 1010 


We see that in a planetary system typical speeds are 10-100 km/sec, which 
may seem rather fast, but is modest compared with the speed of light. It is only 
when the dimensions are roughly those of a black hole, in which the mass of a 
star is compressed to within a few kilometers, that gravitation can lead to speeds 
approaching the speed of light. At that point the equations of motion (1.1.1) lose 
their validity and must be replaced with their relativistic version, discussed below. 

As already noted, the electrical force between protons is 10%% times stronger 
than their gravitational force. For a proton-electron system this number is raised 
by three orders of magnitude, the ratio of the proton's mass to the electron's mass, 
giving 10°°. Correspondingly, the relationships between R, t, and v become t ~ 
1077/2 R3? N-V? and v ~ 1072 R-!/2 NY? On the atomic scale (R ~ 1075 cm), 
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and for N ~ 1, we now find impressive speeds, v ~ 107° cm/sec and r ~ 107555 
sec. It is thus relatively easy to accelerate charged elementary particles to nearly 
the speed of light, which necessitates a generalization of Newton’s equation of 
motion. 

The law that replaces (1.1.1) and (1.1.2) in these cases is best formulated if 
one regards ct and x as dependent variables x^, a = 0, 1, 2, 3, and introduces a 
parameter s, the proper time, as the independent variable, defined so that ds? = 
c? dt? — |dx|?. The electromagnetic field is no longer a vector, but a tensor field 
of the second degree. The equation of motion generalizing (1.1.1) for a charged 
particle in an electromagnetic field then reads 


2 x? 
m ———— 
ds? 
where by convention the repeated index f is summed over. 
The force in (1.1.2) can be written as the gradient of a potential. In the relativis- 


tic case the electromagnetic field may be expressed with derivatives of a vector 
potential as 


a, dx 
(1.1.4) meFg() 


ð A ð 
axe P xP 


Since A, depends on the positions, or more precisely on the trajectories, of the 
charged particles, the relativistic formula (1.1.5) is rather more complicated than 
(1.1.2) and requires the use of field theory. At present we must content ourselves 
with the restricted problem of a particle in a specified external field Fag. 

The utility of (1.1.4) is further reduced, because macroscopic objects rarely ap- 
proach c, while the motion of elementary particles actually belongs to the quantum 
theory. Nonetheless, the classical equation (1.1.4) gives the essential behavior in 
many cases. 

The equations of motion which generalize (1.1.1) for fast-moving bodies in a 
gravitational field are even more complicated than (1.1.4). As in the nonrelativistic 
theory the force is proportional to the mass, but one now needs an equation with 
three indices: 


(1.1.5) Fa = Ag. 


ax dx? dx’ 
1.1.6 — = -T4,(x)—_ —. 
(RED ds? py) ds ds 
Gravitation is generalized through I, , which again can be written with deriva- 
tives of a potential, though now a symmetric tensor of the second degree: 


zi 0g, 0gc 0g 
a 1 lyao UB hy OS OD 
(1.1.7) lg, = 3(8 ) ee » üxP ax? ) 


Once more we must resort to field theory at this point if we wish to determine 
Bap(x) for a given distribution of mass. We shall only study these equations of 
motion for certain g's; it turns out that despite a mathematical structure similar to 
(1.1.1), the physics enters a completely different world. 
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1.2 The Mathematical Language 


Formula (1.1.1) is an ordinary differential equation of second order for a vector 
in R?F. However, since the forces (1.1.2) have a singularity when x; = xj, i # j, 
it is advisable to remove those points and work in an open subset of IR?". In 
doing this one gives up all information about what happens after a collision, but 
that is just as well, for otherwise the equations would undoubtedly be pushed 
beyond their physical validity. The equations could in fact be regularized by the 
introduction of another variable in place of t, so that the solutions would extend 
beyond the collision (see [6] and [7]). There is indeed some physical interest 
in these regularizations, but only in the possibility of more accurate numerical 
analyses of near misses; they cannot describe true catastrophes. 

We shall, however, broaden the mathematical domain of definition of the equa- 
tions of motion on open sets of R?" somewhat further. The process of differenti- 
ation depends only on local properties of a Euclidean space, and thus carries over 
to anything that looks just like a Euclidean space to a near-sighted observer. In this 
way we are led to introduce differentiable manifolds, for the following reasons: 


1. When one deals with a three-dimensional space with the origin removed, 
polar coordinates are preferable to Cartesian coordinates for many purposes. 
The space does not then appear as an open subset of R?, but as (positive num- 
bers) x (surface of a sphere). Hence it is desirable to formulate a differential 
calculus for spherical surfaces, which are not open subsets of IR". 


2. If we know a constant of the motion K, we may restrict the equations of 
motion to the surface K — const., which is a manifold. This might typically 
be motion on a torus, which has quite different properties from free motion 
in R". 


3. Equation (1.1.6) and problems with constraints are generally set up on mani- 
folds in the first place. 


4. It is essential to distinguish local and global quantities in order to understand 
the mathematical structure of classical mechanics. A Hamiltonian system 
with n degrees of freedom will always locally have 2n — 1 time-independent 
constants. The crucial question is how many of these may be defined globally. 
The concept of manifold serves to clarify this distinction. 


In the second chapter we shall develop the necessary mathematical methods. 
The almost infinitesimal ratio of the number of propositions to the number of 
definitions is plain evidence that it is less a question of obtaining deep results 
than of generalizing and sharpening our knowledge of elementary mathematics, 
or simply common sense. Elementary mechanics gets extended to a more flexible 
scheme. The various infinitely small quantities like “infinitesimal variations" and 
“virtual displacements” disappear and are replaced more precisely with mappings 
of the tangent spaces. The tangent spaces and their associated bundles are the real 
stage for dynamics, where, roughly speaking, the tangent bundle is the space of 
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q and q, and the cotangent bundle is the space of q and p, that is, phase space. 
After a little necessary preparation we thus arrive at Cartan's symbolism, in which 
all the rules of elementary differential and integral calculus are written down with 
a very few symbols. At first it may seem only an exercise in the abstract style 
of writing. But the reward is that this abstract notation succeeds in reducing the 
general assertions of classical mechanics to trivialities. 


1.3 The Physical Interpretation 


In order to interpret the formalism it must first be agreed what the observable quan- 
tities are. The observables generally correspond to the coordinates and momenta 
of the particles. There is of course no reason that the coordinate system should 
necessarily be Cartesian; for example, in astronomy it is usually angles that are 
directly measured. We should therefore allow arbitrary functions of coordinates 
and momenta as observables, subject only to boundedness and, for mathematical 
convenience, differentiability. Such functions form an (Abelian) algebra, and the 
time-evolution defined by the equations of motion gives an automorphism of the 
algebra, since sums are transformed to sums and products to products. It is well 
to distinguish this algebra of observables conceptually from the state in which a 
particular specimen of the system is to be found; the state has nothing to do with 
the laws of nature, but only reflects our knowledge of the initial conditions that 
happened to be realized. 

Whereas the observables are functions on phase space, the states are construed 
as probability measures on it. For each state there is a probability distribution 
p(q, p) such that the average of many measurements of an observable f(q, p) is 
predicted to be 


(1.3.1) f= [era d?" pp(q, p) f (q. p). 


Note that f +g = f +2, but f -g # f - g. This means that fluctuations arise 
so that (f — f)? # 0, unless the measure d?" q d?" pp is concentrated at a point. 
Such “extremal” states amount to complete knowledge of all coordinates and mo- 
menta. With the solution q(0), p(0) — q(t), p(t) of the equations of motion, the 
automorphism mentioned above is f (g(0), p(0)) > f(q(t), p(t)). 

Although this conceptual distinction between observables and states is avoidable 
until one encounters quantum mechanics, it draws attention to the essential nature 
ofthe problem even in classical mechanics. It is not sufficient to solve the equations 
of motion for a few initial conditions which happen to arise; instead, they must be 
solved for arbitrary initial conditions. In particular, the stability of the solutions 
under small perturbations of the initial conditions, which are never exactly known 
in reality, becomes an essential question. Above all, this point of view is well 
suited to statistical physics, where only a small amount of information is given 
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for a system of many degrees of freedom, and the critical facts are the absence of 
stability and mixing properties of the time-evolution. 

To be sure, the execution of this program for realistic forces (1.1.2) creates some 
difficulties. As mentioned, when there is a collision the trajectory leaves the domain 
of definition of the problem, at which point we can look no further into the time- 
evolution. Since initial conditions can always be found so that a collision takes 
place within an arbitrarily short time, we do not really have an automorphism of 
the algebra. In the two-body problem it happens that the situation may be remedied 
by removing the region with angular momentum zero from phase space, since in 
the rest of phase space no collisions can occur. However, in a three-body system 
this only avoids triple collisions, and it is necessary to regularize the equations 
of motion with a new time variable if one wants to get an automorphism. In the 
relativistic case (1.1.4, 6) the situation is even more hazardous, and even in the 
two-body problem particles that have nonzero angular momentum can be pulled 
into the singularity. Popularly speaking, there is a black hole and not just a black 
point. Hence we must moderate our demands and be contented to examine smaller 
pieces of phase space. The central questions become: Which configurations are 
stable? Will collisions ever occur? Will particles ever escape to infinity? Will 
the trajectory always remain in a bounded region of phase space? The words 
“always” and "ever" make it hard to give exact answers. Computer calculations 
and, often, mathematical existence theorems provide answers only for the not-too- 
distant future, and predictions for longer times are notoriously inaccurate. In any 
case, an assertion that something will happen loses its interest for physics when 
the time in question is longer than the age of the universe. 

For (1.1.1; 2) with two particles it is known that all finite orbits are periodic. 
But this is a degenerate case, which does not hold relativistically (1.1.4; 6) or 
when there are three particles. Instead, almost-periodic orbits are more typical, 
where the system returns arbitrarily close to the starting point, but the orbits are 
not closed. Rather, they intertwine densely in some higher-dimensional shape (a 
Lissajou figure). Between these almost-periodic orbits are no doubt imbedded an 
infinite number of others that are strictly periodic. For (1.1.2), e; — 0, and more 
than two particles, there is a strong suspicion that the trajectories for which particles 
are sent off to infinity fill up most of phase space for all energies. This is certainly 
energetically possible, since the remaining particles can use potential energy to 
compensate for the loss. In fact, computer studies [8] show that fairly soon two 
particles will come so near that they can release enough energy to accelerate one 
of them off to infinity. It is apparent that this process is of great significance for 
planetary and stellar systems. 

The book closes with an investigation of how the physical space-time manifold 
is determined by the laws of mechanics. At first the structure of space and time 
appears to be given a priori. Yet it is determined by real rulers and clocks, which 
are themselves subject to the equations of motion.! Thus it will be necessary to 


!Of course, real matter is governed by the quantum theory, so we must anticipate some 
later material. 
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study whether the relationship between rulers and clocks that comes out of the 
equations of motion is consonant with our original assumptions about space and 
time. We shall see, for example, that space-time loses its pseudo-Euclidean nature 
through equations (1.1.6) and gets in its place a Riemannian structure. In other 
words, gravitation affects rulers so that the space they measure appears curved. 
The attraction of the mechanics of point particles is that despite the simplicity of 
the basic laws, the trajectories that are possible produce such a large and complex 
picture that it is difficult to survey it all. It is already evident that the consequences 
of these laws of nature, which can be expressed so briefly, are hugely complicated. 


2 
Analysis on Manifolds 


2.1 Manifolds 


The intuitive picture of a smooth surface becomes analytic with the con- 
cept of a manifold. On the small scale a manifold looks like a Euclidean 
space, so that infinitesimal operations like differentiation may be defined 
on it. 


A function f from an open subset U of IR" into R" is differentiable at a point 
x € U if it may be approximated there with a linear mapping Df: R" — IR". We 
can make this notion more precise by requiring that for all € > O there exists a 
neighborhood U of x such that 


I f(x) — fE) — Df)" — x)li < elx —x'll Vx" eU. 


Here x and f are, respectively, vectors in IR" and R”, and ||v|| is the length of 
the vector v. (We shall always make use of vector and matrix notation with the 
indices dropped, unless there is some reason to write them out.) Written out in 
components, Df is the matrix of the partial derivatives, 

9fi 


(2.1.1) (Dfii = =, i=l,...,m, j=l,...,n. 
Ox; 


(2.1.2) Remarks 


1. The function f must be given in a neighborhood of x. If we speak simply of 
differentiability (at all points), we have to deal with a mapping of some open 
set. 
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2. At every point the derivative Df is a linear mapping R” — R”, which has 
the following significance: if the curve u: ] — R” passes through x, then Df 
transforms the direction of the curve into the direction of the image of the curve 
under f. (dfi(x(t))/dt = fi, ; dx;/dt). 

3. Df can also be regarded as a function, specifically as a mapping into the linear 
transformations. As such it can itself be differentiable, which simply means that 
the f; are further differentiable. We denote the set of p-times continuously 
differentiable functions by C^, the set of infinitely often differentiable functions 
by C®™, and the set of C®-functions of compact support by C°. 


In this section we extend the idea of differentiability to sets M which resemble 
open sets in R” only locally. In §2.2 we can then look for the spaces which are 
mapped linearly by the derivative. First we introduce some concepts which should 
be perfectly clear due to their geographical flavor. 


(2.1.3) Definition 


Let M be a topological space. A Chart (V, ©) is a homeomorphism ® of an 
open set V (the domain of the chart) of M to an open set in R”. Two charts are 
compatible in case V; N V = Ø, or if the mappings ©, o $; ! and 65 0 6l, 
restricted in the obvious way, are C??-mappings of open sets in IR" (Figure 2.1). 


(2.1.4) Definition 


An atlas is a set of compatible charts that cover M. Two atlases are called com- 
patible if all their charts are compatible. 


(2.1.5) Remarks 


- 


. Compatibility of atlases is obviously an equivalence relationship: every atlas is 
compatible with itself, and the definition is symmetric. Suppose );(Vi;, i;) 
is compatible with );(V2, ®2;), which is compatible with LJ; (V3, ®3;). Cover 
Vi; N V3; with the Vx, and recall that f o g is differentiable when f and g are. 

2. Assuming that all the charts map M into an R” with the same m, m is called 

the dimension of M. Occasionally this definition is also used when m = 0, 
although R is a point, for which there can be nothing to differentiate. 

3. If the V's are chosen small enough, we can suppose that they are all connected 

sets. 


(2.1.6) Definition 


A differentiable manifold is a separable, metrizable space M with an equivalence 
class of atlases. 


(2.1.7) Examples 


1. M = R" = V. ® = 1. Only one chart is necessary in this case. This is also true 
for the somewhat more general case of an open subset of IR". 
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FIGURE 2.1. Compatibility of two charts. 


2. M = {(x1, x2) € R?: x? + x2 = 1} is called the one-dimensional sphere S! or 
the one-dimensional torus T'. M is compact and therefore not homeomorphic 
to an open subset of R. At least two charts are needed: 

V-TN(-1,0), 7':9 (cosg,sing) —x <ọ <x, 
V, = T'\{(1, 0}, ®; :9 > (cosg, sing), O<g<2z. 


The compatibility of ©, and d» is trivial (Problem 1); but they can not be 
replaced with a single mapping (see Figure 2.2). 


T! xT! x- xT! =T" 
a aaaea 


n times 
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9, 


V V, 


FIGURE 2.2. An atlas for T!. — and O label corresponding points. 


is the n-dimensional torus, and the n-dimensional sphere is defined as 
S” = (xj) e Rx? x2 0x2, 1). 


3. M = R?\{(0,0)} = U,  — I. As an open subset of some R”, M needs only 
one chart. However, M is also homeomorphic to R+ x $!, which suggests an 
atlas with two charts (polar coordinates). 

4. Let f € C! and M = (x € R": f(x) = 0, and Vx 3j: f;,;(x) # 0}. This gen- 
eralizes Example 2, and the implicit function theorem guarantees the existence 
of suitable charts so that M becomes an (n — 1)-dimensional manifold. The 
condition on the derivative is obviously necessary, for suppose f is a constant 
function; then the inverse image of 0 is either the empty set or all of R". 

5. The n? elements of an (n x n)-matrix define a point in R”. Hence the (n x n)- 
matrices may be identified with R” and inherit its structure as a manifold (and 
also as a vector space). The invertible matrices M, det M # 0, are an open 
subset, and form the group GL(n). The unimodular matrices M, det M = 1, 
are characterized by a condition as in Example 4, and are thus an (n? — 1)- 
dimensional submanifold. 

6. M = (x € R?:|xi| = |x2|}. This cannot be a manifold, since every neigh- 
borhood of (0, 0) decomposes M without that point into four rather than two 
components, and consequently cannot be mapped homeomorphically onto an 
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open interval. 


M: M\ {0,0}: D d 
a 


7. M = Uia, 7n; R)) U (0, R)} C R? is certainly no manifold, since it is 
not locally connected at (0, 0). 

8. Given two manifolds one can define the product manifold M; x M3 (cf. Ex- 
amples 2 and 3). This set comes equipped with the product topology and the 
product chart (Vi, 4) x (V2, 65) = (Vi x Vo, 6, x 05) uses the mapping 
(q1, 42) — (®1(q1), ®2(g2)) into R"!*"?, It is clear that the product of two 
atlases is another atlas, since the conditions of covering and compatibility are 
fulfilled. 


(2.1.8) Remarks 


- 


. In Examples 1 to 4, M is given directly as a subset of IR" with the induced 
topology. It is not always done this way. More obviously, manifolds can be 
constructed by piecing overlapping regions together. This determines the global 
structure, while locally everything is determined by the dimension. However, 
it can be shown [1, Chapters 16 and 25] that every m-dimensional manifold is 
homeomorphic to a subset of R2"*! , 

2. It must be assumed that M is separable in order to exclude a number of patholo- 
gies; it is not implied by M’s being locally Euclidean. This is why we require a 
topology on M, rather than simply defining one with the charts. 

Example: M = Rx(R with the discrete topology), V, = Rx{y}, ®y: (x, y) > 
x. By this devious construction a plane becomes a one-dimensional manifold. 

. We shall usually suppose that the manifolds are C°, which is not an excessively 
burdensome restriction. Of course, many results could be obtained with fewer 
assumptions, but it is not our goal to figure out what the optimal assumptions are. 
Moreover, in the future we will not always check whether all the assumptions of 
differentiability are satisfied. This is left to the conscientious reader, who will 
find that there are no real difficulties, since for these local questions everything 
works as in R”. For this same reason we shall simply say “manifold” rather than 
*C*?-manifold." 

4. Since in the cases that will concern us, most of the functions that crop up 
are analytically continuable, it is sometimes convenient to work with complex 
manifolds. In this C" is substituted for R”, and analyticity for all degrees of 
differentiability. For an example of a complex manifold, think of the Riemann 
surface for ./z or for In z. 

5. Physicists are used to the terms “local coordinate system" or “parametrization” 

instead of charts. That M is not defined with any particular atlas, but with an 

equivalence class of atlases, is a mathematical formulation of “general covari- 


o 
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ance." Every suitable coordinate system is equally good. A Euclidean chart may 
well suffice for an open subset of IR", but this coordinate system is not to be 
preferred to the others, which may require many charts (as with polar coordi- 
nates), but are more convenient in other respects. When depicted in a new chart, 
a given neighborhood in M will appear distorted. In the absence of additional 
information such as a metric for the space, however, there is no way to say that 
one or other chart gives the "true picture." 


As we have seen (Examples 6 and 7), not all subsets of IR" may be used as 
manifolds. They need not necessarily be open subsets of IR", but one should at 
least be able to define differentiation on them. The question now arises of when a 
subset can inherit the structure of a manifold. 


(2.1.9) Definition 


N C M is an n-dimensional submanifold iff for all q € N there exists a chart 
(V, 6), whereg € V C M and ®(V) C R”, such that for all a € NOV, 
@(q’) = (x1,..., Xn, 0, ..., 0). 


(2.1.10) Examples 


1. N is an open subset of M. This is the trivial case with m = n. 

2. N = S', M = R?. The charts in (2.1.7; 2) are not of the form (2.1.9), but charts 
of that form are easy to find (Problem 2). 

3. Let fj, i = l,...,k < m, be differentiable functions R” — R such that the 
vectors D f; at each point where f; = 0,i = 1,...,k, are linearly independent, 
or, equivalently, the rank of the matrix fij, i = 1,...,k and j = 1,...,m, 
is maximal. Then according to the rank theorem [1, Section X.3], N — (x € 
R”: fi(x) = 0 Vi} is a closed submanifold of dimension m — k of R”. In 
particular the orthogonal matrices M, MM" = 1, are a submanifold of the 
invertible matrices (cf. (2.1.7; 5)). 

4. M = R?, N = {x € M: x, = |xil) can be equipped with a manifold structure 
but is not a submanifold of M.! There is a kink in N, which cannot be put into 
the differentiable form required in the definition, even with a new set of charts. 
Yet the atlas (U = N, ®: (xi, x2) — xı) makes N a manifold. 


M 


I The set N is, however, the union of three submanifolds. 
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(2.1.11) Remarks 


1. It is easy to see that the atlas in (2.1.9) gives N the structure of a differentiable 
manifold: the differentiability required for compatibility is unaffected, since 
only the first n coordinates vary. 

2. The last example shows that even when a manifold M is a set-theoretical and 
topological subspace of R”, it does not necessarily have to be a submanifold of 
R”. However, with the imbedding of M in R2"*! mentioned in (2.1.8; 1), M is 
in fact a submanifold of R?”+!, 

3. We produced submanifolds of IR" by requiring that f;(x) = 0, f; € C™, and 
that the Df; were linearly independent. The existence of such functions f is 
implicit in the definition, at least locally. 

4. The following proposition can be proved: Let Y be a submanifold of X, and Z 
a subset of Y. Then Z is a submanifold of Y iff it is a submanifold of X [1, 
16.8.7]. 


Now we are ready to generalize the concept of a differentiable mapping of open 
sets in R" to manifolds by following the usual custom in physics: something is 
called differentiable when it is differentiable in local coordinates. 


(2.1.12) Definition 


A mapping f: Mı — M»; is p-times differentiable iff for all charts of an atlas for 
M; and of an atlas for M2, the obvious restriction of ®2 o f o pr! is a p-times 
differentiable mapping from ©,(U; N f ^! (U5)) C R™ to R™ (see Figure 2.3). 


(2.1.13) Examples 


1. If M, is a submanifold of M5, then the natural injection is infinitely-often dif- 
ferentiable, because a projection in R” is (cf. (2.1.9)). 

2. Let Mat, (IR) denote the manifold of real n x n matrices. Addition and multipli- 
cation of two n x n matrices are C mappings Mat, (IR) x Mat, (IR) —^ Mat, (IR). 

3. If f, and f2 € CP, then their composition f, o f2: M3 L M2 i M), is also a 
C? -mapping (Problem 6). 

4. If M is the product manifold M, x M» and f = f| x fo, then when the f; are 
C?-mappings, so is f. 

5. M; = I C R. Thinking of / as an interval of time and M; as space, we will 
refer to the function f as a curve and to f (1) as its trajectory. 

6. M; — R. The p-times differentiable functions in this case are denoted by 
C?(M}). They form an algebra with the usual product in R because of the 
elementary rules for differentiation of sums and products. For any f which 
never vanishes, 1/f also belongs to the algebra. 


(2.1.14) Remarks 


1. Definition (2.1.12) dealt with only one atlas. The condition of compatibility guar- 
antees that differentiability is defined equivalently for all atlases of an equiv- 
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FIGURE 2.3. Differentiability of a mapping of manifolds. 


alence class. This means that a differentiable mapping remains differentiable 
under a change of charts, and a nondifferentiable mapping can never become 
differentiable (cf. (2.1.10; 4)). 

2. If N, is a submanifold of Mi, then fiy, is as differentiable as f. On the chart 
(2.1.9) the restriction only amounts to holding the last m — n coordinates fixed, 
which does not adversely affect differentiability. 


The topological concept of homeomorphism can now be somewhat sharpened 
for manifolds. 


2.1 Manifolds 19 


(2.1.15) Definition 


A diffeomorphism f of two manifolds is a bijection for which both f and f~! are 
C™. Two manifolds are diffeomorphic iff there exists a diffeomorphism between 
them. 


(2.1.16) Examples 


1. A chart (U, ®) provides a diffeomorphism ® between the submanifold U and 
(U) C R”, since 1 e C”. 

2. M, = R topologically, but has the atlas U = R, ©: x — x? (only one chart). 
According to Example 1, ® is a diffeomorphism M; SR. 

3. ®: x — x? is not a diffeomorphism R > R, since 6^! ¢ C”. 

4. Two manifold structures on the same set M are identical (i.e., are defined with 
equivalent atlases) iff 1 is a diffeomorphism. 


(2.1.17) Remarks 


— 


. These examples show that over R there exist diffeomorphic manifold structures 


that are not identical, since Mj $ R is not a diffeomorphism. It should be 
borne in mind, if one wants to identify manifolds related by a diffeomorphism, 
that they are not necessarily the same manifold in the sense of the definition. 
When we refer to IR" as a manifold without qualification, we mean R” with the 
standard chart (IR", 1). 

2. On complicated topological spaces, and even on IR^, there are distinct manifold 
structures that are not even diffeomorphic. But of the connected one-dimensional 
manifolds the compact ones are all diffeomorphic to S! and the noncompact ones 
to R. 


Although an open interval (a, b) and R can be made into diffeomorphic mani- 
folds, care must be taken in integrating by parts, since (a, b) has boundary points 
{a, b}, but R has none. To emphasize this distinction and highlight the boundary 
points, we introduce the somewhat more general concept of a manifold with a 
boundary. It is modeled on a half-space with its boundary. 


(2.1.18) Definition 


Ri := {x e R": x, > 0}, AR, = (x e R": x, = 0}. A mapping f of an open 
subset U C R} into R” is differentiable iff there exist an open subset U of R^ 
which contains U, and a differentiable mapping f: U > R”, such that f w=f 


(see Figure 2.4). 
(2.1.19) Remarks 


1. U need not be open in R” and can contain parts of dR‘. 
2. R} is not a submanifold of R”, though dR}, is. 
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FIGURE 2.4. A differentiable mapping of R^ . 


Just as a manifold is composed of the inverse images of open sets of R”, a 
manifold with a boundary is likewise composed of inverse images from R^ . The 
concept of an atlas generalizes to this situation. 


(2.1.20) Definition 


Let M be a separable metrizable space. M has the structure of a manifold with a 
boundary when there exist an open covering {U;} and homeomorphisms 9: U; 
— open subsets of IR^ , for which Vi, j, ®; o Pie unu € C™. The boundary 


of M is 3M = U; 07 '(;(U;) N AR") (see Figure 2.5). 


(2.1.21) Examples 


1.M = [a,b]: U, = [a, b, 6: x x — a, U2 = (a, b], 63: x 5 b — x; then 
aM = {a} U {b}. 

2. M = {x € R?: x? +x} < 1}: Uy = (2x2 < 1}, 01:00, x2) > Qa +1, x2), 
and let charts be introduced on U; = (5 < x? + x2 < 1} = T! x (4, 1] as in 
Example 1 and (2.1.7; 2). 0M = T!. 

3.M = (x € R7: |xi| < 1, |xo| < 1}. This is not a manifold with a boundary, 
because it has corners. However, its interior is a manifold, while its boundary 
alone is not.” 


(2.1.22) Remarks 


1. The boundary 0M is to be distinguished from a topological boundary, which 
depends on an imbedding. Topologically 9IR^. as a subset of R” is its own 


?For manifolds with boundaries, see [19]. 
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FIGURE 2.5. A manifold with a boundary. 


boundary, but as R"! it has no boundary. In R” the topological boundary of 
R' is OR}. 

2. Once again, a system of charts such that M = | J, U; suffices to determine 
a manifold, but this system is not to be preferred to other compatible ones. 
Structures which possess compatible atlases will henceforth be identified. 

3. If OM = Ø, this definition reduces to (2.1.6), and in this case we speak simply 
of a manifold, and only otherwise of a manifold with a boundary. 

4. Since the ®; o Pio, (U RU) are homeomorphisms, boundary points of R^, are 
mapped to boundary points, and thus compatible atlases define the same bound- 


ary. 
5. A manifold with a boundary need not be compact (e.g., (0, 1]) and a compact 
manifold may not have a boundary (e.g., T'). 


At the same time the U; in (2.1.20) provide charts both for the interior, M\@M, 
and for the boundary 0 M. These are mapped respectively into open subsets of R” 
and of R"~', and it is easy to prove that the condition of compatibility continues 
to hold under these restrictions. Thus we conclude 


(2.1.23) Proposition 
Both MN3M and ƏM have the structure of manifolds (without boundary). 


(2.1.24) Remarks 


1. That a boundary has no boundary will also follow from a generalization of 
Stokes's integral theorem (cf. (2.6.6; 3)). 
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2. 9M may not be connected, even when M is, as for example M — [a, b]. Con- 
versely, 9M may be connected while M is not: M = [a, b) U (b, c), 8M = {a}. 


(2.1.25) Problems 
1. Prove the compatibility of the charts of (2.1.7), Example 2. 
2. Show that S! is a submanifold of R? in the sense of (2.1.9). 


3. Is U„=1.2,.. {(1/n), R)) a submanifold of R?? How many charts of the kind in (2.1.9) are 
necessary? 


4. What are the minimal necessary and sufficient conditions for a bijective mapping of two 
open sets in R" to be a diffeomorphism? 


5. Are addition and multiplication of two matrices C'-mappings from GL(n) x GL(n) > 
GL(n)? 


6. Show that if fi, f2 € CP, then so is f, o fo. 
7. Show that the “diagonal” ((q, q’) € M x M:q = q’} is a submanifold of M x M. 


8. Let g: R” — R be C” with Dg z 0 for all x at which g(x) = 0. Show that (x € R”: 
g(x) x 0] is a manifold with a boundary. 


9. Show: q € 9M & 3a chart (U, ®) such that ®(q) = (0,0,...,0). 


(2.1.26) Solutions 
ooi! 
1. VEA VE = T'NC1,0) V (0, D} 2 (0, x) U Gr, 22) 3. (0, m) U (=H, 0), by 
p — ¢, or as the case may be p — q — 2z (see Figure 2.2). Likewise for ®2 o $;!. 


2. Use four charts: 


U, = (Q1, x2) € S': x2 


4 h Pi: (1, x2) > xi, 
U; = {(x1, x2) € Six, 


0 
0 


^N N 


b P3: (x1, X2) > X. 


Compatible, since for |x| Z 1, x — 41 — x? is C”. 


3. Yes. Infinitely many: U, = I, x R, where I, is an open interval containing 1/n, and 
Im N D, = 0. n: (x, y) > (y, x — 1/n). 


4. Let the mapping be x — y(x). Minimal conditions are that Vx, y; ; € C^? and det y;, ;70 
(see [1, Chapter 10, 2.5]. 


5. Yes, assuming det(M, + M2) Z 0, since they are restrictions (2.1.14; 2) of differentiable 
mappings (2.1.13; 2). 


6.0,0fio0;! 0,0 f200;! = Dio fio fo BF". 


7. Introduce the variables qe = qk +q; on the product chart mj x m; — (qi, .... m, 
qi» -- -» qn); this gives a chart of the type of (2.1.9). 


8. On the charts for which the submanifold g — 0 of R" has the form (2.1.9), g « Ocan be 
put into the form (2.1.20). 
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9. If (g) = (0, 0, . . . , 0), then q is a boundary point by (2.1.20). Conversely, if q € 0M, 
then on every chart, ®(g) = (0, x2, . . . , Xm). By changing the chart so that b > d — 
(0, X2,...,Xm), q is mapped to the origin. 


2.2 Tangent Spaces 


A smooth surface may be approximated at a point by the tangent plane. 
The generalization of this concept is the tangent space. The derivative of 
a mapping of a manifold acts as a linear transformation on its tangent 
space. 


Mechanics is concerned with the trajectories of particles, which were introduced 
in (2.1.13, 5) in the guise of mappings u from an interval J C R to a manifold 
M:t — u(t) € M.One’s next inclination after this would be to introduce a velocity 
vector ú, but this does not work because M does not have a linear structure. If M 
were imbedded in IR", then ú would lie in the tangent hyperplane and would stick 
out from M. What we shall do is to associate velocity vectors with trajectories 
without reference to imbeddings. In a chart C = (V > q = u(0), 6), the image 
® ou of the trajectory at the point q defines the velocity vector? D(® ou)| 10 E R” 
In a coordinate system its components are as usual (3/ðt)xİ (u (t))| „=o: Even though 
velocities at different points can only be compared with reference to a chart, the 
statement that two velocities at a single point are equal is independent of the 
chart: Suppose that u and v are two trajectories ] — M, and D(®, o u)| <0 = 
D(®20 u)| is: Then with a different chart, 


D(®2 ou)|, , = D(62o91!)- D(6iou)|, , = D(®2 0 ;')- D(6iov)|, , 
= D(65 ov)|, ,. 


There is thus a chart-independent way to apportion the trajectories passing through 
q into equivalence classes of tangential trajectories. To each such class is as- 
sociated the tangent vector of the image of the trajectories through ®(q), i.e., 
D(^o u)|, o € R”. In any chart C = (V > q, ®) this creates a bijection Oc(q) 
between the equivalence classes of trajectories and vectors in R”: 

(2.2.1) Definition 


The mapping Oc(q) sends a curve u that passes through q to the following vector: 


u 99 p(o o uy(0) e R". 


Conversely, for any v € R" the inverse mapping defines a representative curve u 
of the appropriate class (0 € 7 C IR): 


-i 
(2.2.2) v ^9, (re R> 6-7 (6(9) + tv) e M). 


3 An (m x 1)-matrix is regarded as equivalent to a vector in R”. 
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Oez() O.(4) 


R” R" 


FIGURE 2.6. Action of the bijection Oc(q). 


(2.2.3) Remarks 


1. 


2. 


Ww 


Different curves of one class correspond to the same vector by @c(q), but on 
different charts the same class is associated to different vectors (Figure 2.6). 

It might be supposed that a tangent vector directed along the curve u could be 
defined simply as lim,-,..(n(u(1/n) — u(0)), thereby avoiding abstract mental 
acrobatics. The unfortunate drawback is that this difference is undefined for 
finite n. 


. The mapping Oc(q) provides the equivalence classes with the structure of a 


vector space. This is independent of the choice of charts, since under a change of 
charts Gc(q) is multiplied by D(®o ®-!)(q). The chain rule for D then implies 
that, as the derivative of a bijection, this is an invertible linear transformation 
(Problem 1), and thus preserves the vector-space structure. Hence the bijection 
Oc allows the desired characteristics of a tangent plane to be preserved, although 
in fact in the absence of a canonical imbedding of M into R” no tangent plane 
is defined. 


(2.2.4) Definition 


The space of equivalence classes of curves tangent at q is called the tangent space 
of M at q and denoted 7,(M). It has the structure of a vector space when by 
definition for v, w € T, (M) and o, B € R we set 


in 


av + Bw = Gc (q(aOc(q)(v) + BOc(qXw)), 


which Oc is given by (2.2.1); this structure is chart-independent. 
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(2.2.5) Examples 


1.M = R", ® = 1. In this case to any vector v, Gc (q) assigns the line which 
passes through q and is parallel to v. T; (M) may be identified naturally with 
M, crudely writing © = 1.4 

2. Suppose a surface F in R? is given by a parametrization g: R? — RJ, (u, v) = 
(x(u, v), y(u, v), z(u, v)). If g^! | F is used as a chart, then the coordinate lines 
u = const. and v = const. are just sent to the two axes in R? by Oc(q). 


(2.2.6) Remarks 


_ 


. Definition (2.2.4) may seem abstract, but it really only formalizes the intuitive 
notion of vectors in a tangent plane as arrows pointing in the directions of the 
curves passing through the point. This makes them elements of R” on the charts 
used to make M a manifold. 

2. It is clear that with a change of charts © is multiplied by D(@o®~'), whichis the 

matrix that specifies how the images of the curves u are twisted around when put 

in different charts. This is closely related to the usual transformation relations 


for vectors under a coordinate transformation; if x E q hd x, then D(P o $7!) 

is simply expressed as the matrix 0x; /0x;, and a vector of the tangent space is 

transformed as v; — v; = vj 0x;/0x;. This property is frequently made the 

definition of a vector, in the sense of “a vector is a vector that transforms like a 

vector." 

3. If there is no distinguished coordinate system for M, then there is also no 
distinguished basis for 7; (M) (and hence no scalar product, either). It is only 
due to their structure as vector spaces that we can identify IR" and T, (IR"), as 
we do from now on. 

4. If N is a submanifold of M, then for any q € N, T,(N) may be identified with 
a subspace of T, (M). The members of the set T, (N) correspond to trajectories 
in N. 

According to (2.1.1), the derivative of a mapping R"! — IR"? can be interpreted 
as a linear transformation, which turns trajectories in the direction of their images 
under this transformation. This notion can be carried over to manifolds by using 
the linear structure of 7; (M): In local coordinates, D is a linear transformation 
and O transcribes it to the more abstract setting of a tangent space. 


(2.2.7) Definition 


Let f: M; — Mz be a C! transformation. The derivative of f, written T, ( f), 
is defined as T, (f) = Gcl(f(q)) o D(®2 o f o ;!) o Oc, (q). It is a linear 
transformation T,(Mi) — T,(M2), and can be written in a chart-independent 
manner as 7,(f) - [u] = f o [u] = [f ou] where equivalence classes [u] of 
trajectories are identified with vectors (cf. Problem 4). 


‘This notation is deprecated by pedants but all right among friends. 
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| D, f D7’) 
——————— 


ec i (a) 0. (4) 


FIGURE 2.7. The action of T, (f). 


(2.2.8) Remarks 


1. Figure 2.7 is an attempt to clarify this difficult notation for the action of T, ( f). 

2. Although this definition makes reference to a chart, it is in fact chart-independent, 
since the tangent spaces and D(®20 f o $1!) transform so as to compensate. If, 
for example, the chart on M; is changed to ®, D(®20 f o $1!) is multiplied on 
the right by D(&; o $1!) by the chain rule, while, as we already know, Gc, (q) 
gains a factor D(®, o ®;') on the left. 


(2.2.9) Examples 


1. M; = R", i = 1,2. The canonical identification of the tangent spaces implies 
© = 1, and so T,(f) = D(f)(q). This test case brings us back to the old 
definition. 

2. M, = R = To(My), $, = 1. This provides a canonical way to identify an 
equivalence class with one of its vectors. With this identification we denote the 
basis vector of To(R) by 1. Then To(f) - 1 = Gc! o D(6; o f)(0) = Gc! o 
Gc[f] = [f] € Tyo)(M2) is just the representative vector of the equivalence 
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class of f, which in this case consists of a single curve. Schematically, 


f 


R —————95 M 


1 | Puce identification 


T(S) 
T(R) ° Tro (M) 


3. If v € T,(M;) is determined by the curve u, then 7; (f) - v is determined by 
f ou, because 


Tf): v = OG) (F(q))D(®2 o f o 6; )D(6; ou) = OF! (f(q)D(92 o f ou). 


In words: f transforms the curve u into f ou, and T, ( f) maps the tangent vectors 
to the curve u at the point q to the tangent vectors to f ou at the point f (q). This 
statement reads the same in all charts, showing that T, ( f) is chart-independent. 
Schematically, 


T,(M ;) canonical identification i M, 
€————————— 
T) I f 
canonical identification bm 
Tj 4 (M5) fou Mi 


4. M; = R. The f's form an algebra, and the derivative behaves as usual for 
the algebraic operations: from (f; + f2)0 6^! = fio $^! + f; o $^! and 
(fi - f2) o $7! = (fi o 7!) - (f2 o ©7') it follows that: 


(a) T, (const.) = 0; 
(b) T;Cfi + fa) = Tni) + Tq (fa); and 
(0 T(fi - fo) = fi(a) - Ta (fo) + fag) - Ty Cfi). 


5. Mi is a submanifold of M; and f is the natural injection. By using a single chart 
it can be shown (Problem 6) that 7; ( f) is injective, and we can identify T,(M,) 
as a subspace of T,(M2). 

6. We concluded in (2.1.13; 3) that the composition of two differentiable maps is 
differentiable. This can also be verified for T (Problem 7): 


Ty (fi o f2) = Traf) o Ta (f2), 
using the chain rule for D. 


These examples illustrate how the essential rules of differentiation for manifolds 
can be expressed independently of the charts. 
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In order to progress from evaluating the derivative at a point to treating it as a 
function of q, we have to connect the tangent spaces at different points. At this 
stage they still have nothing to do with each other; there is no way to say that 
vectors at different points q are parallel at a distance. Changes of chart distort 
domains; the transformation is linear only on the infinitesimal scale. Yet within the 
domain of a single chart one could identify T(U) = LJ, cy T; (M) with U x R”, 
and then extend the mapping Oc(4) to 


(2.2.10) Oc: T(U) > (U) x R”, (q, v) > (®(g), Gc(a) - v). 


Itis possible to compare tangent vectors at different points within this "tangent bun- 
dle" over U. The mapping Oc is plainly a bijection, and T(U) can be topologized 
so that it becomes a homeomorphism. One can even make it into a diffeomorphism 
and thereby confer a manifold structure on T (U). The atlas then has only one chart, 
so there are no conditions of compatibility to verify. To extend the tangent bundle 
over all of M, one constructs it for all U; of an atlas | J,(U;, ®;). It suffices to 
show the compatibility of these charts, which also verifies the compatibility of the 
product topologies on the individual T(U;) — U; x R". Now, 


Oc(q) o Gc! (q: v > “6 o !(ó(g) + vt)g-o = D(Poo ).v, veR", 
and thus 
(2.2.11) 8e o Gc: (x, v) > (6(6^! (x), D(H o ^ (x): v), 


where ® o -! is assumed to be C^*, coming from an atlas. As regards the second 
factor, it is linear (and therefore C9?) in v, and also C with respect to x by the 
assumption on ® o ®~!. This proves compatibility of the ©’s, allowing us to make 


(2.2.12) Definition 


T(M) = Ue T; (M) is called the tangent bundle of M. It is a manifold with 
the atlas | J,(U; x R”, Oc,). 


(2.2.13) Examples 


I1.M-UCR",C = (U, 1), Oc: (xi, xi + tv) > (xi, vj), where the second 
argument stands for the curve t > x + tv. T(M) = U x R". As we see, for 
open subsets of a Euclidean space the tangent bundle is a Cartesian product. 

2. M = S, charts as in (2.1.7; 2). Oc, ;: (cos g, sin g; cos(y +r), sin(p +wt)) > 
(9, œ). The two charts C; are simply the products of charts C; of S! and the 
identity chart of IR. Combined, they give a diffeomorphism between T(S!) and 
S! x R. The tangent bundle is again a product. 

3. M = S? = {x € R?: x? + x3 + x7 = 1}, C = (S?°\ (0, 0, £1); (x1, x2, 03) > 
(x1, x2)/(1 F x3)) (stereographic projection), 


Oc: (x1, X2, X3; X1 + Vit, X2 + vot, x3(t)) 
m" (Se, (vj, v2) (x1, x2) Xii +) 


lxx; 1533 ° (Fx) x3 
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Interchange of the coordinates x, and x3 removes the singularity at x3 = 0, but at 
x3 = +1 the mappings do not agree on their region of overlap, and they cannot 
be extended continuously. For example, as x3 — 1, in the second position Oc 
becomes the mapping: (left side) — ( ; (v1, v2)/2); thus it acts essentially like 
the identity. On the other hand, Oc, becomes the mapping 


(left side) > ( ; (2/(x? + x3))((u1, v2) 
— 261, x2)(x1V1 + x2v2)/ (2 + x2))), 


acting like a dilatation by 1/|x|? followed by a reflection about x. This is singular 
at x = 0, and cannot be continuously joined to Oc . No product structure can 
be identified, as it would contradict (2.6.15; 6), and as a matter of fact T(S?) 7 
S? x R. 

4. Obviously, T(M; x M2) = T(M)) x T(M2), with the product charts. 


(2.2.14) Remarks 


1. At present T (M) is defined abstractly and not given concretely as a submani- 
fold of some IR". The meaning of the tangent bundle becomes more intuitive, 
however, if we think of it as the space of the positions and velocities of particles. 

2. If T, (M) is thought of as the pair {q} x IR", then in a purely set-theoretical sense 
T(M) = Ugem T,(M) = Ugem (lq) x R”) = (U,eutaD x R” = M x R" 
is always a product. However, with the Oc, it could be topologized as, say, 
a Mobius strip (cf. (2.2.16; 3)), so that T(M) #4 M x R” topologically. If, 
however, T(M) is diffeomorphic as a manifold to M x R”, then we say that 
M is parallelizable, since the product chart makes it possible to define what 
is meant by saying that tangent vectors at different points are parallel, or for 
that matter equal. The only n-spheres that are parallelizable are S!, S?, and S7. 
Locally, T (M) is always a product manifold. 

. M may be identified with the submanifold of T (M) corresponding to the point 
{0} in R” , because of which there exists, even globally, a projection II: T(M) > 
M,(q,v) > q,ontoadistinguished submanifold. Note that for a Cartesian prod- 
uct (q, v) — v would also be given canonically, but here it is chart-dependent. 

4. As a manifold T(M) admits various other charts, though it is for the so-called 
bundle chart used up to now that TI has the simple form (q, v) — q. A change 
of charts for M induces a transition from one bundle chart to another on T (M). 


U 


In differential geometry it is always necessary to distinguish among the infinites- 
imal (q), local (U), and global (M) levels. The following definition abstracts from 
the tangent bundle the property that a product structure may be defined at least at 
the local level, although not necessarily at the global level. 


(2.2.15) Definition 


A vector bundle consists of a manifold X, a submanifold M (known as the basis), 
and a surjection IT: X — M. Furthermore, for each q € M, the fibers I1! (q) are 
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assumed to have the structure of vector spaces, which are all isomorphic to a fixed 
vector space F. Bundle atlases are assumed given on X with domains II^! (Ui), 
where U; are neighborhoods in M. The corresponding chart mappings 9; are not 
only diffeomorphisms on U; x F, but also map the fibers linearly to F. If X is 
diffeomorphic to M x F, then X is said to be trivializable, and trivial iff it is 
given as a Cartesian product. 


(2.2.16) Examples 


1.X=RxR,M=F=R,TI:(, y) > x. X = M x F is trivial. There are 
many coordinate systems for R x R as a manifold, though the product structure 
distinguishes the Cartesian one. 

2. X = T(M), F = R", II: (q, v) > q. The fibers are the tangent spaces T,(M). 
Trivializable iff parallelizable. 

3. X = [0, 277) x R (as sets), with two charts C; = (U;, ®;), which also define the 
topology on X: 


Ci: ((0, 277) x R, 1), 


. (p, x) if0<g<z 
Ca: (Io. mur 20) xR (2) > (p — 2x, —x) ifn <g<2n , 
M-S, F=R, II: (p, x) > Q. 


With C2, @ — 27 is joined to g = 0, but in such a way that the sign of x is 
reversed. X is then an infinitely wide Móbius strip (see Figure 2.8). It is not 
trivializable, since if there were ®: X — S! x R, then the image of the unit 
vector in R would change sign under d^! during a circuit of S', which is not 
possible without its vanishing somewhere by continuity. 


The derivative defined at a point (2.2.7) can now be generalized as a mapping 
of the tangent bundle. 
(2.2.17) Definition 
The mapping T(M,) > T(M2): (q, v) > Cf(q), T, Cf): v) is called the derivative 
T(f) of the function f: Mi > M2. 
(2.2.18) Remarks 


1. If f € C', then T(f) e C^. 
2. If f is a diffeomorphism, then so is T( f) (cf. Problem 1). 
3. The diagram 


f 


f 
M, M; Qt figu 


^| E , which means d E 
TM) —P. TM) (9 —2s (f(g, TJ) o 
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FIGURE 2.8. A nontrivializable vector bundle. 


commutes. 

4. The chain rule (2.2.9; 6) is now written more conveniently T( f o g) = T(f)o 
T (g) (Problem 7). 

5. With Cartesian products everything factorizes, including the derivative: T( f x 


g) =T(f) x T(g). 


The manifold structure of T (M) defines when the transition between vectors at 
neighboring points is continuous This allows 


(2.2.19) Definition 


A C'-vector field X is a C’-mapping M — T(M) such that TI o X = 1. The set 
of all vector fields for M is denoted 7} (M). 
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(2.2.20) Remarks 


1. On the bundle chart of T(M), TI o X = 1 means that X: q — (q, v(q)); usually 

only the vector part v(q) is written. 

2. T(M) is trivializable iff there exist m linearly independent C™-vector fields. 
If these fields are denoted e;, i = 1,...,7n, this means that e;(q) are linearly 
independent for all g € M. They may be used for a basis, as every vector field 
can be written as X = X‘e;, with X! € C’(M). Such a basis always exists 
locally, for instance, the inverse images of the unit vectors in R” under Oc. Yet 
nothing guarantees that such a basis is defined globally. On 5?, for example, 
there does not even exist a continuous vector field that never equals zero. (See 
(2.6.15; 6).) 

. The vectors form a linear space, and the vector fields a module, i.e., the scalar 
multipliers may be functions in C' (M), and not merely real numbers. 


Ww 


A change of charts induces a transformation of a vector field which is locally a 
diffeomorphism according to (2.2.18; 2). More generally formulated: 


(2.2.21) Definition 


A diffeomorphism ©: M; — M» induces a mapping $,: 7) (Mi) > Tj (M2) 
defined by the commutativity of the diagram: 


® 


Mi M; 
X o, X 
T(® 
T(M,) 9 ^, T(Mj 


That is, ,X = T(®)o X o7!. This clearly means that ®, turns the vector fields 
in just the same way as ® turns the curves that define the direction. 


(2.222) Examples 


1.M = R", ®:x > x +a, T(®):(x,u) > (x + a,u), X:x > (x, vx), 
®,X:x — (x, (v(x — a)). A vector remains unchanged under a displacement, 
but one must take care to talk only about a vector at one particular point, which 
has different coordinates in the new system. 

2.M = R", O:x; > LikXk, T(®): xi uj) > (Luxe Ljmug)) PxXi x; > 
(xi, Ligvy(L~'x)). Under linear transformations v transforms like x. 


5Here x; stands for x;e; € R", where (e;) is a basis for R”, and similarly for v. 
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3. The following diagram of a transformation holds in general: 


di Reeve ug 
z lea 


0G; 
(qi, v(q)) saM (s. a s) 


(2.223) Remark 


A vector field X induces a transformation sending a function f € C'(M) to the 
Lie derivative 


Ly(f)=1-T(f)-X:M S TM) I9 TR) >R, 


in which J denotes the projection onto the second factor for T(R) = R x R. Given 
a bundle chart in which g — (q, v), this function becomes L x(f) = vi (q) 8f/8q', 
i.e., the rate of change of f along the direction defined by X. The Lie derivative 
has the properties: 


(a) LxCf +g) =Lx(f) + Lx(g) forall f, g € C(M); 
(b) Lx(f:g)— f-Lx(g) - g: Lx(f); and 
(c) Lox, gx; Cf) = aL x,(f) + BLx,(f) for alla, B € R. 


Indeed, Properties (a) and (b) characterize the vector fields. It is thus possible to 
define a direction on a manifold which determines the rate of change of the C!- 
functions. As our main concern is the geometric intuition, instead of pursuing this 
line of thought further (cf. Problem 8), we merely quote 


(2.2.24) Theorem 
A mapping L: C? (M) — C™(M) with the properties: 
(a) L(f +g) = L(f) + L(g); and 
(b) Lf -g)=f-L(g)+8-Li(f), 
known as a derivation, determines a unique C9? vector field such that L = Ly. 


(2.225) Remarks 


1. In mechanics L y is known as the Liouville operator, so the notation L is doubly 
justified. 
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2. Since Ly is defined with a local operation, it suffices to know the action of L x 
on the C®-functions of compact support in order to determine X. 

3. Since the diagram 

I 


M, M, R 
7 ®,X 

TID Ti 
T(M,) Pe OMS Gs qu 


commutes, that is, T( f) o T(b) o X = T(f)o ®,X o ®, we conclude that 


Lx(f o ®) = (Le,x(f)) o 6. 


Thus the image of X acts on a function as X acts on its inverse image. This fact 
becomes obvious when one thinks of L x (and L@,x) as the rate of change along 
a curve in the direction of X (resp. along the image of the curve). 

4. The module structure of To (M) extends to Ly when the latter acts on C" (M). 
Property (c) holds even for a, B € C(M). 

5. If we apply Property (b) with f = 1, we see that Ly(1) = 0, and hence with 
(a) that L x(k) = 0 for any constant k. 


(2.2.26) The Natural Basis 


According to (2.2.5; 2) the coordinate grid of IR" equips the domain V of a chart 
with a basis for T (V), known as the natural basis. It is often denoted {0/0.x;} 
or simply (8j) for the following reason: Let (e;) be the basis for IR" and ®:q — 
2 eix! € R”. For any function g € C?*(M) we have a mapping on the image 
(V) of the chart given by g - ^. According to (2.2.23), the Lie derivative along 
e; is the derivative 0/8x', so 


a 
Loz'a8 = 5 800). 


(2.2.27) Problems 
1. Show that for a diffeomorphism Y, T(W~!) = (T(W))7!. 


2. Show that in the natural basis of a chart b, X (2.2.21) produces the usual transformation 
law for vectors (2.2.6; 2). 


3. Write Ly g out explicitly on a chart. 
4. Show the chart-independence of (2.2.4). 


5. Show that if Mj 2, M2 D N2, T(f) is surjective, and N2 is a submanifold of M2, then 
f^ (N35) is a submanifold of M. (If N; is a one-point space, this reduces to (2.1.10; 3).) 


6. Show that for the natural injection to a submanifold, T, ( f) is injective Yq. 


7. Verify the chain rule. 
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8. Show that a mapping L: C? — C® with the properties: (i) L(fi + fo) = LID+ Lf); 
and (ii) LCfi- f2) = L(fi) f2 fi - L(f2) must be of the form L(f)(q) = (df|X). 
For the definition of d f, see (2.4.3). 


(2.2.28) Solutions 
1. This follows from the chain rule applied to V o Y~! = 1 and from T(1) = 1. 


2. Let X:q — (q, v'(q)8;) and 9: — q(q). Then ,X:q > (q, vi (q)(80;/8q,)8i;). 
Observe that the components v' transform the same way as the differentials dq; and the 
other way around from the basis » - = a 

3. Let g:q — g(q). Then Lyg:q — v'(q)(0g(q)/8q;) when X:q > (q, v(q)). 

4. 


Oc (g)(aGc(qYv) + BOc(q)(w)) = Oz (D(& o 7)" (a D( o 6^ )8c(v) 
+ BD(® o &"')@¢(w)) = Oz (Oel) + BOE(w)). 


5. Use a chart homeomorphism ® on M; of the type (2.1.9). If o f = Y ei fi, then 
f^ (N3) = (x € Mi: fi(x) = 0, i = m + 1, ..., m2}. That T(f) is surjective means 


that fik, i = 1,...,m2,k = l,..., m, > m, has maximal rank, that is, the vectors 
fik, i = m +1,..., mz must be linearly independent. Then we have the situation of 
(2.1.10; 3). 


6. On the chart of (2.1.9), f: (xi, ..., x4) > (xi, ..., x8, 0,...,0) 


T(f):m T(f) 20«v- 0. 


T,(fa o fi) = 86) (fr o Fig) o D(6s o fo fio ;')8c,(q) 
= Ocl(f o fi(g))D(®3 o f; o 6; )8c fia) 
x Oc (fi()D(9» o fio 6, ) 0 Oc, (9) = Tio) o T. Cfi). 


8. On a chart which maps q to the origin, f is of the form 


f(x) = FO) + xi fi) + 3xixj fi (0) - 
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From (i) and (ii) it follows that L(f(0)) = L(constant) = 0, and then from (ii), 
L(xifj(0)) = Li) fi) and L(xix; fij)/2 = xiL(x;) fi (0). Therefore L(f)(0) = 
f;L(x;). The L(x;) are the components of the vector field X. It is obviously necessary 
that L(f) € C” for the components to be C™. 


2.3 Flows 


A vector field X defines a motion in the direction of X at all points of 
a manifold. Under the right circumstances this defines a flow, that is, a 
one-parameter group of diffeomorphisms of M. 


A vector field X is to be regarded as a field of direction indicators; to every point 
of M it assigns a vector in the tangent space at that point. A curve u: I — M, 
t — u(t) will be called an integral curve’ of X if it has the same direction as X 
at every point; or more precisely if the tangent vector determined by it equals X 
at every point. This is shown pictorially in Figure 2.9. 

To express this in a formula, let e: t — (t, 1) be the unit vector field on J, and 
let ú = T (u) - e: 


(2.3.1) ú= Xou. 


Expressed schematically it is the following commutative diagram: 


u 


I 


; ü 
] x unit we | 


rn — TM). 


On a chart for which ® o u: t — (u;(t)) and T(®) o X o 6^!:q; > (qi, Xi(q)), 
this is commonly written in the form 


(2.3.2) u;(t) = Xi(u(t)), i —]1,...,n, 
an ordinary differential equation of first order in m dimensions. 


(2.3.3) Remarks 


1. Because of our physical orientation we refer to the parameter f as time, so that 
(2.3.2) describes motion on M. 

2. It is no real restriction that (2.3.2) is of first order, since a higher-order equation 
can always be reduced to a first-order equation (on a space of higher dimension) 
by introducing new variables. 


$When an integral curve is the path a physical system follows, i.e., the solution of the 
equations of motion, we shall generally refer to it as a trajectory. 
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FIGURE 2.9. An integral curve of a vector field. 


3. It is also no loss of generality that the independent variable t only occurs im- 
plicitly on the right side of (2.3.2) through the dependent variables. One could 
easily take t as a dependent variable and introduce a new independent variable 
s; we shall look into this possibility later. In the meantime let us discuss the 
general properties of (2.3.1). 


Recall that the existence of a solution is guaranteed by the continuity of X;(q), 
and local uniqueness by a Lipschitz condition. With these assumptions, there is 
precisely one integral curve through each point, and integral curves can never cross. 
Since we shall be concerned only with C™-vector fields, for which these remarks 
apply, the basic results from the theory of differential equations as to the solution 
with arbitrary initial conditions are expressed in 
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(2.3.4) Theorem 


Let X be a C” -vector field on a manifold M. Then for allq € M there existn > 0, 
a neighborhood V of q, and a mapping ®*:(—n,n) x V —> M, (t,q(0)) > 
$* (t, q(0)) =: u(t, q) such that 


1. for allq € V,t — u(t, q) is an integral curve of X passing through q, i.e., 
u = X-u,and u(0,q) = q; and 


2. for all t, |t| < n, the mapping 6*: V > M,q > 0*(q) = O%(t, q) isa 
diffeomorphism of V onto an open subset of M. 


Proof: See [1, 10.8]. 


(2.3.5) Examples 


1.M = R", X:(xi,..., Xn) — (xi ...,X85 0,...,0.V = R", n = oo, 
u(t, x(0)) (t, x;(0)) — (xı(0) + vt, x2(0),..., x, (0)). A constant vector field 
induces a linear field of motion. 

2. M = R"\{(0,0,...,0)}, X:(xi, ..., Xn) > (X1, --., Xn; V, 0, ..., 0), V arbi- 
trary, but 7 is the smallest value of ¢ for which V + (vt, 0,..., 0) contains the 
origin. u(t, x(0)) is again as in Example 1. The constant field of motion may 
leave M, in a length of time that depends on V. 


——— 000 0 ———À ——— 
——À ———À 
————À ————À 
nee e E. 
—— —À 
——À ———À 

——  ——— ———À 


3. M =R"\{(x,0,...,0) | x € R}, that is, the x;-axis is removed; and X is as 
above. Once again V = M, = œ. 

4. M =R, X: x — (x, x?/2), V arbitrary, n = inf,cy 1/x?, u : (t,x) > x(1— 
tx*)~!/2, For large x the vector field becomes so strong that every point except 
the origin is sent to infinity in a finite time. 


(2.3.6) Remarks 


1. Theorem (2.3.4) states that trajectories that are near neighbors cannot suddenly 
be separated. We shall see that neighboring points may not diverge faster than 
exponentially in time, provided that the derivative of X remains bounded in a 
suitable norm. 

2. In Example 1, X provides a one-parameter group of diffeomorphisms ®* on 
M. Because u(t; + t2, q(0)) = u(t;, u(ti, q(0)), its existence is equivalent to the 
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possibility of letting V = M and 5 = oo. It can be shown that this is possible, 
for instance, when X is of compact support. This is intuitively clear, since the 
worst eventuality is for some trajectories to leave M in a finite time. But if X 
equals zero outside some compact subset of M, the trajectories can not leave M 
[1, 18.2.11]. 

3. In Example 2 there is no diffeomorphism of all of M, and in Example 3 we 
saved the group of diffeomorphisms by getting rid of the trajectories that go 
through the origin. This is not always possible; in Example 4 only one point of 
the manifold would be left after a similar operation. 


These possibilities are delineated by 


(2.3.7) Definition 


If the diffeomorphisms X of Theorem (2.3.4) form a one-parameter group of 
bijections M — M, X is said to be complete and the group is called a flow. If the 
relationship 

DX o PŽ = OF 
holds only for sufficiently small neighborhoods of any point and sufficiently short 
times, 5X is called a local flow (a local group of diffeomorphisms). 

As mentioned in §1.3 we would like to construe time-evolution as a group of 
automorphisms of the algebra of observables. Choosing the algebra as Co^, the 
C®-functions of compact support, the local flow of a vector field provides an 
automorphism for short times by 


(2.3.8) cJ): foot, Tec 
If X is complete, the z are a one-parameter group: 
Q.3.9) wot Qt. Yi hER. 


In any case, the mapping t — 1,*(f)(q) is differentiable for t in some neigh- 
borhood of 0, the size of which depends on f. As can be seen by using a chart 
(Problem 4), the time-derivative is the same as the Lie derivative associated with 
X (cf. (2.5.7)). 


d 
(2.3.10) 2. (Ou-o - Lxf, Wf € Cg. 


(2.3.11) Remarks 


1. Thus a vector field determines a local flow, which then determines the automor- 
phisms of Cg? given by (2.3.8). By (2.3.10) and (2.2.24) the automorphisms 
determine in turn a vector field, so we can combine the three concepts into one. 

2. If M, X, and f are all analytic, then t > 1*(f )|, is analytic in a complex 
neighborhood of 0. The power series in t may be written as 

x L Ar 

t . 

uo eh fi f. 


n-0 ^7 
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3. It may happen that the flows of two vector fields X and X approach each other 
asymptotically, i.e., that for every q € M there exists a p € M such that 
the flows $(g) and 6 (p) converge together. Since, however, they will not 
converge individually, what we require is that the limit 


lim 9, oot =Q 
—00 


exists. A (pointwise) limit of diffeomorphisms might not be a diffeomorphism; 
e.g., the limit of the mappings x — x/t on Ris R — {0}. However, if Q 
is a diffeomorphism, then it follows from the group property that Q o ox = 
lim; >œ 6X, o X, = lim, 6X 0 6X, o DŽ = 6X o Q, so 


PŽ =Q00*%0Q7 


for all t. Therefore the flows induced by X and X must also be diffeomorphic. 
According to (2.2.25; 3) and (2.2.24), taking the time-derivative (at t = 0) of 
fob oQ= foQoo*, f e C*, yields Lo ; = Lx, or Q,X = X: The 
diffeomorphism {2 transforms the vector fields into each other. Thus asymp- 
totically equal flows may be regarded as the same flow expressed in different 
coordinate systems. 


The trivial case (2.3.5; 1) is typical in that in the neighborhood of any point q 
where X(q) # 0 (i.e., other than at a point of equilibrium) the general case may 
be reduced to it by a suitable change of coordinates, by letting the lines of flow 
become the new coordinate lines. 


(2.3.12) Theorem 


At every point q € M where X(q) # O there exists a chart (U, ®) such that 
$(U)-IxV,VCR"-!;forallx € V,t > ®7'(t x {x}) Yt € I is an integral 
curve for X; and Ọ®,X: (x1, ..., Xm) — (X1, ..-, Xm; 1,0,..., 0). 


Proof: Since X(q) # 0, a chart (Ui, Y) with w(q) = 0 € R” can be found such 
that ,X(0) = (1,0,...,0). Since WX e 7 (W(U;)) is continuous, there is an 
open, relatively compact neighborhood U2 of 0 on which the first component of 
the image of X is greater than y (v, X)! (x) > i Vx € U2. If Xo € T(R”): x > 
(x; 1,0,...,0), and U C U2 is an open set containing 0, then, given a function 
f € C*(R") with 0 « f <1, 


yz 0 onCl,, 
~ |1 onU, 


we may define the interpolating vector field 


X = f -V.X t (1 — f)Xo € Tj (R^). 
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~ 


X = convex combination of X, and y, X 


FIGURE 2.10. The interpolating vector field X. 


A well-known theorem guarantees the existence of functions f of this sort. Clearly 
(X)! (x) > i Vx € R”, and X induces a flow, because it agrees with Xo outside 
some compact set (see Figure 2.10). Hence 


Q = lim 6” o př 
t—oo 
also exists, for (ox (x))! > x' + t/2, and 7^ and ox are identical on 


b e R^: x! > sup | 


XEU 
If fort > T, ox has mapped some point out of U2, then at that point, 
X X X X X X X X 
P in O Pirn = DL o L o ®, 0°07 = L o Q? 


for all t; > 0. Therefore the limit is attained on compact sets after a finite time, 
and Q is a diffeomorphism. According to (2.3.11; 3) Q transforms X into Xo, and 
X and y, X are equal on U. The mapping 6 of the theorem is Q o y. LI 


(2.3.13) Remarks 


1. The idea of a comparison diffeomorphism used in the proof plays an important 
role in physics. For a direct proof see Problem 5 and (2.5.12; 10). 

2. Points q at which X(g) = 0 are fittingly called critical points; they are fixed 
points of the flow. In $3.4 we investigate what happens in their vicinity. It might 
be conjectured that it was always possible to find a chart containing q, for 
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which X becomes linear in the distance from q. This, however, is only possible 
in special circumstances [20]. 

3. The theorem displays the m local integrals of motion, m — 1 of which are in- 
dependent of time: x; — t, x2, . . . , Xm. However, it ought to be borne in mind 
that the x; are only functions U — R. It is not said whether they extend to 
C'-functions M > R. 


(2.3.14) Example 


M =T? =S'xS',X: (p1, 92) > (91, Pz; @1, ©) w; € R. u: (t, 91(0), g2(0)) > 
(q1(0) + oit, q2(0) + wat). The two constants pı — wt and q1/« — 92/c» cannot 
be extended to all of M. Only if the ratio of the frequencies is rational, w; = g;w, 
gi an integer, can a global, time-independent constant like sin(g291 — 192) be 
constructed. 


(2.3.15) Remarks 


mm 


. Later we shall prove that for an irrational ratio of the w; every trajectory is dense. 
Because of this there can be no C??-function K which is constant in time and for 
which T; (K) z 0 for all q. The set K = const. would be the one-dimensional 
submanifold containing the trajectory, which cannot be dense in M. This is clear 
from Definition (2.1.9). 

. The phrase “integrals of motion" will be reserved for C'-functions (r > 1) 
K:M — R with Ly K = 0. At this stage the existence of one or more integrals 
of the motion is an open question. 

. Example (2.3.14) is typical in that it can be shown [3, 25.17] that every vector 
field can be approximated arbitrarily well by one that does not have any constants 
(= integrals) of motion. This fact is of physical interest only when the uncertainty 
of our knowledge allows appreciable alterations of the solutions in physically 
relevant times. 


N 


Ww 


The differential equations of mechanics, (1.1.1) through (1.1.6), are somewhat 
special, as they are the Euler-Lagrange equations of a variational problem, to wit, 
the requirement that the (Fréchet) derivative DW of a functional 


(2.3.16) W= J dt L(x(t), x(t)) 


of x(t) vanishes. This has the advantage of a coordinate-free formulation, since the 
requirement that DW = 0 does not single out any particular coordinate system. 
We will not delve further into this matter, because later we shall prove the more 
general invariance of the equations of motion under canonical transformations. 
For that end we need only the elementary fact that with the Lagrangian 


(2.3.17) i Yes - Y eie; — kmimj)xi — xj, 


i>j 
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the Euler-Lagrange equations 


d oL ƏL 


(2.3.18) di rem = x; 


Pod, en; 


produce the equations of motion (1.1.1) and (1.1.2). With generalized coordinates 
qi(x),i =1,...,3N, L may be written 


u didi 
3. L= ) l (Q — V (q). 
(2.3.19) PA 2 (q) 


Because mj, is a nonsingular matrix for all q, the q; can be expressed with the 
conjugate momenta p; = 9L /8q; = mix(q)qx, and the Euler-Lagrange equations 


(2.3.20) = 


can equally well be written in the Hamiltonian form 


dq; 9H dp, ƏH 


32 EUR E. 
(onn) dt Opi dt 0qi 
where 
A PiPk, -1 
A »P)= qi -L=) ——- ik + V(q). 
(2.3.22) H(q, p) »- » 5 m eu + VA) 


The Legendre transformation leading from L to the Hamiltonian H is invertible: 
oH 
(2.3.23) L=} > pi— -H. 
i Opi 


To see these equations in the framework of the structure we have constructed up 
to now we need the concept of a cotangent bundle, which we develop in the next 
chapter. Briefly, L furnishes a vector field on the tangent bundle (coordinates (q, q)) 
and H furnishes one on the cotangent bundle (coordinates (q, p)), which will be 
called phase space, whereas the underlying manifold will be called configuration 
space. 


(2.3.24) Problems 
1. In what sense is equation (2.3.1) formulated “invariantly” (or “covariantly”)? 


2. Discuss the integrals of motion for the one-dimensional and two-dimensional harmonic 
oscillators: 


M=p tog, H= pP + p+ og + og. 


3. Same problem for M = T?, X: (p1, 92) > (G1, p92; @, æ sin gi). 
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4. Derive (2.3.10). 
5. Prove (2.3.12) by using the streamlines of X as coordinate lines. 


6. Given an example of a vector field for M = R, which is continuous but not C!, such that 
(2.3.1) has more than one solution for a given initial value. 


(2.3.25) Solutions 
1. With a diffeomorphism ^: M; — M, the commutativity of the diagram (cf. (2.2.21)) 


M, —— M, 


aa Foe 


TM) —9, TM) 


implies for 4 :— ® ou that ù = $,X oi. 


2. The general solution of the equation of motion is 
(qi(t), pi(t)) = (Ai sin(oit + qi), Aio cos(@;t + qi). 


For Hi the constant A? = p?/o* + q? is defined globally, but y = arctan(g/ p) — wt 
only locally. Similarly for H, there are two integrals, A? and A2, and again the g; exist 
only locally, and likewise for the third time-independent constant, g,/@, — q?/o; = 
(1/0) arctan(qi/ pi) — (1/w2) arctan(q2/ p2). If c; = giw, with g; integral, then once 
more there is a global constant sin(y; g2 — $281). 


w 


. Locally, pı — wt and q» + (a@/w) cos g, are constant. In this case there is a global time- 
independent constant, sin(g2 + (a@/a@) cos gi). 


4. Let q(t) = u(t, q) be the solution of (2.3.1). Then t* fig = f o 9, = f(q(t)). Conse- 
quently, 
d x af 084; _ of 


E ume Lene et ee A 
an fli-o ir |_ T q (q) = Lx f. 


5. [n the notation of the proof of Theorem (2.3.12), let U, be the domain of y and let 
V(U) = 1 x V, I; C R, Vj; C R"-!. Theorem (2.3.4) guarantees the existence of 
a local solution u(t; x), ..., Xm) of the equation V, X o u = ù, using this chart. At the 
origin the function f(t, x2,...,%m) := u(t,0,x2,..., Xm): bx V2 > R", hb Ch, 
V; C Vj, has the derivative Df(0) = 1: R” — R”, because the components f; are 
found to satisfy 


9 i i 
ah = X,(0) = (1, 0,0,...,0), 9n = ĝi2, etc. 
ðt i 0x? o 


Therefore Df is invertible on a neighborhood J; x V4, where I; C h and V3 C V2, 
and consequently f is a diffeomorphism there [1, 10.2.5]. Because f(0, x2, ..., Xm) = 
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FIGURE 2.11. The relationship of the domains. 


(0, x2, ..., Xm), Y(U) = bx VN f Us x V3) # Ø, itis possible to introduce (U, foy) 
as a new chart. For a picture of this see Figure 2.11. On this chart the vector field has the 
form ®,X = T(®)oX0®!=T(f")o¥,Xof =T(f J)o f -T(f-)oT(f)o 
(1,0,...,0) = (1, 0, 0, ..., 0). Therefore the 7 x {x} are integral curves. 


6. X:x — (x, Jx for x > 0, and otherwise 0). For u(0) = O there are two solutions, 
u(t) = 0 and u(t) = 7/4. 


2.4 Tensors 


Multilinear algebra defines algebraic structures on a vector space. In 
differential geometry these are extended to the local and global levels. 


If E is a (finite-dimensional) vector space, then the space of linear mappings 
E — R (or C) is called its dual space E*. We may write these mappings as scalar 
products: To any v* € E* there corresponds a mapping u — (v*|u), such that for 
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ya; ER, 
(v*|ou; + æ2u2) = ei(v*]ui) + œ2(v* |U2). 


If we also postulate that 


(a vt + a2v5|u) = envy |u) + a2(v5|u), 


then E* is a linear space. The following facts are known (cf. Problem 1): 


(i) If (v*|u) = 0 for all v* € E*, then u = 0. 


(ii) dim E* = dim E. 


(iii) (E*)* = E. 


(iv) Every linear mapping L: E — F (a vector space) is bijectively associated 


with a linear mapping L': F* — E* such that (L'v*|u) = (v*|Lu) for all 
v* € F* andu € E. The mapping L' is known as the adjoint of L. 


(2.4.1) Definition 


The dual space T'(M ) of T, (M) is known as the cotangent space of M at the 
point q. Its elements are called covectors. 


(2.4.2) Remarks 


—_— 


. With an orthogonal basis {e;}, (e;|e;) = 4;;, R” can be identified with its 


dual space. But if the basis is transformed with a nonorthogonal bijection L, 
e; — Lej, the dual basis (e* ) must be transformed with (L^!) so as to satisfy 
(e*ile j) = ôij. Since the transformation T,(®) induced on T,(M) by a diffeo- 
morphism ® is not generally orthogonal, and since no coordinate system is 
distinguished, the statement that a vector in T; (M) is the same as one in 77(M) 
has no chart-independent meaning. With a change of charts they transform dif- 
ferently and become unequal. Hence it is necessary to distinguish T, (M) from 
T 4 (M ) unless M possesses additional structure, such as a Riemannian metric. 


. The identification of the dual space T7*(M ) of T7(M) with T; (M) is unaffected 


by a change of charts, since ((L75))7!)! = L. 


. Any v* € T7(M) defines an (m — 1)-dimensional hyperplane, consisting of all 


v orthogonal to v*. Since (v*|v) = 0, we see that the scalar product measures 
the component of a vector pointing out of the hyperplane. If v is thought of as 
an arrow and v* as a row of parallel hyperplanes, then (v*|v) tells how many 
of them are penetrated by the arrow. Note, however, that v* does not define a 
unique decomposition v = vj + v, with (v*|v,) = 0. 


(2.4.3) Examples 


l. 


In elementary vector calculus one encounters the gradient of a function f as 
an example of a vector. Here we shall recognize it as an element of 77 (M). 
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A function f € C?*(M) defines a mapping T, (f£): T((M) > Tyq)(R) = R, 
which is therefore an element of T7(M). We may denote this mapping by d fiq 
and call it the exterior derivative of f at the point q. On a chart we write the 
usual formula 

af 


94! |, 
If a vector of T,(M) is specified by the vector field X, this mapping becomes 
df (X(q)) = (Lx f Xq). Thus the effect of df is to assign to any vector X the 
rate of change of f in the direction of X. 

2. Given a chart C: (U, ©), 6(g) = Y; eiq! € R”, the inverse mapping Gc (q) 
transplants the basis {e;} from R” to 7; (U), where we write it symbolically as 
(8/94! ). Similarly, ©% (q) transforms the e*' into the basis of TAU ) dual to the 


8/8q'. In the notation of Example 1, this is written as dq’, if we consider q' as 
a C™-function on M: 


dfig(v) = v' Vv € T,(M). 


' - : dq! 
(dq' lGz (qe) = dd (c (ej) = Lez ey, (4) = a) = bij. 
The dq’ , the differentials of the coordinates,’ are referred to as the natural basis 
of TU ) (cf. (2.2.26)). According to (1) 
of 


df = ——dq'. 
f 9, ^4 


Taking these algebraic considerations a step further produces the idea of the 
space of tensors at a point. If T, (M) is identified with Tj*(M ), then 7,(M) can be 
considered as a linear mapping 77(M) — R. A mapping 


Tj (M) x Tj(M) x --- x T(M) > R 
———— 
r times 
which is linear in every factor is called a contravariant tensor of degree r. Similarly, 
a covariant tensor is a multilinear mapping T} (M) x --- x T;(M) — R, and more 
generally we make 


(2.4.4) Definition 
A mapping 
T'(M)x T; (M) Xx Ti(M) 


——M—M 
r times 


x T,(M) x T,(M) x -- x (M) —R 
——M — 
s times 
"Following the usual convention we use subscripts for the bases and superscripts for the 


components in a tangent space, and do it the other way around in a cotangent space. This 
does not fix what to do about coordinates, which are not vectors. 
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at the point q, which is linear in every factor is a tensor which is contravariant 
of degree r and covariant of degree s. This multilinear mapping will be written 
as a scalar product 


(vj, ..., UŽ; Un, Us) > (Hop, s v Uns v) ER, 
where 
(tiv + uj, v5, ..., US U1,..., Us) 
= (t|vj, v2, ..., Ur; vi, S Us) + Cu] UZ, . e UŽ; UE, o.. Us), 


etc. If we also postulate a distributive law for the first factor, 
(ait) t 502] . ..) = ltil...) + a(t...) a, € R, 


then the space of multilinear mappings also inherits a linear structure. This space 
will be designated 77. (M). (Hence Th(M ) = T,(M) and T, iM) = T}(M).) 


In order to construct a basis for this vector space we shall have to recall some 
of the concepts of multilinear algebra. Since they apply to arbitrary vector spaces, 
we shall drop the q and M. 


(2.4.5) Definition 


The tensor product u; @ uz 8 --- &u, & u1 8 u5 Q...u$ € T; ofr vectors and 
s covectors is defined by 


(u18u289--- Gu, Gu; QUZ G...u;|vy... vr; vi... vs) 


- Forma Te. 
i= j= 


(2.4.6) Remarks 


1. The distributive law u; & (u2 + u3) = uy Q u2 + uy ® us follows from the 
definition. In this way, the tensor product & can be interpreted as a distributive 
and associative mapping from T” x T7 to T. It is not commutative. With 
this mapping ®, s 7,’ becomes an algebra, known as the tensor algebra T. Each 
space Ty is a linear subspace. 

2. Although not every tensor can be written as a tensor product of vectors, T? is 
clearly spanned by linear combinations of such expressions. If (e*' and {e;} 
are bases, respectively, for T? and Tj, then any t € T” may be written as 


t= ue" @- Be Be, @-- Ge. 
G) 


The quantities i ake are the components of t, and are what physicists usually 
refer to as tensors. 
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3. Considered as a vector space, T” has dimension m"**. Note that with the Carte- 
sian product the dimensions add, but with the tensor product they multiply. 

4. While the total tensor algebra T is infinite-dimensional, with the aid of ideals 
finite-dimensional quotient algebras can be generated. The set 


[= [Drones with t; eTy,tte d 
i 


is known as the two-sided ideal generated by the subset T, of T , and the quotient 
algebras are the equivalence classes modulo 7. Sums and products are defined 
on them in the natural way. 


The quotient algebra of the tensor algebra by the ideal generated by u* & u*, 
with u* € T? will earn a special status. 
We will construct it explicitly in different but equivalent notation using 


(2.4.7) Definition 


The exterior product, or wedge product, uf ^ vj ^---^v5 € T of p covectors 
is defined by (vf A vj ^-^ vui, u2, ..., Up) = det(vy |uj). 


(2.4.8) Remarks 


1. The connection with the notation & is that for any two covectors, uf ^ v; = 
vt 8 vj — v; 8 vj. More generally, if t;,..;, is totally antisymmetric, 


tiie" Oo Be = "i ^c Aen, 


In this expression, fp, p, = (—1)^t,.;, for any permutation (ij ...ij) > 
(P;,...i,), where (— 1)? is the signature of the permutation. 

2. The linear space consisting of the covariant, totally antisymmetric tensors of 

pth degree is denoted A ,. Its elements are of the form 

D s $ 

2s — e"! A A EPO ip» 

! L 

e P 


and its dimension is (7 ) . If the associative and distributive laws for the wedge 


product ^ are extended to all of A, then the set 7 A becomes a graduated 
algebra known as the exterior algebra (let Ao be the scalars). It is a Grassmann 
algebra, since it is generated by the e" , for which the product is anticommuta- 
tive. 

3. The reason that A , is of interest is that its elements measure the volumes spanned 
by p vectors. Of course, it is not a question here of a positive measure, as the 
volume is measured according to a particular orientation. We have already seen 
that the covectors € A, define the lengths of components of a vector. In R” , where 
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the natural scalar product identifies e" with e;, (e*! ^ e?|u, v) = u! v? — uv! 
is just the area of the parallelogram spanned by the projections of u and v on the 
(1 — 2)-plane. This clearly generalizes to the situation of p vectors, 1 < p < m. 


Until now we have worked on the level of general geometry, where length and 
orthogonality of vectors have not been defined. The only general axioms at hand for 
measuring volumes are as follows: Letting u(u, v, w, ...) be the volume spanned 
by the vectors u, v, w, .. 


(i) u(au, v, w,...) = wu, av, w,...) 2--- = aulu, v, w,...); 


(ii) “(uy u2, v, w,...) = Wy, v, w, ...)- (u2, v, w, .. .), and analogously 
for v = v, + v2, etc.; and 


(ii) u(u, u, w, ...) = WU, v, v,...) =- =0. 


These requirements can be depicted schematically as follows: 


o (I) - (a) 


u=v 


(iii) zi Z ) =0. 


These requirements are equivalent to the statement that for some t € Ap, y(u, v, 
w,...) = (tlu, v, w,...): Axioms (i) and (ii) produce the multilinear structure, 
and Axiom (iii) implies the total antisymmetry. Total antisymmetry is equivalent 
to a change of sign upon interchange of two arguments, and (iii) leads to 


0 = u(u -v,ut v w, ...) = wu, v, w, ...) + wv, u, w,...). 
The inner product (|) as a mapping A1 x T} — R can be generalized: 


(2.49) Definition 


The interior product (w, X) — ixw is a mapping from A, x Ty to Ap-1. It is 
linear in both factors and determined by: 


(i) ixw = (@|X) for w € Ap; and 


(ii) ix(o ^ v) = (ixw) ^ v + (—1)?@ ^ixvforo € Ap. 
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(By convention we set A, = 0 for all p < 0, so ixw = 0 when o € n. The 
notation X Jw is frequently encountered for i yc.) 


A tensor g € T7 maps Qu, v) € Ty x Ty to glu, v) € R. In components this may 
be written g(u, v) = u'v Lo where = ulej, v = viej, and g = e" @ e" gi. If 
the matrix gj, is strictly positive, i.e., giz = gy; and all its eigenvalues are positive, 
then this bilinear mapping will be written as g(u, v) =: (u, v). It has the properties 
of a scalar product: 


(2.4.10) (u|v))- (vl), (viv) 20 and (viv) 2 0 iff v=0. 


If the eigenvalues of g;; are not necessarily positive but none of them is zero, then 
we obtain the weaker statement that 


(2.4.11) g(u,v)-0 foral v iff u=0. 


Such a g is referred to as nondegenerate. We shall continue to use the notation 
g(u, v) — (u, v) even in the case when only (2.4.11) applies. This relationship 
guarantees that each v € T) can be bijectively assigned a v* = e" gi,v* by the 
formula 

(v|w) = (u*|w) forall w. 


(2.4.12) Remarks 


1. The tensor g thus equips the space with an additional structure allowing an 
identification of T} and Tj. We may then speak simply of a vector and refer to 
v* as its contravariant components and v; = gj; v^ as its covariant components. 
With this identification the star can be dropped from the cobasis, which can be 
recognized from the position of the indices: 


u — ule; — ue, with egi -—e, 
so 
(e')* sess e", 
since 
5j = (ele) = (ele) = (e"' lej). 


2. The inverse matrix to g is written with raised indices: gig = 8] . Other indices 
can likewise be “raised and lowered” with g/* and gi: 


e —g"ej; and u'- g"u;. 


3. If (2.4.10) holds, then (v|v)!/? may be interpreted as the length of a vector. 
Neither u^ nor u; is, however, the length of the ith component of u, as, for 
instance, (u'e; |u! ei)? = |u! |,/g11. Only components in an orthogonal basis, 
for which gi, = 5;,, can be so interpreted. 
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If vectors and covectors are identified, then all 77 with the same o := r + s 
may be treated as identical by, say, mapping them all bijectively to 7? by 
(2.4.13) tative gg... Be, @...€;, 

= i sd &...e" 9e e...e, 
with 
lisi = Pane AU Bi,k, * 


In this manner, for a given g we may extend the scalar product (|) to all of 77. 


(2.4.14) Definition 
The scalar product of two tensors is a bilinear mapping T/ x T/ — R, (t, t) > 
(t | t) € R, defined by 


(le) = TN oe me Bim +++ Bim, Br. BP. 


(2.4.15) Remarks 


1. If g is positive andt € Ap, then (t|t)!/? provides a measure for the p-dimensional 
volume defined by t. 

2. Treating T” x T? as a subset of 7/;;, the scalar product can be viewed as 
the mapping of this set to R by “contracting the upper and lower indices.” 
Analogously, ifr > s, T/ can be mapped to Tj, though the result depends on 
which indices get contracted and which are left alone. If, however, T7 comes 
from A, x Ag, then the result is uniquely determined up to a sign because of the 
antisymmetry of the tensors. This is the motivation for the following definition. 


(2.4.16) Definition 


The interior product on A , is defined as the bilinear mapping A, x Ag > Ap-q, 
p = p, (œ, v) > i,o determined by the rules: 


(i) iyw = {o|v) for P=q= 1; 
(ii) i,(@) Aa) = (irw) ^ v2 + (71)? w ^ie» for v € A; ando; € Ap; and 


(ii) inan m in ois. 


(2.4.17) Remarks 


1. In order to express i in components, we introduce the abbreviation 


ghi] = gh Ag A... el 
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for the basis of A. With 


1 m 
ae ky...k, 
w= Pea ”, v= gest 
we find i 
, TCR EET UE » . Jqti--Jp 
ijo = v Qj. j,€ i 
q\(p — q)! ý 


2. Definition (2.4.16) generalizes (2.4.9), when T is identified with A4. 

3. The tensor g allows an identification of the spaces A, with their dual spaces. 
If exterior multiplication by some v € A, is interpreted as a mapping A, > 
A p+q, then interior multiplication by v is the adjoint mapping (with respect to 
(I): 

(VA @|L) = ias A = iG, n) = (oliu) = (i Yolu). 


4. If p =q, then 


In particular, the canonical m-form ¢ := |g|!/?e!-" is normalized by i-e = 
(—1)*. Here g :— det(g;,) and (—1)' = g/|g|. Both spaces A, and Am-p have 


dimension b , and hence they may also be identified by the use of a g with 


property (2.4.11). 


(2.4.18) Definition 


The duality mapping, or star operation, is the linear bijection A, a p 
defined by w > *w := i£. 


(2.4.19) Remarks 


1. It is clear that * is injective. For linear mappings of the same finite dimension 
injectivity implies surjectivity. 

2. In components, 

PUE 


o= —————— 
p!(m — p)! 


* dpttvdmge. . 
e? "Ej. 


(2.4.20) Properties of the Star Operation 
(i) € 2 *L *e = (-1); 
(ii) *** = (- 169-9; 


(iii) i,*@ = *(w ^ v); and 
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(iv) for all v and o in Ap, v A*w = ciw = w ^*v = &(—1ly' is," v. 


(2.4.21) Remarks 


1. Property (i): Ao and A,, are both one-dimensional and hence isomorphic to R. 
The canonical m-form is dual to the number 1. 

2. Property (ii): By this property, * is its own inverse, up to a sign. It is unfortunately 
not possible to modify the definition of the sign of * in order to dispense with 
the possible negative sign. 


3. Property (iii): This means that the interior product turns out to be dual to the 
exterior product. 


4. Property (iv): Herein lies the origin of the term “duality.” The space Am-p 
can be treated as the dual space of A,, by defining a scalar product ( , } via 


v Aw = efv, w} for v € A, and o € A, ,. It is connected with i through the 
formula (v, w} = (—1)/-P*sj, *w, 


Proof of (2.4.20) 
(i) i,€ was normalized as (—1)°. 
(ii) This follows from (i) together with 


£j, in = (-DP 7D, intent’ 


(ii) i*w = iie = iva. 
(iv) This follows from iw = i,v when p = q, together with Properties (ii) and 
(iii). 
(2.4.22) Example 


m = 3 and gi, = ój,. In this case *°* = 1. The definition of the basis vectors 
specializes to 


p=0,3: 1 $6 dx! A dx? A dx’; 
p=1,2: (dx',dx?, dx’) & (dx? ^ d), dx) ^ dx, dx! ^ dx?). 
For the components this means that 
w E Ao: — (Co) = WE; jx, 
WEA /— ('o)j = ox&ij, 
w € Ay: Fw) = J WKjEji 
w E Ay: *w = HOKE‘ jk: 


In elementary vector calculus the exterior product in three dimensions is ordinarily 
expressed as the cross product *(v A w) = [v ^ w], frequently written [v x w]. 
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Brackets are used because the cross product is nonassociative. The scalar product 
is connected with * and ^ by (v - w) = *(*v ^ w). 

The foregoing construction proceeded on the infinitesimal level. We next in- 
vestigate how it carries over to the local and global levels. The extension to the 
domain of a chart is straightforward, whereas the global existence of e;, g, and € 
is open to question. 

The next step is to collect all the tensors at different points into a bundle over 
M. We see again that on the domain U of a chart C of M, (Gchy provides a chart 
for the cotangent bundle, 


(2.423) T*(U) = (J TO) 
qeU 
through 
(2.4.24) T*(U) > O(U) x R": (q, v*) > (©), (8c (a)'v^. 


This follows from: Oc(q): T,(M) — R" implies (Gc! (a): T7(M) > R™ = 
R”, hence (v*|U) = «ec! (qv *|Oc(q)U ). As noted above (2.2.11), for different 
U’s these charts are compatible; D(® o ^!) is merely replaced with D(& o -! y, 

which does not destroy the required differentiability. The bundle structure carries 
over directly to the tensors. The mapping 


Gc(q) 8 Oc(qg) 8 --- & Oc(q) & (Gc (f & (Oc! (o) e --- 8 (Gc! 
Na n a e eena oe 


r times s times 


sends T/, at every point q € U into R"6*^, As a bijection this mapping can be 
used for the charts of the tensor bundle, leading us to make a general 


(2.4.25) Definition 


Let M be a manifold with the atlas | J; C; — Ui. ®;). The vector bundle over 
M defined by the atlas UJ; (UJ, cu, Ta(M);» (4:418 028-85, 8v18v28--- 9 
vs)) > ($;(9; c (qui 8 ++ 8 Oc; (qur & (Oc (avi 8 --- & (Oc (a))v.)) 
on T/(M) =U j Tj,(M) is called the bundle of r-fold contravariant and s-fold 
covariant tensors. 


(2.4.26) Remarks 


1. With this definition T(M) = T} (M) and T*(M) = T?(M). 

2. The linear structure required by Definition (2.2.15) is that of the tensors, and 
the projection is IT: (q; u1, ..., Up, V1, ..., Us) — (g;0,..., 0). As with T(M), 
the topology used on T/ (M) is the product topology of U x "6*2, 

3. Since the chart is a linear mapping on each fiber, it suffices to specify the images 
of the bases, which is what was done in Definition (2.4.25) by writing out the 
way r contravariant and s covariant vectors are transformed. 
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(2.4.27) Examples 


1. Suppose M is an m-dimensional, linear topological space: T7 (M) = M x 
R"+5), Then T*(M) and T(M) are both of the form M x IR", but cannot be 
identified, because no basis has been provided that is distinguished as orthog- 
onal. If M = R x --- x R, an orthogonal basis would exist, because of the 
additional Riemannian structure we discuss later. 

2. M = S!, T! (M) = M xR. Although the angle g of (2.1.7; 2) cannot be defined 
globally as continuous, the bases dg and 9/8q can be. Again no canonical 
identification of T*(M) is given; a canonical identification of T*(M) and T(M) 
would amount to a specification of arc length, but as a manifold 5! could be a 
circle of any radius. 

3. M = $: T; (M) is not a Cartesian product, any more than T (M) is. 


There is an immediate generalization of the concept of a vector field. 


(2.4.28) Definition 


A C®-mapping t: M — T7 (M) such that TI o? = 1 is an r-fold contravariant 
and s-fold covariant tensor field. The set of all such tensor fields is denoted 
by 7/ (M). The p-fold covariant, totally antisymmetric tensor fields are called 
p-forms. The set of p-forms is denoted E,(M), p = 0, 1,...,m. 


(2.4.29) Remarks 


1. The terms “vector field" and **1-fold contravariant tensor field" are synonymous, 
as are “covariant vector field" and “1-fold covariant tensor field" and “1-form.” 
2. A tensor field can be written locally in the natural basis of a chart as 
0 5 AA 8 --- Qð; @ dq” e... & dq", 


En 


with c) € C**(M) (cf. (2.2.26) and (2.4.3; 2)). In the physical literature the 
components Or are referred to as the tensor fields. In this basis a p-form is 
written 


1 ; 
pi DOOR dx! adx? ^+- ndx”. 
"O0 


3. If there exist global bases {e;} and {e'} for T} and T?, then there is also obviously 
a global basis for all 77. The manifold is then parallelizable (cf. (2.2.14; 2)), the 
desired diffeomorphism M x R” — T(M) being (x, v) — (x, e;(x)v’). It then 
also follows that all bundles 77 are trivializable. If there is an atlas consisting 
of a single chart, then the natural basis is defined globally. This condition is, 
however, not necessary; 5! is also parallelizable. In contrast, on 5? there does 
not even exist a nowhere-vanishing smooth vector field. 

4. If there exists a globally nonvanishing m-form, then M is said to be orientable. 
Any parallelizable M is also orientable, since e! ^ e? ^ - -- ^ e" never vanishes. 
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This is again not a necessary condition, as, for example, 5? is orientable. On the 
other hand, the Mobius strip (2.2.16; 3) is not orientable, as the 2-form dy ^ dx, 
which is defined on both charts, cannot be extended continuously to the whole 
manifold. Since every manifold can be equipped with a Riemannian structure 
(see (2.4.31) and (2.4.32; 2)), such a structure clearly does not guarantee ori- 
entability. In contrast, a symplectic space (2.4.31) is always orientable, since 
the m-form 


S^g^cc ^g = dq ^c ^ dq det(g) 
—— 


m/2 times 


is nonvanishing by assumption. We shall encounter a criterion for orientability 
in (2.6.15; 4). 


(2.4.30) Examples 


1. In (2.4.3) there was an example of a covariant vector field (— 1-form), the 
differential df € T9(M ). Thus df symbolizes the rate of change of f in some 
direction (to be specified later), and is not some infinitely small quantity. 

2.If g € T?(M ) satisfies (2.4.11) at all points of M, then the construction made 
there may be extended to all of M and creates an additional structure on M. 
The important cases for us will be when either gj, is symmetric or else is 
antisymmetric and satisfies a differential condition, which cannot be formulated 
at a single point. If (2.4.11) holds everywhere, the tensor field is said to be 
nondegenerate. 


(2.4.31) Definition 


If a manifold M is given a nondegenerate, symmetric tensor field g € 7, (M), itis 
called a pseudo-Riemannian space. If g is in fact positive, M is a Riemannian 
space, and g is called its metric. If g € E? is nondegenerate (which requires m to 
be even), and there is a natural basis dq;, so that 


m/2 


8 =) dqj Ndgj+mj2; 
j21 


then M is called a symplectic space. 


(2.4.32) Examples 


1. R” becomes a pseudo-Riemannian space with g = 5; , dx! @ dx* gi, where 
giy is a constant symmetric matrix with all nonzero eigenvalues. The matrix 
g can be diagonalized with some orthogonal transformation x! — m" x, and 
then the eigenvalues can all be normalized to g;; = +1 with a dilatation x! > 
x'/(|g;;|) 2. These charts have a special status, because they are determined 


58 2. Analysis on Manifolds 


up to pseudo-Euclidean transformations. (For n = 4 and gi; = (—1, 1, 1, 1), 
the transformations would form the Poincaré group.) When all g; = 1, R” 
becomes a Riemannian space. On other charts the g;; of this space do not have 
to be either diagonal or constant. For example, in the Riemannian case on R?, 
and using polar coordinates, g = dr & dr + r? dọ Q dg. 

2. f N is a submanifold of M, and therefore T(N) is a submanifold of T(M), 
a nondegenerate g € T?(M), g > O, induces a Riemannian structure on N, 
because g also provides a nondegenerate mapping T,(N) x T,(N) — R. The 
metric gj, = ójy on IR" induces the usual metric on S” or T" C R"*!, Since 
every m-dimensional manifold can be imbedded as a submanifold of R?”+!, it 
is always possible to find a Riemannian structure for any manifold. 

3. The Riemannian structure of IR" shows up in mechanics because of the kinetic 
energy, which we wrote as m;(q)qgiqx/2 in (2.3.19). Up to a factor, this mapping 
T(M) x T(M) —> R is exactly the metric. In the last chapter of the book we 
shall discuss why a concept of length that was introduced purely mathematically 
should be the physically measured interval. The bijection T(M) — T*(M) 
mentioned above (2.4.12; 1), induced by the metric, sends q; to mix(q)qx = 
aL /0q,, that is, to the canonically conjugate momentum p;: (q, p) represents a 
point of T*(M). 

4. Only manifolds of even dimensionality may have symplectic structures. We 
shall see in $3.1 that T*(M) always has a symplectic structure. 


(2.4.33) Remarks 


1. We take over the notation of (2.4.12) through (2.4.20) at individual points for 
the corresponding tensor fields (* is globally definable only if M is orientable): 


(I): T7 x Tf > C”(M), 
i: Ey x TO > Epi, 
A: Ep x Eg — Ep, 
i: Ep x E, > Ep-q, 
* Ep — Em-p- 


2. Since gi, is diagonable on a pseudo-Riemannian space, it is possible at least 
locally to introduce an orthogonal basis {e'}, in which g has the normal form 


u— a okn. | [0  ifi Fk, 

PEO Mes MES ag ure 

Unlike with the normal form (2.4.31) of a symplectic matrix, {e'} is not neces- 
sarily a natural basis. 


A diffeomorphism ®: M, — M» induces a diffeomorphism T(®): T(M,) > 
T(M2). Now we introduce another diffeomorphism T*(M,) — T*(M2), such 
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that the scalar product, (|): T*(M) x T(M) — M x R, remains invariant,’ and 
consequently dual bases are mapped to dual bases. 


(2.4.34) Transformations of Covectors 


For any diffeomorphism ®: M, — M2, we define another diffeomorphism T * (4): 
T*(M,) — T*(M)), so as to make the diagrams 


® 


M, SMG 


T(M,) —LO ., T*«Mj 
® x il 


Mie — aS MER 


D lo 


E T*(0) x T® : 
T*(M,) & TM) —9 19, rm) & TM) 


commute. 


(2.4.35) Remark 


On the domain of a chart, T*(®) is evidently (q, u) > (®(q), (T (6^) (q) - u), 
the differentiability and uniqueness of which are obvious. We shall often denote 
this simply by T*(®) = T(®~'), with the understanding that ¢ refers to the 
transposition of a linear mapping at constant q. 

Constructing the tensor product 


T(®) Q T(®) @--- @ T(H) @T*(%) @ T*(%) @--- @T*(%) 


r times 5 times 


shows how T/ (M) is altered under a diffeomorphism. The vectors of the basis 0;, ® 
---Q ði, @dq/ @---@dq* must be transformed by T(®) or, respectively, T*(®), 
and linearity extends this to all of T” (M). In this way we obtain the transformation 
law for tensor fields under diffeomorphisms of a manifold, and in particular under 
a change of charts. 


UT 
*The “fiber product" notation x means that the factors are to be taken at the same base 
point. 
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(2.4.36) Definition 


A diffeomorphism d: M; — M; induces a mapping $,: 7/ (Mi) > T7; (M2) 
defined by the permutability of the diagram: 


® 


M,3q (q) e M2 


t(q) r s D,D), 
p ——M— 
x T(®) ® ---@ T(0) & TI) @--- & TF) A 
LS s 


where t € T7 (M): 
Q,.r—T(0)G--.er(ó)er*'(6)e--.erT*'(o)o todo, 
——— 0 —M—— 


r times s times 


(2.4.37) Examples 


1. 19:6, f = f o $^. The value of the transformed function at a given point is 
the same as that of the original function at the inverse image of the point. 

2.M = R", ®:x —> x +a, a € R”. T(®): (x, v) > (x + a, v), and T(®) has 
already been given in (2.2.22; 1). Under displacements the components of a 
tensor t transform like scalar functions (see Part I). 


mm 


3.M = R", ©:x; > Ligxe, T*(): Gu; dx/vj) — (Linxe, dx! Lg} wy). For a 
transformation of 9; v' , (L71)! must be replaced with L. With t as above, 
@,t: x  (x,0, 9 --- 89, 9dx^ e... 
Q dx? Lim c Lip L7, eck mes ™ (L yy 


niji tn, js nsns 
4.g € C*(Mi:: 6,dg = d(g o 6^!) = d(,g). It is intuitively clear that the 
image of the exterior derivative of a function must be the exterior derivative of 
the image of the function. When dg is applied to a vector v determined by a 
curve u: I — Mi, it yields the rate of change of g along u. But that is the same 
as the rate of change of g o ^! along 6 ou, 


1 
u Mou 
uh M 
N 90 -0,g 
R 


and the latter curve determines the image of the vector v under T (4). Let us 
summarize 


M, 
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(2.4.38) The Properties of the Mapping 6, 


The image of a vector is determined by the images of the curves that define it. 
The image of a covector is such that its product with the image of any vector 
equals the original product of the vector and the covector. These conditions fix 
the relationships among the bases and, because of the permutability of ©, with 
algebraic operations: 


$,(fi +t) = D(t) + P(t), $,(t; & h) = D.t) & $n), 
among all tensors. As for the tensor fields, at every point they transform in the 


same way as the tensors at that point. 
For compositions, (®; o 65), = D1, o $»,. 


(2.4.39) Remarks 


— 


. Although the scalar product (|) is invariant under diffeomorphisms ®, the same 
is true of (|) or more generally the interior product i provided that ® leaves the 
metric g invariant. Diffeomorphisms that leave a pseudo-Riemannian structure 
invariant are called isometries, and those that leave a symplectic structure in- 
variant are called canonical transformations. We shall return later in detail to 
these transformations and their generating vector fields, known, respectively, as 
the Killing and Hamiltonian vector fields. 

2. Until now we have only investigated «b, for diffeomorphisms. In case ® is 

not bijective, it is only possible to define the inverse images of covariant tensor 

fields. Even if ® is injective, for example if it is the injection j of a submanifold, 

j:N > M2DN,T(j): TW) > T(M) D T(N) (cf. (2.2.27; 6), neither the 

image nor the inverse image of a vector field is defined; the image fails to be 

defined everywhere, and the inverse image lacks a distinguished subspace of 

T,(M) complementary to 7, (N) unless M is given a metric. 


(2.4.40) Example 


M = R? without a scalar product, N = R!, j:x — (x,0), T(J): (x, v) > 
(x, 0; v, 0), and X € T) (M): (x, y) > (x, y; 1, 1). What could j; ! X, the inverse 
image of X under j, possibly be? While Y € 7) (N): x — (x, 1) reproduces the 
components of Xi in T(N), if we look at the basis: e; = (1, 0), e; = (1, 1), and 
we let (vi, v?) mean the vector ve; + v2e;, then we see that j is still x — (x, 0); 
but X: (x, y) > (x, y; 0, 1) has the component 0 in T(N). A glance at Figure 2.12 
shows that j7 ! X = Xy is not uniquely determined. The inverse image of X under 
j would be a restriction Xy, which is undefined, unless on N the vector field X 
takes its values in T(N). These difficulties do not occur for covariant tensors, 
because they are defined as multilinear mappings of T (M). Their restrictions are 
merely the mappings of the vectors of T(N) C T(M). By (2.4.36) the inverse 
image of a covariant vector field can be depicted as follows: 
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R? = M = T(M) 


N = T(N) e 
Does X\y = 1 or 0? 


FIGURE 2.12. Restriction of a vector field to a subspace. 


(2.4.41) Definition 


Let 5: N > M be a differentiable mapping of two manifolds. The inverse image, 
or pull-back, *: 79(M) — T9(N) of covariant tensor fields is defined by the 
formula 

Q$*X = (T(6)oXoo. 


This is equivalent to the commutativity of the diagram: 


N 2 M 
$*X = (T(0)) o X 0, rx | 
T*(N) < T*M) 


For diffeomorphisms, $* = (®~'),. 


(2.4.42) Remark 


The pull-back ®*t of a covariant tensor field t acts on vectors exactly as t acts on 
their images under T (4): 


$*r(v,..., Vs) = t(T($)u, ..., T(P)vs). 


(2.4.43) Examples 


1. Let us return to Example (2.4.40) and reinterpret the vector fields introduced 
at the beginning as X € 79(M) and Y € T((N). This time (Y(g)|v) = 
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(X(q)IT, (j)v) Vv € T,(N). Suppose we transform the coordinates linearly 


with the matrix 
1 -1 
2 | | 


Aoa Tk A 


becoming (x, y) — (x, y; 1, 2). The components in the direction of T(N) re- 
main unchanged. 

2.Ift = dg € T((M), then according to (2.4.37; 4), * dg = d(g o 4), where ® 
does not have to be either injective or surjective. 


Then X transforms with 


(2.4.44) Problems 
1. Show that the adjoint L — L’ introduced at the beginning of the section is bijective. 
2. Show that *: E, — E,,_» is bijective. 


3. Calculate the explicit form of ®*w, w € Tq in local coordinates. How is this related to 
the elementary transformation of differentials of coordinates (or of the gradient)? 


4. Calculate the components of the gradient df in spherical and cylindrical coordinates 
in R°. 


5. Show that T*(M, x M2) = T*'(Mi) x T*(M)). 
6. Show 


(a) Gxol|Xi, ..., X51) = p(@|X, X1, ..., Xp-1), @ € E,(M); 
(b) i;yxo = fixo, f € Eo(M), w € E,(M); and 


(c) ix oly = —iy oix. 


7. What is the transformation law for an m-form in m dimensions? 


(2.4.45) Solutions 


1. v > (w*|Lv) is a linear functional on E, and can therefore be written (L’w*|v), where 
L'isalinear mapping F* — E*. The association L — L’ is injective, for 


Li = Li & Liw* = Ljw* Vw* € F* © 
(Liw*|v) = (L3w*lv) vv € ES 
(w'|Liv) = (w*|L2v) We E, Vw e F* L;— La. 
Since E** = E and F** = F (remember, that E and F are finite-dimensional), for any 


L:E > F 
(L*v|w*) = (v|L’w*) = (L'w*|v) = (w*|Lv), 
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whence L^ = L. Thus for any L*: F* > E*, 
L:=L*:E > F, (Lv|w*) := (v|L*w*) Vv € E, Vw* e F* 


and therefore L^ = (L”)’ = L™ = L*, i.e., the association is also surjective. 
J 


2. A linear mapping w > *w, 


was defined in (2.4.18). It is injective because w # 0 = *w # 0. But for linear 
mappings of finite-dimensional spaces of equal dimension, injectiveness is equivalent to 
surjectiveness. 


. For ®:q' — ĝ' (q), we have (T(®));; = 9q'/4q/. Therefore (T(67)), = (T*'(5);; = 
89? /dq'. Let wq — (q, w;(q)dq'). Then 6,0: q — (897/84 Jw; (H7! (7))dq'). The 
covariant components transform in the same way as the basis 0; of T (M), and hence as 
the gradient (8/9q') f (q(q)) = (897 /3g (8f /8q!). On the other hand, one can write the 
differential using dq! = (8q'/q/)dq/ and leave the components unchanged. 


U 


4. With a change of charts, (x, y, z) = (r sin? cos g, r sin 9: sin q, r cos 2) (or, respectively, 
(p cosg, p sing, z)), the metric dx? + dy? + dz? becomes 
dr? x rà d)? + r° sin’ 0 dg? 


(or dp? + p? dg? + dz’). (Pedantically, dx? should be written dx & dx, etc.) Following 
Remark (2.4.12; 3), from the covariant components (f,, f.o, fo) (or (fp, fy» fz)) we 
obtain the components v;/(g;;)!?: 


1 1 1 
(4. Án (s) fe) (or (^. "ui fe) 


5. Use a product chart; everything factors out. 


6. (a) Following Remark (2.4.17; 1), on a chart containing q, 
; 1 i i N 
(ixo|Xi, cue Xp-1) = Gopi Oii, i, a Xy MES 4 Pr 

= p(@|X, Xi, ttt X,-1)- 


(b) This follows from (a), since e(f X, X1, ..., Xp-1) = fo(X, Xi, ..., Xp-1). 
(c) This follows from (a) and (w|X, Y, ...) = —(w|Y, X, ...). 


7. Let 
O = 03, dx! ^: A dx" 
ax! Ox" _ E 
= 0, omncm dX!" Ne NA 
əx”, axim 
= 0... det | — dž! ^... Adx" 
ox! 
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2.5 Differentiation 


The only generalization of the elementary operation of differentiation 
for a manifold with no additional structure is the exterior differential of 
a form. If a local flow is given by some vector field, then it defines the 
Lie derivative of an arbitrary tensor field. 


The exterior derivative d (2.4.3) generalizes to a mapping d: E (M) > Ep+ı(M), 
which contains the differentiation operations of elementary vector calculus as 
special cases. 


(2.5.1) Definition 
Let w be a p-form, which is written as 
1 f ; 
w = — J coda" ^: A dq”, Ci) € C**(U), 
P: 
on some chart. Then the (p + 1)-form, 
1 : f 
dw = ~ X dey ^ dq" ^--- ^dq'^, 
P: 
is known as its exterior differential. 


From the definition follow the 


(2.5.2) Rules of Exterior Differentiation 
(a) d(wı + œ) = d(@) + d(v?), wi € E (M). 
(b) d(@ A @2) = (dei) ^ œ + (—1)Pw ^ dan, &1 € Ep, œ € Eg. 
(c) d(dw) =0,w € Ep, p =0,1,...,m. 


Rules (a) and (b) are obvious. Rule (c) follows from the symmetry of the partial 
derivative: 


1 cq ; ; i 
dido), i ggat ^ da! ^ dd ^- adq? — 0. 
@ kj f° 


(2.5.3) Remarks 


1. Since we wish Definition (2.5.1) to be independent of the coordinate system, it 
is essential for d to be natural with respect to diffeomorphisms, a phrase which 
means that for a diffeomorphism ®: Mj — M2, 


®,dw = d®,a; 
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or, equivalently, that the diagram 


o, 
E,(M) E,(M2) 
d d 
9, 
E, (M1) E, (M1) 


is permutable. This follows from the special case proved above (2.4.37; 4), by 
which 


Dw = Y ! .(c5)9.(dq") A ^ G.(dq") 
(i) 
= $ coo !d(q' od) A -+ A dlg? od) 
(i) 


and 


,(dw) = Y dco P7) a dlg” o!) ^--- A dlg? 0&1). 
(i) 


If in particular ® is the diffeomorphism of a change of charts, then dw is con- 
structed in the new coordinate system exactly as in the old one, except that 
everything is expressed in the new coordinates. 

2. The relationship ®,dw = d®,q does not hold only for diffeomorphisms, but 
for all inverse images of forms (2.4.41). Given any mapping V: M; > Mj, we 
can carry forms over from M; to M; with Y*. If Mz happens to be a submanifold 
of M; and W is the natural injection, and thus Y* is the restriction to M5, then 
the relationship merely means that the exterior derivative of the restriction is the 
restriction of the exterior derivative. 

3. Linearity (a) and Leibniz's rule (b) are properties of every derivative. The sign 
in (b) for a derivative E, — E, arises from the requirement of consistency 
with the formula w; ^ w2 = (—1)?4@2 ^ w. By rule (c), d is determined by its 
action on Eo. The covariant exterior derivative that arises in field theory does 
not satisfy (c), and so the action on E, needs to be an extra postulate. 


(2.5.4) Examples 


Let M = R. As in (2.4.33; 1) we identify Ey with E3 and E, with E>. The 
connection between our notation and that of vector calculus is: (df); = (V f); = 
(grad f);; *(dv); = (V x v); = (curl v);; and *(*dv) = V - v = div v. The rules 
(2.5.2) contain the following special cases: 


b) p=q=0:V(f-g)=fVeteVi; 


(D p=0,4=1:V x(f-vV)=[Vfxv]+fV xv; 
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(b) p=q=1:V-[vxw] = *(d(v ^w) = *(dv ^ w) — *(v ^A dw) = 
(w: V xv)- (v. V xw); 

(c) p=0:V x Vf =0; 

(c) p=1:V-(V x v) = 0; and 

(b and(c) V-(f-Vxv)z(Vf-.Vxv) 


In vector calculus one learns that curl-free vectors (V x v — 0 everywhere) 


can be written as gradients, and divergence-free vectors can be written as curls. In 
order to state the analogous fact for manifolds, we make use of 


(2.5.5) Definition 


A p-form w is said to be closed iff dw = 0 and exact iff w = dv for some 


v 


€ E, (M). 


(2.5.6) Remarks 


1. 


2 


4. 


5: 


By (2.5.2(c)), exact = closed, and the exact forms are a linear subspace of the 
closed forms. 


. The exact forms are in general a proper subspace. Consider on M = R*\{0} the 


1-forms 
—ydx t xdy Im dz x35 
00; = — = E = ly, 
i x2 + y? z 7 
= dx 4 yd d 
w, = RON YOY pE Oe, 
x? + y? z 


Certainly dw; = dw, = 0, and locally w, + iw; = d ln z. But since Inz is not 
defined continuously on M, the forms are not exact. Here it is crucial that we 
have removed the origin of IR?, at which point the forms are singular and their 
differentials by no means zero. 


. If M is a starlike? open set in IR" (see Figure 2.13), then there exists a mapping 


A: Ej — Ep. such that A o d +d o A = 1 (Problem 7). It follows that 
for manifolds M diffeomorphic to starlike sets, dw = 0 implies w = d(Ac) 
(Poincaré's lemma). Since in R” every neighborhood contains a convex set, 
closed — exact on small enough subsets. That is, locally (2.5.6; 1) holds the 
other way around. 

Since p-forms with p < 0 are identically zero by definition, it would seem that 
df = Oimplies f = 0. But this is the degenerate case, and in fact it only implies 
that f is locally constant. 

At every point x, any set of m — n linearly independent 1-forms c; defines an 
n-dimensional subspace of T,(M), Ny = (v € T,(M): (vj|v) = 0 for all j}. 


°A set S C IR" is starlike with respect to a point P iff the line connecting any point of 


S with P lies wholly within S. A convex set is starlike with respect to all its points. 
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starlike not starlike 


FIGURE 2.13. Starlikeness in the plane. 


The question arises, whether it is possible to find n-dimensional submanifolds 
N such that T,(N) = N; for all x. This is referred to as “integrability” of the œ js 
By Definition (2.1.9), N is locally given by a set of equations of the form f; = 0, 
j=1,...,m—n, for f; e C?(M). The 1-forms df; satisfy df;|y = 0, and 
thus have the desired property that (2f;|v) = 0 for all v € T,(N). They form 
a basis of forms of this kind, and locally we may write wj = cj, dfr. Hence 
doj = Vik ^Gy, for Vij = dcji (oT ix € Ej,s0doj ^oi NANN Omn = 0 
for all j. This means that N can exist only if the exterior derivatives of the w’s 
contain at least one factor lying in the space that they span. If dw; = 0, then, 
locally, o; = df; because of Remark 3. The c; are then integrable, and N 
is given by f; — const. By a theorem of Frobenius [1, $10.9], the apparently 
more general case where dw; = vj, ^ «y may be reduced to this by the use 
of appropriate linear combinations, and this condition is both necessary and 
sufficient for local integrability. It guarantees that area elements may be extended 
from the infinitesimal to the local level, although it remains open whether this 
may be done globally. If n = 1, the condition for integrability is always satisfied, 
as the only thing missing from the basis for T*(M) is a single co, and since 
wo ^ w = 0, every dw; must contain at least one factor wj. In this case, N 
is characterized by a single X € 7, and as we saw in 82.3, there must then 
exist local integral curves. In any case, the n-dimensional submanifolds are 
invariant under the local flows * generated by the X such that (w j|X) = 0, 
and are moreover locally generated by allowing the flows ®* to act at a point. 
We shall soon encounter an integrability condition for flows which is dual to the 
foregoing. When one tries to extend the flows arbitrarily far, however, it may 
happen as in (2.3.14) that trajectories return arbitrarily near their initial points, 
and that the set of points actually attained is dense in a higher-dimensional 
region, and is not a submanifold at all. 


Itis notalways possible to attribute a coordinate-independent sense to the deriva- 


tive of a tensor field 7. One would have to compare 7 (q) and 7 (q + ôq), but the 
relative orientation ofthe tangent spaces depends on the coordinate system (2.2.10). 
Taking as an example v* € T$, the derivative v*, does not transform as a tensor of 
degree two, although the unwanted terms cancel out in the transformation of the 
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T. (9) sa) 


CHC) 


FIGURE 2.14. The Lie derivative. 


combination v7, — vg ; that comes from the exterior differential. Yet if a vector field 
X is given on M, it induces a local flow ®*, and in order to define the derivative 
of another vector field f at the point q, one could map the tangent vectors along the 
path through q, q(t) = ox (q), back into T,(M) by using Ta (PŽ 1). Then both 
vectors, (q), which is the value of the vector field at q, and the vector generated 
from /(q(t)) by running time backwards, can be compared at the same point q. 
The second of these vectors can also be written as (**i)(q) (cf. (2.4.41) and 
Figure 2.14). 
The corresponding derivative 


d. yyy 
4 UO t)(q) 


is independent of the coordinate system used, since it involves vectors in a single 
tangent space T, (M), and because differentation of vectors commutes with linear 
transformations. This line of reasoning applies as well to arbitrary tensor fields, 
leading us to make (cf. (2.2.23)). 


(2.5.7) Definition 
The Lie derivative Lx: 77 — 7, is defined by 


"g 
M 


. d š 
Lxt = Rei =o 
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(2.5.8) Remarks 


1. It is important to have a vector field X and not merely a vector of T; (M). Our 
expressions for L x(q) will contain not only the values of the components of X 
at the point q, but also the values of their derivatives, except when r = s = 0. 

2. If X induces an analytic flow, then we may generalize (2.3.11; 2) to 


o"i-ebp TeK. 
3. In older sources Ly is defined by the change due to an infinitesimal chart trans- 
formation q! > qi + tX'(q). 
(2.5.9) Properties of the Lie Derivative 


1. The mapping ®* that a diffeomorphism ® induces on the tensor fields pre- 
serves their algebraic structure. Consequently, for t; € 7/(M),i = 1,2,..., 
and X, Y € T} (M): 


(a) o*i +h) = o*i + př*i; 
(b) 9**(/, & i2) = (7*1) & (67*12); and 
(c) 6 *Vi = V**?, for V a contraction. (See (2.5.15). 


For infinitesimal : it follows that: 


(a) Lx(fi t i2) = Lxfi + Lxis; 
(b) Lx(fi & i2) = (Lxfi) 8 D +h Q Lyty; and 
(c) LxVř = VLxyi. 


For isometric (resp. canonical) transformatioas ®, b, g = g,i.e., b, (f;|f,) = 
(6, f; |o, f). It follows for the associated Killing (resp. Hamiltonian) vector 
fields X that Lx (tilta) = (Lyt;|tx) + (t)|Lxt,). 
2. The permutability of the diagram 
F(M,) —: F3(M;) 
ox (0775, 
F3(M,) — 47M) 
implies the permutability of its infinitesimal version 
47(M,) —— F3(M,) 


Lx Ly,x 


, 


Z:(M,) —*+ 42;(M;) 
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that is, Ly, x V,£ = W,Lyxi. This means that the flow on the transformed 
system is determined by the transformed vector field, so that the image with 
W, of the Lie derivative of a tensor field is the same as the Lie derivative 
with respect to the image of the vector field of the image of the tensor field. 
This naturalness of L y with respect to diffeomorphisms is a consequence of 
the chart-independence of its definition. The same is true for the pull-back 
w*, 


. Since d is natural with respect to diffeomorphisms (2.5.3), it commutes with 
Lx. Formally, it is like this: (o € Ep) 
d d " 
Ly dw = ae Qy-0 = 549r @1=0 
d 


=d 
dt 


O**@,-0 = dLxo. 


Expressed diagrammatically: 


Ly 


E,(M) E,(M) 


d d 


L, 
E,+ı(M) — E,(M) 
commutes. 


. On E,, Lx may be expressed in terms of d and the interior product ix 
(2.4.33), 


Lx =iyod+doix, ix o Lx = Lxoiy. 
For the proof, see Problem 6. This also shows that dL y = doiyod = Lyd, 
ix oLy = Lx oiy. 


. The Lie derivative Ly is consistent with linearity of X: 
(a) Lx, 4x, = Lx, + Lx,; and 
(b) Lex = cLx,c any constant. 


As for the module structure of the vector fields, it follows from Property 4 
that 


Lrx = fLx +df Aix on Ep, 
since 
irx dw + disxw = fix do t d(fixo) 
= f(ixd - dixy)o - df ^ixo, Yow E€ Ep. 
The extra term containing df reflects the presence of the derivatives of X 


in Ly. Roughly speaking, X and f X displace the beginning and end points 
of a vector differently. 
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6. According to 1(iii) and Property 3, (df |LxY) = Lx(df|Y) — (dLx f|Y) = 
(Lx Ly — LyLyx)f. Let us denote the vector field Ly Y by the Lie bracket 
[X, Y]. The calculation just done implies 


Liyy = LxLy = LyLx on T, 


from which it follows that Ly Y = —Ly X, because a vector field is com- 
pletely characterized by its action on TE. The relationship 


Lix,y) = LxLy — LyLx 
can be extended to all 7/. If Lx Ly — Ly Lx is applied to f € 72: 
f=) coda" @---@dq", 
(i) 


using the rules for sums and tensor products, only the terms in which one 
factor is differentiated twice remain. The others cancel out because of an- 
tisymmetry. For the remaining terms, the relationship in question holds by 
Property 3. Then by Property 1 it must hold for all 7;'. 


(2.5.10) Examples 


lr=s=0.0%*f —fodoX* = e'xf = tř f. In this case (2.5.7) coincides 
with the earlier definition (2.3.11; 2). If on some chart X is X'à;, (2.5.7) yields 


Ly f — X fi. 


Observe that * induces the automorphism 1,. 
2.r =0,s = 1: w = cj dq'. The rules imply that 


Lxo = (Lxoi) dq! + wi d(Lxq') 
= (X*oj x + cx X*) dq! . 


3.r=1,s = 0. Foro € TP, Y = Yà; € T}, we calculate 


Lx(o|Y) = wY} X* + o Y X* 
= w; (Y$ X* — XÍ, Y") + (oj 4X + o, X*)Y! 
= (o|LxY) + (LxolY). 


Thus the ith component of the Lie derivative of Y is 
Yix* — Xi Y“. 


4. X = 8; and Y = 0;. Then [X, Y] = 0. The vanishing of the Lie bracket of the 
natural basis vectors means that the partial derivatives commute. 
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(2.5.11) Integrability of Vector Fields 


A question that might well be asked at the end of (2.5.6; 5) is: Given vector fields 
X; defining an n-dimensional subspace Ny C T, (M) at each point x, j running 
from 1 to at least n, when do there exist n-dimensional submanifolds N such that 
T,(N) = M; for all x € N? (If so, the X; are referred to as surface-forming, or 
integrable.) On the chart (2.1.9), N = (xi, ..., Xm; Xn¢1 = °°: = Xm = 0), and 
T,(N) is spanned by {0/0x;, k = 1,...,n]. Hence the X; must be of the form 
c 9/0x,, where c is of rank n. According to (2.5.10; 3), 


8 8 
4) —,  ülLjkz-2l...,n, 
Ox, 


a ; 
[X;, X] = (ds "Ua ; 


ax j 
and 0/dx,; may be expressed as a linear combination of the X ;. If the X ; are to 
form a surface, their Lie brackets must also belong to V,. According to (2.5.6; 5), 
this condition is also sufficient to guarantee local integrability: Let M+ denote 
the linear space of all w such that (w(x)|Xj;(x)) = 0 for all j and all x ina 
neighborhood. Local integrability means that dw has at least one factor belonging 
to A1. In Problem 9 it is found that (dw|X, Y) = —(w|[X, Y]) for all o € V7 and 
X,Y € Nz. Hence do has a factor in N+ iff (dw|X, Y) = 0 iff (@|[X, Y]) = 0 
iff [X, Y] € M. If one would rather prove integrability beginning with the vector 
fields, that can be accomplished by following the path laid out in (2.5.6; 5). 

The following argument shows that [X ;, Xx] must belong to A: The flows $7 
must leave N invariant. Therefore 


OY o O* oo o 0% 
maps N into itself, and [X ;, X,] can be obtained from it: 
[Lx,, Lx,] = lim t~*(exp[tLx,]exp{tL x, ] exp[—tLx,]exp[—tLx,] — 1). 
For the X; of every natural basis: 
Dy oQX = OX o qr 
and the chart (2.1.9) for N is 


$? oP? o... o Phx > (n,..., Tn) € R". 


By reversing the argument, if we are given n independent X; such that ol o o t= 
Xt o oU , then we obtain an N and a chart in which (X7) is the natural basis 
(9/97;) (Problem 10). Therefore, [X;, X] = 0 is a sufficient condition for local 
integrability. The apparently more general case where [X ;, X,] = C jkm X, reduces 
to this case by the introduction of linear combinations X ; of the X, satisfying 
[X j, X] =0. 
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(2.5.12) Examples 


1. 


M = R. Let w = dx + zdy € E,(R’): w A dw = dx Adz Ady £0, so w is 
not integrable. The space orthogonal to w is spanned by 


It is easy to see that [X, Y] = 0/dx cannot be written as aX + bY, and, indeed, 
when the flows generated by X and Y: 


PŽ: (x, y, z) > (x — T1z, y + T1, z) 


and 
Pi: (x, y, Z) > (X, Y, Z + T2), 


are applied to an initial point, the result is not a surface but rather an open set in 
R?: 
OF o61007(0,0,0) = (Cri. T2, ti + T3); 


and as (T1, T2, T3) runs over, say R x R* x R, the image of the origin covers this 
same region. This example also reveals that there need not exist hypersurfaces 
which are orthogonal to a vector field in the sense of a particular metric. For 
example, consider R? with the Euclidean metric. The vectors orthogonal to 
X = 0/üx +z 0/0y are annihilated by w = dx +z dy, and hence do not compose 
surfaces. Yet by Theorem (2.3.12) there are hypersurfaces N transversal to X 
in the sense that T, (N) and X(x) span all of T; (IR"). 


. M = R°. Let X; denote the generator of the rotations about the jth coordinate 
axis: 
a 9 a a a 9 
X = SS iy = Ly Ay X = Sa ee Anpa 
: az ET 2 3x * a2 by ax 


The three vector fields generate only a two-dimensional M; , and are orthogonal 
to dr, where r = yx? + y? + z?: (dr|X ;) = Lx,r = 0. Since dr is integrable, 
d dr = 0, the X; must likewise be integrable. It turns out in fact that [X;, Xj] = 
Eijk X4. The flows generated by the X; map the two-dimensional submanifolds 
r — const. into themselves. In this example, the X; form surfaces that are 
diffeomorphic to S?. Mappings like ox !o on can of course only generate a 
local chart on such a surface. 


The Lie bracket provides the vector fields with an additional algebraic structure. 


It distributes over addition, and instead of the associative law it satisfies 


(2.5.13) Jacobi’s Identity 


[X, [Y, ZJ) + [Y, [Z, X]] + [Z. IX, Y]] = 0. 
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Proof: Follows from the identity 


Lix tyzy  Livaz.xn + Lizx vy = Lx(LvLz — LzLy) 
— (LyLz — LzLy)Lx + Ly(LzLx — LxLz) - (LzLx — LxLz)Ly 
+ Lz(LxLy — LyLx) — (LxLy — LyLx)Lz —0, 
because Ly = 0 (even if only on TO (M )) implies X = 0. o 


(2.5.14) Problems 

1. Why is it not possible to define d on all of 72? 

2. How are the covariant components of do written in the notation of (2.5.1)? 
3. Show explicitly that b, dc = d®,w for M = R", p = 1. 

4. Show directly for f € C(M) that Ly df = d(Lx f). 


5. Calculate the components of LyY, X and Y € T and of Lya, œ € Tu. Prove that 
Lx(a | Y) = (Lxa | Y) t (a | LxY). 


6. Show that Ly — ix od +d oix on E, (2.5.9; 4). 


7. Define the mapping A: E, — E, of Remark (2.5.6; 3) as follows: Let U be starlike 
with respect to the origin and h: (0, 1) x U — U be the mapping (t, x) — tx. For 
w € E,(U) we may decompose the inverse image of w under h into one part with dt and 
another without dt: 

h*c = w + dt ^ wy, € € E,((0, 1) x U), wy E Ep-1((0, 1) x U). 
Then i 
Aw =Í dt Nom € E, 4(U). 
0 


Show that A o d + d o A = 1, and calculate Aw in R? for œw € E, and E3. 


8. Find an example of a vector field E that is divergence-free on IR?X {0}, but which cannot 
be written E — V x A. 


9. Show that for w € Ej, 


(do|X, Y) = Lx(@lY) — LyX) — @I[X, Y]. 


10. Let Xj, j = 1,..., m, be vector fields satisfying [X;, X;] = 0, with {X;(q)} linearly 
independent. Show that in the vicinity of q there exists a chart (U, ®) such that b, X; = 
8/0x ;. (Hint: Consider the m-parameter group of diffeomorphisms generated by the X ;.) 
Investigate what happens in a simple case when [X;, X;] z 0. 


(2.5.15) Solutions 
1. Antisymmetry is the key to the proof that d(dw) = 0. 


pri 


2. (do), v ip4l > » x, (n.i NEC ipi ^ 1%. 
é=1 te 
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w = cy (x) dx, do = cy; dx! ^ dx*, 
ax* ; 
6,0 = o (x) — d7, 
0x? 
ax! ax* 82x* . 
do,o = iL — +e- ldx ^dx! 
A (a ax” agi + aras) 
üx! ax* . 


4.LxLyf = Ly(dflY) = (df|LxY) + (Lxdf | Y) = Liryf + (Lx dflY), so 
(Lxdf|Y) = LyLyf = (d(Lxf)lY) VY € T,(M) > Lxdf = d(Lxf), ie., 
dLy =d,,d = Lyd on f. 


5. For X:q > (qi, X'), etc., 
(Lxa|Y) + (e|LxY) = (xo) Y! - a(LxY) = (œi X" o, X5)Y' 
+ oj (Y, X* — X',Y*) = a; Y X* aj, Y X* = Lx(alY). 
(And similarly.) 


6. Proof of induction: For p = 0, ix f = 0 by definition, and iy df = (df|X) = Lx f. 
Every (p + 1)-form may be written as 


dfi ^w, 0 € Ep, f ec. 


Now 


(ix od -doix)(df Aw) = ix o(-df Adw)+d 0 ((ix df)w — df ^ixo) 
= —(iy df) \dw+df A (ix dw) + (dix df)) ^o 
+ (ix df) \dw+df ^d(ixo) 
=df ^ Lxo t (Lxdf) ^ o = Lx(df Ao). 


Since both sides of the equation in (2.5.9; 4) are linear operators, this relationship also 
holds for * ^; df; ^ œi, and consequently on E, (M). 


7. For i 
w= p 2000 ax" fcx dx’, 


we find 
: P k : 1 
h*c = oxy(xtY(t dx" +x" dt) ^ --- ^ (tdx'? +x" dt)— 
p! 
= w + dt ^ wm. 


Let us designate the exterior derivative with t held constant by d"; then 


1 1 a 
dAw = f dtd'wy, Ado= Í dt e - doy). 
0 0 ðt 


2.6 Integrals 


As defined above, wo=1 = w and @o=9 = 0 and so dAo + Ado = o. 


1 x 
p=l: Aw = | ar xn) = f ds- v; 
0 0 


1 
p= 2: wij = Eijk By, (Aw); = Í dt t B XjEkji. 
0 
8. E = x/|x|°. It is impossible that E = V x A, for then we would have 
an= [ ds-E= [ as-vxA= ds-A=0, 
s2 s2 as? 


because 0$! = Ø. 


Lx(o|Y) = (ix od +d oix)o|Y) + @|LxY) 
= (do|X, Y) + Ly(@|X) + @ILX, Y]). 


TI 


10. The mapping (tj) — ©%" 0---o@*!(q) =: q(t;) is a diffeomorphism of a neighborhood 
of 0 € R” toa neighborhood of q: q(t)/dt; = X ;(q(1)), and by assumption det(X k (4)) 
is different from 0 at t = 0 and hence also throughout a neighborhood of 0. On R?, let 


Xy (x, y) > (x, y; 1, 0) and X5: (x, y) — (x, y; 0,1 + x), and take q = 0. Then 
q(t) = 92 o f (0) = (n, (1 + n) 


is a diffeomorphism, but 


ð 
an 40 = (1, 2) # Xi(q(1). 


2.6 Integrals 


An m-form defines a measure on a manifold. Its integral is an inverse 
of the exterior derivative in the sense that integration by parts can be 
generalized as Stokes's theorem. 


In (2.4.8; 3) we interpreted p-forms as measures for p-dimensional volume ele- 
ments. It is possible to define a coordinate-independent integral over p-forms by 
applying them to a coordinate basis and then integrating over those coordinates in 
the usual manner. Once again we begin by extending our earlier analysis from a 
single point to a neighborhood. Suppose that Q is an m-form the support of which 


lies in a chart (U, ©). Its image under the chart is of the form 


(Q) = wx)dx! adx? ^---^dx", w = (Q01,85,..., ðm), 
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and if U is relatively compact we define 


(2.6.1) EZ a ats dx" w(x). 


The value of this integral does not change under a diffeomorphism, since by 
(2.4.44; T) w gets multiplied by det(dx' /0x^), and 


(2.6.2) fes det (5) æ(x(x)) = [ 7:9. 
ax! 


(See [1, 16.22.1].) 

Here we encounter a choice of sign, a choice that must be confronted even in the 
simplest case: Should Joa p» Mean Jp or J, ? The difficulty is that a consistent sign 
convention for the whole manifold M is possible only if M is orientable, for only 
in that case does there exist a nowhere-vanishing m-form Q that can determine the 
sign. 

In order to avoid questions of convergence we shall integrate only forms that 
vanish outside a finite region. As usual, on manifolds the notion of a finite region 
is replaced by that of a compact set, as compactness is invariant under diffeomor- 
phism. Hence we will consider forms that can be written as fQ, where f € C(M) 
such that the support supp( f) is compact. The set of these forms is denoted E9. 
Given any atlas, it is then always possible to choose finitely many charts (U;, ®;) 
such that " 

nite 


supp (f) c | Jui. 


By the use of a partition of unity (see, e.g., [1, 12.6.4]), f may be written as 
f =>; fi, where supp f; C U;. This enables us to make 
(2.6.3) Definition 


The integral of an m-form fQ with compact support on an orientable manifold 


M is 
Í, of =) foem, 


where f = }_; fi, fi is of compact support on the domain of the chart (U;, ®;), 
and the integrals summed over are given by (2.6.1), assuming the use of charts for 
which (Q]3; .. . ðm) > 0. 


(2.6.4) Remarks 


1. The integral is independent of the choice of charts provided that all the charts 
have the same orientation (Q|; .. . 3m) > 0, so that under a change of charts 
it remains true that det(2x'/3x^) > 0. If we use the charts (3U;, ®;), then by 
introducing a partition of unity 5; ; fi; = f such that supp(fi;) C U; N Uj, 
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we will find that the value of f f) is unchanged. The change from 6; to 5; 
on U; N U j is a change of variables of the type mentioned earlier, and since 
2x j fij = f ìs always a finite sum without convergence problems, interchange 
of the order of summation is allowed. 

2. For all C>°-functions f, f Qf is a linear functional bounded by sup | f |, some 
constant depending only on supp f, and so defines a measure on M. The linear 
functional may then be extended to a larger class of functions, which need not 
have compact support, but must only fall off sufficiently rapidly. 

3. If w is a p-form and N an orientable p-dimensional submanifold of M, then 
fy œ is defined by (2.6.3) with wy. 

4. There is no meaning independent of the charts for an integral over other tensor 
fields. 


If M = (a, b) and w is the 1-form df with supp f C M, then 


fas [ X mo, 


because f vanishes at the boundary. Without the condition on the support of f, 
f df = f(b) — f(a). If we make the immediate extension of Definition (2.6.3) to 
manifolds with boundaries, this rule generalizes to 


(2.6.5) Stokes's Theorem 


Let M be an orientable m-dimensional manifold with a boundary and let w be an 
(m — 1)-form with compact support. Then 


[ w= f w. 
M 8M 


(2.6.6) Remarks 


1. It does not need to be assumed that 0M is orientable, since the orientation of M 
induces one on 0 M. Indeed, it is a consequence of the proof of the theorem that 
if on some chart of the form (2.1.20) the orientation of M is given by w(x) dx! ^ 
dx? ^ --- Adx", w > 0, then we ascribe the orientation —dx? ^ --- ^ dx" to 
dM. The sign is important, for, if it were reversed, (2.6.5) would be false: for 


M = [0, oo), 
Í i E fO). 
0 dx 


2. The requirement of a compact support is necessary even if M is a finite part of 
R”. For example, M = (a, b), 9M = Ø, f = x, and 


[4t f sao 
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3. Note that the rule d o d = 0 follows from the fact that a boundary has no 
boundary: Let V be a compact submanifold of M with a boundary. Then 


[252 [ aw = f w= 0. 
V av aav 


It is easy to convince oneself that an m-form vanishes if its integral over every 
compact submanifold with a boundary vanishes, and hence that d o d = 0. 


Proof: Let us again write | dw = Y^; f dwi, where each w; has compact support 
in the domain U; of a chart of the form of (2.1.20); then it suffices to show that 
Ju doi = fj, i. On a chart of the type (2.1.18), 


m 
Pia; = )ogjdx' n adx ^c dx", 
j=l 


and we choose dx! ^ dx? ^ --- A dx" as the orientation. Then 


$ TE DEPT E M, e ðgj 
dwi ) (-1) Í dx Í dx «f dx" —- 
J, j=l 0 —oo EL Ox! 


oo 


oo oo 
-f ae. f dx" gi(0, x?,..., x"). 


oo oo 


On the other hand, we know (cf. (2.6.6; 1)) that 


oo oo 
f wi =- f ae. f dx" gi(0, x?, ..., x"), 
aM —oo —oo 


because the restriction of dx! to 9M vanishes, so that 


wiam = g1 dx? A- A dx". o 


(2.6.7) Examples 
1. M = {(x, y) € R?, 4 < x? +y? < 1}, wœ = —ydx + xdy/x? + y, dw = 0 


(cf. (2.5.6; 2)) 
o= f v- [ w = 2r — 2x. 
x?+y?=1 x?+y?=1/2 


i 


M 


10The symbol dx? indicates that the jth differential is missing. 
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It is again apparent that the compact support of c is essential, as otherwise one 
could take w on M = ((x, y) € R2, 0 < x? + y? < 1, 9M = S!, and get the 
contradiction 0 = 27. We also see that w cannot be exact, as w = dv would 


imply 
an = f v= av = f v=0, since dS! =Ø. 
S! S! as! 


2. C = any one-dimensional submanifold with a boundary in R?, 9C = (a, b), 
[957], œ fas vrro- fo. 
C ac [o 


3. M — a two-dimensional submanifold with a boundary of R? (not necessarily a 
part of a plane), and o is the 1-form w. In vector notation (2.6.5) reads 


[ as-vxw= | ds-w. 
M aM 


4. M = a three-dimensional submanifold with a boundary of R°, and w is the 
2-form *w. We obtain Gauss's theorem: 


[ vf df - w. 
M aM 


In order to discover the relationship of the Lie derivative to integration, recall 
that the integral is invariant under diffeomorphisms: 


(2.6.8) Mi, > My: f o= f ©. 
Mi Mi 


If is specifically a flow on M = M; = M5, then the infinitesimal version of 
(2.6.8) is 


(2.6.9) f Lxw=0, Xe, oeE,(M). 
M 


These facts have physically interesting formulations when we consider an m- 
form Q which is invariant under the flow. This is the situation for one-parameter 
groups of orientation-preserving isometries and canonical transformations, which 
leave*'lorg^g^---^g^g^üinvariant. On phase space the latter is known as 
the Liouville measure, and is commonly written dq, ...dqm dpi ...dPm- 


(2.6.10) Incompressibility of the Flow 
Let ®, be a flow on M and Q an m-form such that $,,€2 = Q. Then f € Cg? (M), 


[r= [2oap, 
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Proof: Use (2.6.8) and the fact that 
P(Q- f) = Pr- Pef =Q-(fo®,). 


This holds for all measurable functions. If f is the characteristic function x4 of a 
set A, then the equation states that the volume of the set, as measured by Q, stays 
unchanged during the time-evolution. m 


The motion thus resembles that of an incompressible fluid. An incompressible 
flow cannot have sinks. Indeed, if the phase space is compact, an incompressible 
flow always maps trajectories back onto themselves. The precise statement of this 
fact is known as 


(2.6.11) Poincaré’s Recurrence Theorem 


Let A C M, (A) C A Vt € R, and Q(A) := f &xa < oo. If 6, = Q, then 
for almost every point p of any measurable subset B C. A, the trajectory through 
p returns infinitely often to B. 


Proof: Let B C A be an arbitrary measurable set, Q(B) > 0, and lett € Rt be 
a unit of time. K, — ite ®_j:(B), j andn € Z*, is the set of points that enter 
B after n or more time units (and possibly earlier as well). We clearly have the 
inclusions B C Ko D Kı D +-+- D Kn„-1 D K,. The set of points of B that return 
after arbitrarily long times is B N ((),,.9 Kn). This is disjoint from the set of points 
which do not return infinitely often, but, instead, are in B for a last time, and never 
come back. We want to show that the measure of the first set equals the measure 
of B. By assumption, 


Q(K,) = Q(b, Kn) = Q(K,.1) < Q(A) < oo, 


because of the ordering by inclusion of the K,,’s; and 


lim Q (= n (a 3) = Q(B N Ko) — » Q(B N (Ki-1\K;)) = Q(B), 


PAPS n>0 j=1 


since B N Ko = B, and since K,_; D K, and Q(K,) = Q(Kn-1) > Q(Kn_1\ 
K,,) = 0. Hence the measure of the arbitrary measurable set B equals that of the 
set of its points that return to B infinitely often. o 


Under the right circumstances conservation of energy provides a time-invariant 
submanifold of finite volume in phase space, for which the theorem applies. How- 
ever, invariant regions of finite measure for unbounded forces (1.1.2) and more 
than two particles are not known, as the trajectories for which particles escape 
to infinity fill up a large portion of phase space. Theorem (2.6.11) does not ap- 
ply to these escape trajectories, but since the flow cannot be compressed, most 
trajectories that come in from infinity must go back there: 
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(2.6.12) Schwarzchild's Capture Theorem 


Again assume that $,.€2 = Q., and let A be a measurable set of finite measure, 
Q(A) < oo. Then the set of points of A which were in A infinitely long in the past 
but will leave A forever in the future has measure zero. The same is true of the set 
of points that first enter A at some finite time and remain in A forever in the future. 


Proof: Let A. = (zo 9, (A), the set of points which will remain in A forever, 
or, respectively, which have always been in A. Then for any time t, 


Q(A,) = Q(6.,4,) = Q ( N ew) 


t>-t 


=Q ( N en) = Q(A4+ N A_) = Q(A_); 


—00<T <00 


hence 
Q(A+\A+N A.) = Q(A_\A4N A-)=0. 


Trajectories that come from infinity and get bound in A, or, conversely, those 
that leave A forever, having formerly always been in A, can thus compose at 
most a subset of A of measure zero. Of course, the system could be unstable and 
Q(A4+) = 0. I 


(2.6.13) Remarks 


1. The invariance of Q is the basis of what is called ergodic theory, which is 
concerned with establishing the general existence of the time-average 


: 1 à 
foo — jim, (=) Í dttf a.e. 


for functions f, required merely to be measurable rather than C™ (the ergodic 
theorems of Birkhoff and von Neumann). Because the spectral theory of 
operators in Hilbert space is used in the proof, we defer it until Volume IV, 
Quantum Mechanics of Large Systems, where it appears as a special case. 

2. The utility of these theorems for physics is limited, in that they do not state how 
long it will be before a trajectory returns or before a time-average approaches 
its asymptotic value. The surprising fact is that these theorems have global 
consequences, which are not easy to read off the differential equations directly. 

3. € serves only to measure the probabilities of various configurations. This inter- 
pretation of Q seems well justified for the Liouville measure. Every open set is 
Liouville measurable, and B # Ø iff Q(B) > 0. As a consequence, Theorems 
(2.6.11) and (2.6.12) apply to arbitrary open sets B. 

4. The Recurrence Theorem gave rise to all sorts of confusion, because people got 
the impression that whenever a flow was measure-preserving on a compact set, 
an initial state must always recur. States, however, are probability measures. 
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Moreover, if the illusion of infinite accuracy of measures is abandoned, they can 
never be point measures, but rather must be of the form f Q, with f measurable 
and > 0, f fQ = 1. In Volume IV we shall learn about mixing systems, 
for which the states tend toward the uniformly distributed state Q/ f Q. What 
the apparent contradiction overlooks is that while the individual points of the 
measure of f must return to any neighborhood of their initial positions, they do 
not do so all at the same time. Instead, the trajectories spread out over all of M 
so that the effect of f & on an integral tends to that of 2/ f &, and time averages 
of functions converge to their averages with respect to the measure €2/ f Q. 


We sum up by collecting the important formulas for differentiation and integra- 


tion: 
EI w, 
M aM 


d(a;w;) = a; doi, o; € R, œi € Ep, ie = a f. 


d(w A a2) = dw, A e» + (—1)?a A do», 8(Mi x Mz) = 9M, x Mo 
U Mj x (mM, 


(—M denotes M with opposite orientation) 
dodo -—0, 90M =ø 
d®,w = dw, . Í 0,0 = w 
$(M) M 


(2.6.14) f Lyo=0 if ®*M=M, 
M 
as the formulas on the left are in correspondence to the formulas on the right. 


(2.6.15) Problems 


1. Show that the Liouville measure d"gq d" p = dq, ^ --- ^ dam A dp, A+++ ^ dp, is 
invariant under a point transformation g — q. 


2. Work through Example (2.6.7; 2), following the steps of the definition of the integral. 


3. Using (2.6.5), prove the following theorem: fe dz f(z) = 0 if the path of integration 
C encircles a region in a neighborhood of which f is a meromorphic function without 
poles of the first order. 


4. Show that orientability is equivalent to the existence of an atlas | J,(U;, ®;) with di; = 
det D(®; o 67!) > 0 Vi, j such that U; N U; # Ø. 


5. Two C??-mappings f and g: M — N of two manifolds are said to be diffeotopic to 
each other iff there exists a C?-mapping F: [0, 1] x M — N, such that f = F oig and 
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g = Foi where ig and i, are the imbeddings ig: M — (0) x M andi: M — (1) x M. 
Show that if M and N are orientable, compact, and n-dimensional, then Vw € E,(N), 


ree 


if f and g are diffeotopic. (First show that o € E, and closed = g*q — f*ọ is exact.) 


6. Use Problem 5 to prove the theorem that you can't comb a hedgehog: If n is even, then 
every C?-vector field X on 5" has at least one point where it vanishes. 


7. The hydrodynamic equations, ù; + vv; = — p, are written as ù + L,v = d(v?/2 — p) 
(cf. (2.5.14; 5)), if we construe v as a 1-form on R? and denote the Lie derivative with 
respect to v by L,, by making the covariant vector field contravariant with the metric 
gik = ójy. Hence the vorticity w = dv satisfies the equation w + L,w = 0. If at any 
time w vanishes everywhere, it remains zero afterwards. Derive the following integrated 
version of conservation of vorticity, known as Thompson’s theorem: Let C, be a closed 
curve that follows the flow of v. Then 


8. For a divergence-free vector field (E € T} (R2), gix = dix, d * E = 0), show that the 
field strength is proportional to the density of the lines of force in the following sense: 
Lines of force are the trajectories of ¥, so that the same number of lines of force pass 
through both N and oF N. For E ||df, where df is the surface area element, 


Í *E- Í E.dS« ___ field strength — 
density density of lines of force ' 


because (surface area) x (density of lines of force) is constant. Prove the invariance of 
this relationship under F. 


(2.6.16) Solutions 


- 0qi - ðq; 
1. d"q =d"q det E3 , d" p = d" p det (2) 
80; ðq; 
2. The 1-form df should be integrated along the trajectory of the curve u: I = (a, b) > R?. 
To do this we use the chart (u(/), u^!) on this one-dimensional submanifold. Then 


Í pu J u) df = Í d(uy f) = Í d(fou)- Í (fou) 


= f(u(b)) — fu@). 


3. It follows from the assumptions that f(z) = (8/8z)F(z), so 


[ato=far=[ r=, 


since 9C = Ø for a closed path C. 
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is 


FIGURE 2.15. The cylinder spanned by the lines of force. 


4. =: Choose 6; such that in the coordinate system (x1, ..., Xm) = P(x), Q = gi dx; A 
+++ A dXm, 8i > 0. Then dj; = gj/gi > 0. 
<=: Let oj = dx; A++- A dx, on U;, and let x, be as above. Construct » wi fi, 
where f; is a partition of unity as in (2.6.3). Given x € M, let J be the set of i such that 
fi(x) £ 0, and fix ig € 7. Then since f; and d;;,(x) > 0 by assumption, 
(x) = DOL) d G]ox (x) # 0. 
iel 

5. In analogy with (2.5.14; 7); define a mapping K: Ep+ı(7 x M) — E,(M) such that 
Qo t dt Awy > h dt wy. This mapping satisfies d o K + K od = if — ij. Hence 
doKoF*+KoF*od =(doK +K od)o F* = (if —iġ)o F* = (F oi) — (Foig)* = 
g' — f*.Ifdg = 0, then g*g— f*o = do K o F*ọ is exact. But then f (g*w— f*w) = 0, 
because w, as an n-form, is closed, and M has no boundary. 

6. Imagine S” imbedded in R"*!, where $" = (x € R"*': ixi? := (x|x) = 1 and T(S") 
equipped with the corresponding Riemannian structure, and let X(x) z 0 Vx e $". 
If we replace X with X/||X ||, then we can treat it as a mapping from S" to S". Let 
F: [0, 1] x 5" — S" be given by (t, x) > x cos mt + X(x)sin zt (note that X(x) L x); 
this furnishes a homotopy between x — x and x — —x (the antipodal mapping a). On 
S” let us consider the n-form given by 
(-1y*! 

zip 

in the chart given by the imbedding (x; # 0}. Since when restricted to 5", ye i xj dxj|s» 
= 0, all the wj agree on S” and define the volume element w on S”. Now note that 

a,@ = (—1)'*! V(S"), so 


v= f w= | aw = (—1)"t!V(S"), 
n $n 


j dxi ^ Adxj ^s ^dxyai 
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which is impossible when n is even. 


7. Since C, follows the flow of v, f... v = fe, ev, which contributes the term fo, Luv 
to the derivative: 


d : v? 
i i [em [(7-7)- 


8. Let M be the cylinder spanned by N and £ N (see Figure 2.15). 0M = N U EN U 
the outer surface. Since E L df on the outer surface, 


o- [ ae-f 'E- f'E. 
M DEN N 


3 


Hamiltonian Systems 


3.1 Canonical Transformations 


A 2-form is canonically defined on the cotangent bundle of a mani- 
fold. Diffeomorphisms leaving this 2-form invariant are called canonical 
transformations. 


The Lagrangian (2.3.23) defines a bijection T(M) — T*(M): q — p, and the 
corresponding local flow on T*(M) satisfies Hamilton’s equations. The flow has 
the special property of preserving the symplectic structure of T *(M), which is 
determined by the canonical 2-form: 


(3.1.1) Definition 


Let II denote the projection of the cotangent bundle T*(M) such that T(z): 
T(T*M)) — T(M), and define © € E,(T*(M)) by (©|v)(z) = (zIT(IDw(z)) for 
allz € T*(M) and v € To (T*(M)). The 1-form © and its differential w := —dO 
are called the canonical forms on T*(M). 


(3.1.2) Remarks 
1. On a bundle chart T (TI) acts by 


(s a a 
gee — —. 
dq Op ðq 
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If in the same chart v is such that 


. O . ð 
(q. p) ^ (s By — ez). 
ðqi ðpi 
then (O|v)(q, p) = >; pivi(q, p). Hence, in the sense of Example (2.4.3; 2) 
one often writes © = p; dq! and w = dq! ^ dpi. The form o is not only closed, 
but also nondegenerate, and thus defines a symplectic structure on T*(M). 

2. The forms are chart-independent. More generally, under diffeomorphisms d: 
M; — Mhn, for which V = T*(®): T*(Mi) — T*(M»), the canonical forms 
O4 2? and w; 2 are transformed into each other: V,Q,; = G5, and Yw; = a 
(Problem 8). 

3. The 1-form © vanishes at the origin of T*(M), but w is always nonzero. The 
p-fold exterior product, 


(—1y0-0p72 


p WAWA NW 


p times 


is a 2p-form which likewise never vanishes. In particular, on a bundle chart 
Q = Qm itisdqi A dq2 ^ -++ ^A dqm ^ dpi ^ --- ^ dpm (Liouville measure). 
Since w is exact, so are its powers. Specifically, 


(—1)m-0m/2 


Q= d(OA^qmo^M^--- ^c). 


m! 


As we have seen, the transformations induced by diffeomorphisms of M, known 
as point transformations, leave the canonical forms invariant. However, we can ask 
about more general transformations of T*(M) in which the new q depends on the 
old q and p, but which leave w invariant. 


(3.1.3) Definition 


A diffeomorphism T*(Mj) D Ui = U2 C T*(M)) that takes the canonical 2- 
form wy, to cy, is called a local canonical transformation. If U; = T*(M,;), 
then is called a canonical transformation. 


(3.1.4) Remarks 


1, Point transformations are canonical. 

2. An example of a canonical transformation that is not a point transformation is 
the interchange (q, p) > (p, —q) on M = R, where T*(M) = R x R and 
w = dq ^dp. 

3. The interchange (q, p) —> (p,q) changes the sign of w; thus not every linear 
transformation is canonical. 

4. Because (V, o V5), = Wix o V5,, the canonical transformations form a group. 

5. Since W,(@, ^ v) = (V,o1) ^ (W,@2), canonical transformations also leave 
the 2p-form Q, invariant. 
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In general the 1-form O will change under a canonical transformation. However, 
it is still true that V, dO — dO = d(W,O — ©) = 0, so that, at least in a neigh- 
borhood U, V,O = © + d f, for some f € C*(U). Letting V: (g, p) > (q, p). 
on some chart, this formula may be written 


(3.1.5) pi d! = p,dd' t df = —4' dp; + df, 
FG, p) = f(a. p) + à' pi. 


If we want an explicit expression for V, we must evaluate (3.1.5) on a basis. If 


9 i 
det (25) #0, 
ðq |p constant 


which holds, for instance, for a point transformation or for Y sufficiently close 
to 1, it will suffice to express everything in terms of dq! and dp j and to equate 
coefficients. Then we may write q locally as a function of q and p by inverting 


q(p, 9). If we also call f (g(q, p), p) simply f(q, p) and plug it into (3.1.5), we 
obtain 


(3.1.6) Lemma 


A local canonical transformation Y: (q, p) — (q, p) with 


9 i 
det (25) +0 
aq |p constant 


may be written locally as 


LEE LA 


= :3 x dert , p € C. 
agi q 9p, f(a, p) 


Di 


The function f is known as the local generator. Conversely, if f (q, p) € C~(U) 
such that det(a? f/dq' 8p;) # 0 is given, then the above equations define a local 
canonical transformation. 


(3.1.7) Remarks 

1. The canonical transformation q^ = p;, p; = —d' on T*(M) = R?" is not 
induced in this way. The construction fails because àg' /q1; = 0. 

2. If det(dq' /0 p j) # 0, then p(q, g) may be calculated locally. Substituting into 
f. we obtain the alternative form 


Point transformations cannot be written like this. It is clear that f is additive 
with respect to composition, i.e., f, o V, ! + f, generates V; o Vi. 
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3. We learn from integration theory (82.6) that integrals over w and Q are left 
invariant by canonical transformations, where of course the new integral is taken 
over the image of the original integration region: 


fo-] w, [a= Q, 
N VN U vU 


in which N and U are, respectively, two-dimensional and 2m-dimensional sub- 
manifolds of M. Nothing like this is necessarily true for O. However, if C is 
a one-dimensional submanifold without a boundary, contained in some neigh- 
borhood in which equation (3.1.5) holds, that is, C is a sufficiently small closed 


curve, then 
I e-fo+f ;- [e 
V-!c [o ac C 


It is easy to go astray for arbitrary closed curves (Problem 6). 

4. Care should be taken to distinguish between the generator of a finite transforma- 
tion and the generating vector field of a transformation group. The connection 
between them will be examined in (3.2.9). 


(3.1.8 Examples 
1. p = J/2wpcosq, q = /2p/wsing, w € R*, is a local canonical transforma- 


tion from R+ x S! c T*(S!) to R?\ {0} c T*(R). Calculating 
dp = tdp cosĝy2w/P — dd /2op sing, 
dq = 4dp/2/wp sing + dq /2p/o cosq, 
we see 
dq ^dp = dq Adp. 
This can obviously not be continued to a canonical transformation T*(S!) > 
T*(R). 


2. We would like to determine when a linear transformation on T*(R”) = R?” is 
canonical. Let us treat (q!, ... , q", pi, ..., Pm) as a single vector (x1, . . . , X2m) 


'The forms w and Q are called integral invariants, and © is called a relative integral 
invariant. 
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and write 


w = dx; W, dx,, W=}ł 


A linear transformation x, = L,;x; is canonical in case L'"W L = W, that is, L 
is a symplectic matrix. Symplectic matrices have the following properties (see 
Problem 4): 


(a) det L must be either +1 or —1. 
(b) If A is an eigenvalue, then so are 1/4, A*, and 1/A*. 


It follows that in fact det L = 1, and L preserves volumes. If L expands in one 
direction, it must contract in another. 


The canonical 2-form is given everywhere as the invertible matrix W. Hence c, 
just like g from (2.4.12; 2), defines a nondegenerate bilinear form, and consequently 
a bijection from 7/°(T*(M)) to T) (T*(M)). 

(3.1.9) Definition 


The canonical form w defines a bijection b from TOE(T*(M) to To (T*(M)) by 
igo — v,ve T)(T*(M)). The vector fields Xy = b(dH), H € C9*(T*(M)) are 
said to be Hamiltonian. If H can only be defined locally, X y is said to be locally 
Hamiltonian. 


(3.1.10) Remarks 


1. The action of b can be expressed schematically, in that the diagram 


STU) x TTM) _ 
bx | C*(T*(M) 
S'«T*U4) x TYT(M) ~ 


commutes. 
2. On a chart, b(v;; dd! + vp, dpi) = vp, ðq! — vg: pi, and 


aH 8H 
Xp: 5 DU dq‘, — — Opi ; 
H: (qa p» (a p (=) q ($5) n) 
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Note that X y is exactly of the form of the vector field that came up in (2.3.21). 

3. The distinction made in Definition (3.1.9) between Hamiltonian and locally 
Hamiltonian vector fields is easy to illustrate. Let M = T!, and T*(M) = 
T! x R > (g, p), and let X be the vector field (p, p) > (o, p; 0, 1). It is locally 
Hamiltonian with H = —g, but not Hamiltonian, because ø is not defined 
globally. 

4. Although our definitions are chart-independent, a change of coordinates may 
alter the identification defined by w. If V is a canonical transformation, then 
V, ob = boW,, because V,o = w. Hence V,Xg = bW,dH = bd(HoV-!) = 
X goy-1. For practical purposes this means that Hamilton’s equations in the new 
system are obtained simply by substituting into H. 


Still another mapping from C™(T*(M)) x C™(T*(M)) to C?(T*(M)) can be 
defined using c, by applying it to the vector fields associated with two functions. 


(3.1.11) Definition 
The Poisson bracket of two functions F and G in C®(T*(M)) is defined by 


(G, F) = w(XG, Xr) = ix,ly,@ = ix, dG — Lx,G = -Lx,F. 


(3.1.12) Remarks 


1. The antisymmetry of w leads to (G, F} = —(F, G}, accounting for the final 
equality. 
2. On a bundle chart, 


(G n-Y i-us) 
i c Nd! ap; ðq ap; ) 


and in particular, {q', q7} = (pi, pj} = 0, and {q', pi} = ôij- 

. Poisson brackets are invariant under canonical transformations W in the sense 
that in the new system they just become the Poisson brackets of the new func- 
tions: By (3.1.10; 4), (F, G} o V = {F o VW, G o V]. Conversely, if V is a 
diffeomorphism of T*(M) that satisfies this equation for all functions F and 
G, then W is canonical. To see this, choose functions that equal qf and p; on 
the domain of a chart; then the transformed coordinates are 4^ = qÍ o V and 
P; = pi o Y, and they also satisfy (2, pj} = i; and (2, 47] = (pj, Bj} = 0. 
Hence the transformed w = dq' ^ d p; and W is canonical. 

4. The rules (2.2.24) for the Lie derivative have the consequences that (F + 

G, H}  (F, H} + (G, H} and (F- G, H} = G(F, H} + F(G, H}. 


w 


(3.1.13) Problems 
1. Find the generator f of the local canonical transformation g = J/2p/osing, p = 


A/2op cos q. 
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2. For real a and f, calculate (e**, e^"), œ, B € R. 


3. Let us write the matrix L of the linear canonical transformation (3.1.8; 2) in block form 


A| B 
= lea 
What are the conditions for L to be symplectic, and what is the generator f of the 


transformation? 


4. Let A be an eigenvalue of the symplectic matrix L. Show that 1/4 (and hence also A* 
and 1/A*) is an eigenvalue. If L is an element of a one-parameter group generated by a 
function F, L = e'^, then what does this imply about the eigenvalues of F? 


5. Consider the flow on T*(M) generated by the canonical vector field bO. Is it canonical? 


6. Construct a canonical transformation WV for which V,O 4 © + d f, and hence f cOF 
Suc © for a closed curve C. 


7. What is the form of the generator f (cf. (3.1.5)) of a point transformation y = T*(®), 
$:q > qq)? 


8. Show that ¥,© = © (and hence V,o = w and W,Q = Q) for the point transformation 
V = T*(®), where ® is a diffeomorphism of neighborhoods in M. Is this the most 
general local canonical transformation that leaves © invariant and which has a domain 
of definition including the submanifold p; = 0? 


(3.1.14) Solutions 


1. f = pcosg sing, because 


| 1 /2p 
pdq = /2wpcosq G == sing +dq 2 cos) 
2 pw w 
= pdq + d(pcosq sing). 


Note that f is defined globally on T(S'), but even so it generates only a local canonical 
transformation. 


2. 
a" ^ o" 
aq na —. [4^ EC __ 7 — aq 
uc Lees) R 


(e^, p") = p" (e^, p) + (e*4, p" S map'e", 
m 


e. p" v. B 
(e e] = Y Len, p") =) E ape" p" = afe. 
m=0 ` m=9 m: 


3. The matrices A’C and B^D must be symmetric, and A^D — C'B = 1. 
f = pB'Cà + 3(GC’AG  pD'Bp). 


4. (a) Take the determinant of L’WL = W, to conclude that (det L} = 1. 
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(b) det(L7! — A) = det(W-! LW — A) = det(L^ — A) = det(L — A) = 0, which implies 
that A is an eigenvalue of L~'. Therefore if is an eigenvalue of F, then so are —9, 
g*, and —9*, since L is real. 


5. bO = — p; 0/0p; generates the flow q'(t) = q'(0), pi(t) = e™ p;(0). It is not canonical, 
yet it does characterize the bundle structure of T*(M): Its flow lines are the fibers and 
its fixed points are the basis. 


a 


M = S, T*(M) = S! x R, and V: (p, p) > (o, p +a),a € R, for both charts (2.1.7; 2) 


on 5!. Locally, f = ag, but o d C*(T*(M)). So for C:t € [0, 27) — (t, p € T*(M), 


[o=] © = 2n(pt+a). 
c vc 


Note that C is not the boundary of a compact surface. If 5! were imbedded in R?, then C 
would be the boundary of a circular disc D, and one might be led to the false conclusion 


that 
fe=-fo=-f o- | e. 
c D YD VC-9V D 


The trick is that O would be singular at the origin, but the region D would not be compact 
with the origin deleted. This is not mere mathematical nit-picking; it shows up in the 
quantum theory of the Aharonov-Bohm effect, and thus has observable consequences. 


7. f(p. 4) = pd (a). 

8. By Problem 7, f = pq(q), and so f = 0 and ¥,@ - ©. If on the other hand © is 
invariant, then so is f = pq(q). According to (3.1.6), à' = df/dp,,so f = p; Af/dp,, 
and thus f is homogeneous of degree 1 in the variables p;. If (p; = 0} belongs to the 
domain of definition of f, then f must be linear, and consequently q’ is a function of q' 
alone. 


3.2 Hamilton's Equations 


Hamiltonian vector fields generate local flows that leave w invariant. 
These flows are determined by Hamilton's equations. 


A local flow Y, on T*(M) that leaves w invariant, Y*w = c, has a vector field X 
which generates it and satisfies L yc = 0. It turns out that Hamiltonian vector fields 
(3.1.9), Xy, H € C~(T*(M)), have this very property. To see that this is so, recall 
that the inverse of the bijection from (3.1.9), b^!: TJ (T*(M)) > TP(T*(M)) is 
the mapping X — ixw (2.4.33), and consequently one can write dF = ix,c (see 
(3.1.1; 1)). Then using Property (2.5.9; 4) and the relationship dw = —d d = 0, 


(3.2.1) Lx,o = dix,w=ddF - 0. 
Moreover, locally the argument goes the other way, too, since 0 = Lyw = dixo, 


which implies ixw = dF, for F € C™(T*(M)), which then implies X = Xr. 
This proves 
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(3.2.2) Theorem 


Every locally Hamiltonian vector field generates a local flow of canonical trans- 
formations. Conversely, any local flow of canonical transformations has a locally 
Hamiltonian generator. 


(3.2.3) Remark 


The above statement is false if the qualification “local” is dropped. A Hamiltonian 
vector field need not be complete even if H is defined globally. And conversely, 
the flow V: (o, p) > (p, p +t) on T*(S') = S! x R has the generator o, which 
is only defined locally (cf. (3.1.10; 3)). 


Let us consolidate the foregoing results. 


(3.2.4) Definition 
For all H € C*(T*(M)), Hamilton's equations, 
u=X HOk, 


define the local canonical flow ®,, and (M, ®,) is called a Hamiltonian system. 


(3.2.5) Remarks 


1. The variation in time of an observable is determined by its Poisson bracket 
with H: d 
“ner = {Fo®,, H}. 


2. According to Remark (3.1.10; 4), Hamilton’s equations are invariant under 
canonical transformations in the sense that in the new system it is necessary 
merely to use the transformed H. More explicitly, let V:(q, p) > (q(q, p). 
P(Q, P)), and let us call Hr(q, p) = H(q(q. p). P(g, p)). Then the pairs of 
equations 


d —9H[0p, p,— —9H/0j! and d'—OHr/üp, p; = —9Hr/0q' 


are equivalent. 

3. Because of the antisymmetry of the Possion bracket, H is constant in time. For 
the same reason, any quantity that generates a local canonical flow that does not 
change H is constant in time. 

4. Time-evolution leaves invariant not only c, but also, as in Remark (3.1.4; 5), 
the phase-space volume Q. (This is Liouville's theorem. In the framework of 
classical mechanics the proof of this theorem requires some effort. But modern 
concepts are so formulated that there is really nothing to prove.) 

5. If H and F are analytic, and X is complete, then the canonical flow may be 
written more explicitly following Remark (2.3.11; 2) as 

oo t" 
Fo®, =} bc UP H), Ay}, H). 


n=0 " ; 
n times 
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(3.2.6) Examples 


1. The canonical transformation of Example (3.1.8; 1) transforms the Hamiltonian 
of the harmonic oscillator, 


H = lp! wq, 


into 
Hr = po. 

With these coordinates the time-evolution is p = const., g(t) = q(0) + «t. With 
the old coordinates, p(t) = ./2wp cos(q(0)+wt) and q(t) = /2p/w sin(q(0)+ 
wt), which is precisely the solution of the equations for p and q using H. Note 
that: (i) Time-evolution is a rotation in phase space, (q, p), and therefore it 
leaves phase-space volumes invariant. (ii) This canonical transformation can be 
used even though it is only local, because it maps time-invariant regions into 
one another. 

2.M = R’, T*(M) = R? x R?, H = |pl?, and G; = p, The vector field 
XG, generates the flow (qi, 42, 93; P1, P2, P3) — (qı +A, q2, 93; P1, P2, P3). 
This leaves H invariant, which is equivalent to G; = const. (conservation of 
momentum for a free particle). 

3. M and H asin Example 2, but G2 = p1q2—q1 p2. The vector field XG, generates 
the flow (q1, 92, 93; P1, P2, P3) — (qı COSA +q2 sin A, —q1 sin à +q2 COSA, q3; 
pı cos À+ p2 sin A, — pi sin à+ p? cos A, p3). The flow leaves H invariant, which 
is equivalent to G; = const. (conservation of angular momentum for a free 
particle). 


The fact that Hamiltonian vector fields generate (locally) canonical transforma- 
tions establishes a connection between the Lie and Poisson brackets. 


(3.2.7 Theorem 


The Lie bracket (2.5.9; 6) of two Hamiltonian vector fields is the Hamiltonian 
vector field of their Poisson bracket: [X 1, XG] = Xi, n. 


Proof: Suppose that Xy generates the local flow Y,. Differentiating V* X; = 
XGow, by time at t = 0 and using (2.5.7), we obtain Ly, X5 = X Lyi But 
Lx, XG = [Xn, XG), while Ly,G = {G, H). 


(3.2.8) Remarks 
1. This can also be expressed as the commutativity of a diagram: 


L4 


T ((T*(M)) x Z o(T*(M)) > JF (T*(M)) 


hodx hod hod 


f t 


t 


C*(T*(M)) x C*(T*(M)) 


C*(T*(M)) 
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2. As with the Lie bracket, the Poisson bracket is not associative, but instead 
Jacobi’s identity, 
{F, (G, Hj) +{G, IH, F} + {H, {F, G}} = Lx, Lx; H 
— Lx,Lx, H + Ly, 4H 
= (Ltx Xo] m Ly, 4)H =0 
holds. Cf. (2.5.9; 6). 

3. The flows that leave H invariant form a group, the center of which includes the 
time-evolution. If the Poisson brackets {K;, K ;} are not expressible in terms of 
the K;, then the group must contain additional elements. More specifically, it 
follows from Remark 2 that the Poisson bracket of two constants of motion is 


itself a constant, as (G, H} = (F, H} = 0 => {H, {F, G}} = 0. For instance, 
in Examples (3.2.6; 2 and 3), the momentum p; = (G1, G2} is a constant. 


Let us next try to derive the generator f, of a group of canonical transformations 
®, from the associated generating vector field. To this end, we regard the finite 
transformation ®, as the composition of many infinitesimal transformations: 


®, = lim 0,500,540: o Din, 
n0 et 
n times 


recalling the additivity of generators under composition of mappings (3.1.7; 2). If 
we write ®,/,, as exp((t /n)L x,), then we see that in the limit n — oo it transforms 
O into © + (t/n)d(—H + ix, O), since 


Ly,9 = ix, dO +dix,© 


and 
dH = ix w = —ix, dO. 


On a bundle chart, 
C : 0H 
ix, 0 = pida! X4) = ZO ; 
i i i 


so for infinitesimal time ¢ the generator iy, © — H turns out to be the Lagrangian 
L defined in (2.3.23). In the limit as n — oo, the sum 


n—1 


— t 
> -Lo Dix 
k=0 ” 
turns into an integral, namely the action introduced in (2.3.16). 


(3.2.9) The Generator of the Canonical Flow 


Locally, 
Q*O-O-cdf, 
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where in their explicit forms, ®,: (q(0), p(0)) — (q(t), p(t)) and 


f, = W(q(0), pO), t) = Í at’ La), pt). 


Explanatory Comment. Here we consider the Lagrangian as a function on T*(M), 
which is made possible by the diffeomorphism T*(M) <> T(M) (2.4.32; 3): 


Of course L can just as well be expressed in terms of q and q; in either case, the 
integration is along the trajectory that passes through (q(0), p(0)). 


(3.2.10) Remarks 


1. This f, is a time-dependent system of generators of the transformation (q(0), 
p(0)) — (q(t), p(t)), for brevity written (g, p) — (q, p). In writing this we 
have treated f, asa function of q and p, but, as in (3.1.7; 2), itis more convenient 
to use the variables q and q. If det(0q!/8 pis Æ 0, then we can consider the 
initial momentum as a function p(q, q, t). If we define the action 


W(q, q, t) = f. PQ, q, t),t), 
then by (3.1.7; 2), 


oW oW 


sce d an = E 
p ag! aq 


The time-dependence is affected in the following way: Taking a partial deriva- 
tive, with g and q fixed, yields 
OW a 5 OF amy 


8t. Ot api at’ 


where p; stands for p,(q, q, t). But since the initial conditions do not depend 
on time, 


ap, | ap; da! 
at — 0g) dt 
Finally, because 
aw — af ap, 
0q) ap; 8g! 
we conclude that 
aw dq! 
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When written out explicitly, the action satisfies the Hamilton-Jacobi partial 
differential equation with H(q', pj), 


a ; 8 
(3.2.11) ~—WQ,9,t)+H dw.) - Q0. 
ot dq! 


2. This whole treatment is as yet only local; in particular, it shows that local solu- 
tions of the Hamilton-Jacobi equations exist. Whether there exist global solu- 
tions is a problem of a much higher level of difficulty. 


It is often convenient to introduce time as a dependent variable. The formalism 
is then changed as follows. 


(3.2.12) Definition 


We shall call M, = M x R extended configuration space and T*(M,) extended 
phase space. Let t and —E be the coordinates of the final Cartesian factor, so that 
the canonical 1-form becomes ©, = p; dq! — E dt on T*(M,). Now 


H= H(p,q;t)—- E € C*(T*(M,)) 


generates a local canonical flow (with the parameter s), for which Hamilton's 
equations are as in (3.2.4), and 


dt 


dE 0H 
ds 


2.13 1 d — = —. 
GB ) x: ds ot 


(3.2.14) Remarks 


- 


. As always, H is a constant (since we do not consider the case where it depends 
explicitly on s), and we may restrict ourselves to the submanifold H = 0, where 
E = H, i.e., the actual energy. 

2. It is possible for H to depend explicitly on t, in which case (3.2.13) says that 

energy is conserved iff H is invariant under the transformation t — t + c. 

3. The invariance of the equations of motion under displacements in time is ir- 

relevant for conservation of energy. For example, the equation of the damped 

oscillator, X = — už — cx, is invariant under time-displacements, although its 
energy is not conserved, because its Hamiltonian, 


depends explicitly on ¢ (Problem 3). 
4. If a potential is turned on, so that H = Ho + V (q)e"', it causes a change in the 
energy between t = —oo and t = 0: 


0 
bE = J a ds e^ V (q(s)), 


—00 
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which is the Cesàro average of V. 

5. From equations (3.2.13), t and s are equal up to a constant; but time-dependent 
coordinate transformations, such as the passage to an accelerated frame of ref- 
erence, are point transformations on M,. 

6. For many purposes it is desirable to choose t Æ s (cf. (1.1.6) and (1.1.4)). For 
example, the Hamiltonian H = f(q, p)(H(q, p) — E) with f positive yields 
the equations 


dq dp 

gs c EB TUE EX ds — —fH,- f4(H — E), 
dt — 

ds 


These equations are equivalent to (2.3.21) on the invariant surface H = 0. Thus 
if the canonical equations can be solved after a factor has been separated off from 
H, then the above equations solve the problem with another parameter in place 
of t—their solution gives the trajectories directly, and it only remains to integrate 
dt/ds = f(q(s), p(s)) in order to calculate the time-evolution. 


(3.2.15) Examples 
1. Free fall. M = R, M, = R?, and H = p?/2 + gx — E. 


(a) One might at first consider changing to a co-moving coordinate system. The 
transformation 2 
dx=- SP, t —t, 


is a point transformation on M,, and with 


1 
Ti (9$) = 0 1 


; Ta (y | = 


1 0 
gt 1" 


it induces the canonical transformation T * (4b): 
(x,t; p,-E)— (s = S Pip, -E + sip): 
=2 
P -, -5 $2 T 
H2 ( t—-t ) — E. 
2 +g|(x+p 2 


This indeed produces an equivalent set of equations of motion, but makes 
no real advance. 


(b) If we wish to separate off the influence of the gravitational field g, we can 
make use of a canonical transformation that agrees with the above on M, 
but acts differently on the fibers (p, — E): 


(x,t; p, -E) = (s = ÉP RD- -Ē + (īp - 3)): 
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With these coordinates the motion is the same as free motion without grav- 
itation. 


(c) It is always possible to transform the system canonically to equilibrium, so 
that everything but t becomes a constant: 


H= -E. 
Theni-p-E-0,5-i-t(cf. (23.12). 


2. Rotating system. M = R2, M, = R?, and H = |p|*/2 + V (|x|) — E. With the 
canonical transformation 


x = X cosot + y sinot, px = p, cos wt + p, sin ot, 


y- —Xsinot + ycosot, py = —p, sinot + p, coset, 


~ 


=f, E = E — exp, — yp,), 
(x and p are transformed the same way by orthogonal transformations) there 
results - 
UN rr cae oi ae 
wr w(x Py — yp,) + V(Ixl) — E. 
The extra term contains the Coriolis (~ w) and centrifugal (~ w°) forces, 
x= —V. — 2wy + wk, 


3. The situation of Example 1(c) can be formulated generally. Let a canonical 
transformation on T*(M,) be given by 


do nid! - Edt = Y^ p,aq' — Edi 


+ (re p. EG-0- Y) 2 


This implies that 
- - à 
t=t, E-E- 9. pes d j= 2L, 
ot 0q' OD; 
Now if f satisfies the Hamilton-Jacobi equation 
of a 
2.1 lI ,—,t})=0, 
(3.2.16) L+H (4 34 r) 0 


then it follows that H = —E, and thus? = s and q, p, and E are constant. Hence 
equation (3.2.16) determines the generator of the transformation on T*(M,) that 
always keeps the system in equilibrium. 
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(3.2.17) Problems 
1. Using (2.3.23), calculate L in the rotating system (3.2.15; 2). 


2. Check whether the transformations given in (3.2.15; 1) are canonical on extended phase 
space. 


3. Verify Hamilton's equations for 
2 2 
-u P x 
H=e "p 
e 2 te 2 


(cf. Remark (3.2.14; 3)). 


4. The transformation t > t — a, x — xe"^?, p — pe-¥4/? leaves H = H — E invariant, 
where H is as in Problem 3. Show that its generator is constant. 


5. Show that the function f introduced in equation (3.1.5) also satisfies the Hamilton-Jacobi 
equation (3.2.11) with suitable variables. 


6. Derive the equations p = 9W/8q and p = —dW/0dq with a variational argument, where 
q > q + ôq, by using equation (2.3.20). 


7. Verify the calculations of (3.2.10; 1) explicitly for the action W of the harmonic oscillator, 
H = (p? + q*)/2. Verify the same equations for the f defined in (3.1.5). 


8. Show that dF = ix, c by using the expression for w on a bundle chart. 


(3.2.18) Solutions 


1. L can be written as 
3 (|x| — [w - X? — V(Ixl), 


(where w points in the z-direction), which also follows from direct subsitution into 
L(x, x). 


2. Calculate the Poisson brackets. 
d 
3. —e"' wx = p= 4, 0€ = e" (ž + žy). 
s 


4. The generator is E + (u/2)xp, and 


5. With f (p, q, t) = W(g(p, q, t), q,t) + 15; d (p. q, t) p;, we find that 


of of E of - 
——-p, —=f', — =-H(q, .4,t)), 
ag p 8j, q at (4, p(p. q.t)) 


so 
ð 9 
a I UP q, t) +H (s. FPA q, 0) =0. 
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6. W = fj dt L(q, d), and for 
; ; . ; ; d... 
qt) 5 q(0-9q (0, — d(0 4'(0* 49 0. 


H 

E Eso POL. od OE 

àW = 84 — + [ara (5-5). 
4 gji me agi dt agi 
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Along the trajectory, (---) = 0, and q' (to) = q' and q'(t) = qi, and so dW = p; dq! — 


Bq’. 
7. q(t) = qcost + psint, p(t) = —qsint + pcost, 


sint cost 


fā, p.) = —Gpsin t+ (p^ - q^, 


T: 
zi = ipy - q(t’) = L, 
W(3,q,t)= - jg sin; + Eg y C5! (q — Gost), 
2 2sint 
aw ae q — q cost 
—— = —qsint + ———— cost = p, 
ðq sint 
AAS sint + sint costq fort G cost) = —p 
a q qns $74 —--—p, 


aw 1f a 
— = — — Leu e = —H, 
at iG «( sin 


-2 . 


- » P. sint CCS 
, p,t) = qpcost — — sint cost — ———(q — psint)^), 
f(a. p, —- 4p 2 een psint)’) 
of. q — psint , 
— = pcost — —— ——— sint = p, 
ðq d cost E 


ôf cost EE p sint) = q 
ap | P costr 2 P 2 


af 1(q-psint\? _, 
=> = -=(——— =-H. 
at ;( cost TE 


8. ix, = (iraq — ip, op)dq ^ dp = F pdp + F,dq —dF. 


3.3 Constants of Motion 


Constants of motion divide phase space into time-invariant submani- 
folds. A Hamiltonian system always has at least one constant of motion. 
A trajectory is completely determined by 2m — 1 constants; yet m con- 
stants are often sufficient for a solution of the problem. 
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As we saw with Theorem (2.3.12), all flows are locally diffeomorphic to linear 
fields of motion (2.3.5; 1), except at points of equilibrium. This leaves two kinds 
of questions open, dealing on the one hand with the behavior in the vicinity of an 
equilibrium position, and on the other with global characteristics of the trajectories. 
In this section we shall be concerned with the latter questions, and leave the former 
to 83.4. 

We know that a trajectory cannot fill up all of M; on the contrary, it always 
remains on the energy shell H = const., which, as long as dH # 0, is a (2m — 1)- 
dimensional submanifold. More generally, if r independent constants, K; = H, 
and K2,..., K,, are known, then the motion must take place only on N: K; = 
const. for all i, which is a (2m — r)-dimensional submanifold closed in M. By 
“independent” we mean that for all q and p in N, the d K; are independent vectors in 
TO. p(T *(M)) (cf. (2.1.10; 3)). If it happens that f (K) = 0 for some differentiable 
f, then they are dependent, because 0 = df = Y; dK; 0f/0K;. 

The K; reduce the problem by allowing the motion to be determined by the 
restriction of X to N. It was noted above (2.4.40) that it is not always possible to 
speak of the restriction of a vector field. It is possible in the present case, because 
the values of Xy lie within T(N). It is intuitively clear that the streamlines of 
Xy must lie in N, since N is time-invariant. Formally, vectors of T,(N) can be 
characterized as being perpendicular to the d K;, in the sense that the dK; vanish 
on them, because the derivatives of the K; in the direction of T(N) all vanish, as 
the K; are constant on N. Now, fori = 1,...,7, 


d 
(GK[Xn) = Lx, Ki = (Ki, H} = 7 Ki =0, 


so Xy(q) € T,(N). If r = 2m — 1, then N is precisely the trajectory. When 
m = 1, it suffices to write H = p? + V(q) in order to solve for the trajectory 
without further integration. 


(3.3.1) Examples 


1. M = R, T*(M) = R x R, and V = q?. 

2. M = R, T*(M) =R x R, and V = —4? + q*. 

3. M = R*, T*(M) = R* x R, and V = 1/4. 

4. M = R*, T'(M) = R* x R, and V = —1/q +1/q?. 


(3.3.2) Remarks 


1. The equilibrium positions (where dH = 0) are zero-dimensional trajectories. 
In Examples 1, 2, 3, and 4 there are, respectively, 1, 3, 0, and 1 such points. 

2. The one-dimensional trajectories of Example 1 are all diffeomorphic to T', 
and those of Example 3 are diffeomorphic to R. In Example 2 there are two 
trajectories diffeomorphic to R, namely the ones where H = 0, and the rest are 
diffeomorphic to 7! . In Example 4 there are infinitely many of both kinds. 
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y T*(M) p N 


4 


FIGURE 3.1. Harmonic oscillator potential. FIGURE 3.2. The trajectories of the har- 
monic oscillator. 


V T*(M) p N 


FIGURE 3.3. Potential with two wells. FIGURE 3.4. The trajectories of the 
two-well potential. 


y p T*(M) N 


FIGURE 3.5. A 1/4 potential. FIGURE 3.6. Trajectories of the 1/q poten- 
tial. 


3. The restriction of Xj is not simply b - (the restriction of dH), which would 
make it zero. If T*(IR) = R?, then because (dH|Xy) = 0, dH and Xy are as 
in Figure 3.9. 
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p T*(M) N 


| 


FIGURE 3.7. Potential of the form FIGURE 3.8. Trajectories of the potential 
—1/q + 1/q?. —1/4 + 14?. 


Constant H 


FIGURE 3.9. The vectors dH and X4. 


4. The canonical form w does not induce a symplectic structure on the surfaces K; 
= const., i = 1,...,7, as it is degenerate on them in the directions X x,: 


(Ki, Y)in = dKil¥)lv = (dKilwlY) 20 forall Y € T(N). 


I: follows that Xx, are not canonical vector fields. An invariant volume form 
Qx can however be defined on N by Q = dK, A---AdK, A Gy. 


Recall that the question being posed here differs from that of (2.5.6; 5). There 
the issue was whether differential forms v; € N+ locally form surfaces, which are 
invariant under the flows associated with X € M. Here that question is trivially 
answered in the affirmative, since v; = dK; are exact. Regardless of that, the 
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local question is answered by Theorem (2.3.12); locally, there exist even one- 
dimensional manifolds such that X(q) € T,(N) forallq € N. The crucial problem 
here is the global one, and it will be answered if the K; are defined globally and 
are independent. 

It should be emphasized again that it is essential that the K; be defined on all of 
M, as locally it is always possible to find 2m — 1 time-independent constants of 
motion (2.3.12). For most problems, the local constants cannot be extended contin- 
uously to all of M and do not define a closed (2m — 1)-dimensional submanifold. 
On compact manifolds Hamiltonian systems with additional global constants are 
exceptional [18]. It then happens that the trajectory is dense in a submanifold of 
dimension > 1, as the following rather typical case shows. 


(3.3.3) Lemma 
Let 9, be the flow generated by H = ig? t p t UH + w3q) on 


(T*(R)\{0}) x (T*(R)\ {0}). 


The functions 
2 2 
w; D; 
Ki := -+q +2, i=1,2, 

dx RE 
are constant, i.e., ®f K; = K;, and are independent on this manifold. If the fre- 
quencies wi have a rational ratio, then all trajectories are submanifolds diffeo- 
morphic to T. If their ratio is irrational, then every trajectory is dense in some 


two-dimensional submanifold defined by the K;. 


Proof: Map (R?\{0}) x (R?\{0}) onto R+ x R*+ x T! x T! with the transformation 
(qi, Pi) = (V Ki/oy sin qj, y Kiwi cos qj), i = 1,2 (cf. (3.1.8; 1)). On this chart 
the time-evolution is given by 


9,: (Ki, K2, 9, 92) — (Ki, K2, 91 + wit, 9 + at) 


(cf. (3.2.6; 1)). Let V, = 2,,,,,, n € Z, and consider its restriction to the last 
T! factor; on the other factor, V, = 1. 


1. Suppose w/w2 = 81/82, where g; € Z. Then V,, = 1, and to each value 
of gı on the trajectory there correspond gz values of 2. (See figure.) 


9» 
Periodic orbits T? 


9, 


cf. (2.3.14). Trajectories like these, which return to their initial points (in 
T*(M)) are called periodic, or closed, orbits. They are closed submanifolds 
diffeomorphic to T'!. 
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92 


FIGURE 3.10. Quasi-periodic orbits. 


2. Suppose w; /a is irrational. Then there is no value g other than 0 for which 
V,, = 1. Since T! is compact, there must be a point of accumulation; i.e., 
Ve > 0, there exist integers gı and g2 such that 


RACO) a Ve (92) « €, 


and thus V, .,,(g2) = 92 + n, where |n| < £. Therefore the set 


[V (gi - (92); g Ez} 


fills T! with points that are only some small £ apart. This means that for all 
gı the points attained by the trajectory are dense in the second factor. Since 
the trajectory obviously takes on every value of g, it is dense in 7?. Such 
trajectories are called quasi-periodic orbits. O 


(3.3.4) Remarks 


1. This lemma can be generalized to the case of the n-dimensional harmonic os- 
cillator by iterating the proof. 

2. Projected onto configuration space (qi, q2) for @/w» irrational, the trajectory 
is dense in a rectangle; it is a Lissajou figure. 

3. There exist curves, known as Peano curves, which completely fill up higher- 
dimensional manifolds. Differentiable curves can at most be dense in them. 

4. When the constants are not independent in the sense considered above, they 
can still restrict the trajectories, but it is not possible to say anything in general 
about the dimension of N = ((g, p) € T*(M): Ki(q, p) = a; € R}, or even 
whether it is a manifold. Recall Example (3.3.1; 1). If H = 0, then dH = 0 
also, and N is a point; thus a single constant reduces the dimension by 2. In 
(3.3.1; 2) the energy surface H = E < 0 divides into two pieces. By choosing 
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f(q) € C*(T*(M)) such that f equals different constants on the two pieces, and 
then multiplying by g(H) € C?*(T*(M)) such that g = 0 for H > E, we can 
produce a constant that is not a function of H alone and that forces the trajectory 
to stay in one part of the energy surface. The constant is not independent of H 
in our sense, because its differential is proportional to dH. (Of course, this is 
only on an energy surface H — E « 0.) In this case two constants only reduce 
the dimension by one. And lastly, in Example (3.3.1; 2) the set where H = 0 is 
not a manifold at all; near the origin it has the structure of Example (2.1.7; 6). 

5. As mentioned in Example (2.3.14), when @,/@2 = gi/g2, where the g; are 
integers, there exists a constant, sin(2z (912 — 281)). One might suspect that 
whenever the trajectories remain restricted to a submanifold there are always 
additional constants. That this is not generally true is shown by the following 
non-Hamiltonian example: M = R, X € T) (M yx — (x, x); for the time- 
evolution, X = x => x(t) = x(0)e'. There are three trajectories, R^, 0, and R*, 
each of which is a submanifold of M, but none of which is dense. Yet there is 
no time-independent constant in C??(M); it would have to be constant on the 
trajectories, and therefore, as a continuous function, on all R. Consequently, it 
would have a vanishing differential. 

6. Suppose that M is an open set of R2" on which the 2m independent coordinate 
functions zę, k = 1,2,..., 2m, are defined globally as in (2.1.7; 1). If there 
exists a function J € C?*(T*(M)) that increases sufficiently fast along the 
trajectories (specifically, for all z € T*(M), 3c > 0: (d/dt)J o ®,(z) > c 
Vr), then the trajectories are one-dimensional submanifolds. In this case there 
are necessarily 2m — 1 independent constants of motion € C?*(T*(M)) (see 
Problem 6). On the extended phase space T*(M,) with the independent variable 
s, the time-coordinate t satisfies the equation dt/ds = 1 (cf. (3.2.13)) and plays 
the rôle of the function J. Thus if T*(M,) is an open subset of R?"*?, then every 
system has 2m + 1 independent constants of motion on T'*(M,). In particular, 
even an ergodic system (i.e., any trajectory is dense on the energy shell) can be 
considered as a subsystem of a system with one more degree of freedom and 
the maximal number of constants of motion. Hence the existence of constants 
does not imply that the motion is simple. The projection of a (one-dimensional) 
trajectory onto a subsystem may be quite complicated. 


The existence of the time-average 


1 T 
foo := lim zi dt v, f 
T Jo 


Too 


was alluded to in (2.6.13). Then 


. 1 t+T 
tfo = lim = f dt! wf = fo Vf € C”(T*(M)), 
t 


and thus fs is constant in time. If itis also spatially constant for all f on T*(M), that 
means that with the passage of time the points of any arbitrarily small neighborhood 
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travel throughout the whole manifold. One might hope to always find a nonconstant 
function fə on the energy shell N whenever the trajectory does not fill N densely. 
This line of reasoning fails, however, because there is no guarantee that foo is 
continuous, even for f € C?*(T*(M)). 


(3.3.5) Example 
M-T  T(M):T?xR) ad Hc-pli24pin. 
The time-evolution is (gi, #2; pi, p2) > (G1 + Pit, G2 + pat; Pi, p2). If 


i s e M9?-Y(o-27) for 9 z 0, 
f-—8w):8(9) ^ 8) = ls for 9 = 0, 


then 
1 T 
foX(q1, 92) = lim F) dt f(g: + pıt, g2 + prt) 
T>œ T 0 


1 2x 
ir Í dg; dg» g8(pı)g (p2), 


when p;/ p» is irrational; but on the other hand 


2n 


1 
=— d 2 
foo = 5 ECL lep) 
when p; = p» and g, = 2. Hence fæ is quite discontinuous. Constants of this 
sort can always be found; it is only necessary to assign arbitrary numbers to the 
trajectories. However, these constants are uninteresting because they do not define 
submanifolds. 


Global generators of groups of canonical transformations that leave H invariant 
are constants of the motion. To each parameter of the group there corresponds one 
generator, yet the generators are not generally independent of H. For example, in 
(3.2.6; 2), pi, p2, and p; are constant, and H = |p|?. The generators themselves 
are certainly linearly independent, but may depend on each other algebraically. 


(3.3.6) Example 


The m-dimensional oscillator: M = R”, m > 1, and H = 17, (p? + x2). The 
functions Mik = pi pk + xxi and Lik = pixy — pyxi, Where i,k = 1,...,m,are 
constant, as is easily verified. {M;,, H} = {L;,, H} = 0. The Poisson brackets { } 
of the M's and L's can be expressed as linear combinations of M's and L's, and 
provide complete vector fields, which generate a group of canonical transforma- 
tions that is isomorphic to U,,. There are (m(m + 1)/2) M's and (m(m — 1)/2) 
L’s, a total of m? generators. There is no way that they could all be algebraically 
independent, as phase space has only 2m dimensions. For example, if m = 2, then 
2H = Mj; + Mz, and Mi + 145 = My: M. 
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(3.3.7) Remarks 


1. The group mentioned in this example is far from the largest group that leaves H 
invariant. The largest such group is generated by the functions K € C®(T*(M)) 
for which (K, H} = 0 and Xx is complete. It does not depend on only a finite 
number of parameters, and, consequently, it is not even locally compact. Even 
in the trivia example, M = R, H = p?, the functions f (p), where f € C™(R), 
generate the groups (x, p) > (x -Af'(p), p), which are different unless the f’s 
differ only by a constant. All together, the largest group that leaves H invariant 
has infinitely many generators, which of course are not all independent. 

2. We can just as well pose the opposite question, of what group gives the greatest 
number of constants with the fewest parameters. Although there can be no 
more than 2m — 1 independent constants K;, it may happen that their Poisson 
brackets are not expressible as linear combinations of the K;. In that case, any 
group that gives all the constants must have more than 2m — 1 parameters. It 
can also happen that the minimal group is not unique. In the above example, all 
the minimal groups have one parameter, and the groups generated by f(p) — 
(p? + c”)'/2, c € R, are equally good for all c Æ 0. 


It is not often that one is lucky enough to find 2m — 1 constants, but it often 
suffices to find m of them. This situation occurs frequently enough that it is given 
a name of its own: 

(3.3.8) Definition 


A Hamiltonian system is said to be integrable on U iff there exist m = dim M 
functions K; on a time-invariant neighborhood U C T*(M) such that: 


(a) (Ki, H} = 0; 
(b) (Ki, Kj] = 0; and 
(c) the d K; are linearly independent on U. 


(3.3.9) Remarks 


1. The Hamiltonian H and the K; depend on one another. 

2. It is very common to find treatments of integrable systems; in fact most books 
on mechanics, including this one, are basically catalogs of them. This can lead 
to the wrong opinion that most systems are integrable on some U that is dense 
in T*(M). It is in fact exceptional for such cases to occur, and they are only 
popular because they are soluble. 


The first interesting fact about integrable systems is that the K; can be used as 
new coordinates: 


(3.3.10) Theorem (Liouville) 


Consider an integrable system. For all (q, p) € U: 
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(a) there exist U; C U with (q, p) € Ui and gj € C?(U)), i = 1,..., m, such 
that (K;, Kj) = (gi, pj} = 0 and (K;, pj} = ôij on Ui; and 
(b) all other sets of variables that satisfy the relationships in (a) are of the form 


aX(K) 
i = Qi Sa. X oR”). 
$i = Gi + aK, €c™(R") 


Proof: According to (2.5.11), there exist coordinates (91, ..., Øm; Ki, ..., Km) 
for which Xx, generate the flows Øj > 9; + Tj, Ki > Ki: 


(Gi, Kj) = Lx, 9i = ài. 


In these coordinates, w is of the form dg; ^ dK; + Fi; dK; ^ dKj, since terms 
~ dg; ^ dø; drop out because 


0- (K;, Ki) = lx, ix,,0 = 19/a9;4a/ag;- 


Since Xx, generate canonical flows, and hence w is invariant under the transfor- 
mation øj — Øj + Tj, the F;; must depend only on the K variables. Moreover, as 
c and dg; ^ dK ; are exact, F :— Fi; dK; ^dK must be exact as well. Therefore 
F — df, where f = f;(K)dK;. Then 


o —d(9j + fj(K)) ^dK;-—dgj^dKj, where gj = 9j + f;(K). 


This means that if the origin of the coordinates ø on the surfaces K; = const. is 
gauged appropriately, then they satisfy (a). 

Statement (b) follows because f is only determined up to the addition of an 
exact form d x. o 


(3.3.11) Corollary 


By (b), the canonical transformation corresponding to time-evolution must be of 
the form 


ð 
(Ki, pj) > (x. 9j t «(t 3 ; 


OK; 
The group property (2.3.7) implies that 


0 0 
ax; ni t R= gy gg, A Wt go K) 


Since X depends continuously on t and any contribution to X that is independent 
of the K; is irrelevant, the time-evolution is 


(Ki 6).e0) = (x (0), gO +1 iHa). 


3.3 Constants of Motion 115 


Because of this, there is again locally a linear field of motion (2.3.5; 1) on Na. 
However, among other problems the time-independent constants g; 9H/9K; — 
9; 0H /0 K; cannot generally be extended to all of Na and they do not restrict the 
motion to a manifold of dimension less than m. Until now all the statements we 
have made about the motion have only been local, and they contain no information 
that might answer global questions. Thus we have not progressed much beyond 
Theorem (2.3.12). With fairly harmless additional assumptions, though, some light 
is cast on the global structure by 


(3.3.12) Theorem (Arnold) 
Suppose that for an integrable system on T*(M) 
Na = ((q, p) € U, Ki(q, p) 2 o; € KU) C R} 


is compact and connected. Then N, is diffeomorphic to the torus T". 


Proof: As we have already seen, on N, all the Xx, € TQ (Na). By assumption, 
Lx, Lxx, = Lx, Lxx» 


and the Xx, are complete since Ny is compact (2.3.6; 2). Consequently, 


exp (x 2 ; (tj) € R”, 
j 
generates an m-parameter group of diffeomorphisms ®, of Na, and the mapping 
9: R" > N, (t) > ®,(z), z € N fixed, 
is locally a diffeomorphism (cf. (2.5.11)). In the vicinity of 0 € R", ® is 
tj > zj + ti(dzj|Xx,) + (7?) 


(understanding the z; as coordinates on some chart), and the matrix of derivatives is 
thus composed of the components of the X & , as a result of which it is nonsingular 
(see [1, 16.5.6]). The group property transfers this to all (t) € R”; the image of ® 
in Ne is both open and closed, and therefore all of N,. However, ® is not injective. 
Because ®,,,, = ®, o ®,,, the stabilizer G = (r: ®(t)z = z} is a subgroup 
of the additive group IR", and the mapping of the factor group R"/G to N, isa 
diffeomorphism [1, 16.10.8]. The discrete subgroups of IR" are lattices; R” /G is 
diffeomorphic to T" x R"~' for some r, 0 < r < m, and since Ny was assumed 
to be compact, r must equal m. m 


(3.3.13) Remarks 


1. Since the trajectory always remains in a connected component of N,, it is no 
real restriction to consider only connected N,’s (cf. (3.3.1; 2) for H « 0). 


116 3. Hamiltonian Systems 


2. If N, is not compact, then it is necessary to add the requirement that all the X x, 
are complete. In that case, the above argument shows that N, is diffeomorphic 
to some T” x R"",0xr m. 

. The foregoing considerations remain valid for nonfixed K;; the K; may be al- 
lowed to vary in a sufficiently small neighborhood U, C R". Then (K;, 9j) 
are locally canonical coordinates for U, x T", which is a time-invariant sub- 
manifold of the U of (3.3.8). If the Ne are compact, connected, and cover all 
of U, then U becomes a bundle with base U, and fibers T”. It is, however, 
not necessarily trivial. Under some circumstances, it is not possible to define 
(Ki, $°9;) globally on U. 


If N, is compact, then it can be parametrized in accordance with the standard 
charts of T!, and it is possible to define a normal form for the coordinates for 
(3.3.10). 


Ww 


(3.3.14) Definition 


Let N, be diffeomorphic to T" and C j a curve in Na that encircles the jth torus, 
and whose part on the other tori is continuously contractible to a point. The curve 
C; is thus homotopic to (0x 0 x .-- x ,T , x--- x0). Then we call 


jth position 


1 
L(@):= — © 
j (0) on A 
an action variable. If det(87;/9o,) # 0, then the a’s can be expressed locally in 
terms of the /'s, and the generator 


q 
s= f e 
qo 


can be treated as a function of the 7's and the old coordinates q. This transforms 
q' and p; = 0S/dq' into 1; and o; := 905S/01;. The o; are known as the angle 
variables belonging to the 7 ;. 


(3.3.15) Remarks 


1. Since the path of integration lies within the N,, the 7; depend on o;. It must 
be established, however, that 7; has the same value for all C; with the same 
specifications. In particular, this shows the constancy of the 7; in time. The 
change in J; between two times is 

1 
— | 46, 
2n F 
where Cj and C; compose a surface F, which lies in N, (see Figure 3.11). But 
dO = 0 on Ng, and hence 
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+ QC, 


FIGURE 3.11. The paths of integration in the definition of J;. 


2. With the same argument it is possible to show that S is independent of the path, 
provided that it remains in N,, so that for fixed qo it is a function only of q and 
I. Nonetheless, S is not defined globally, as it changes by precisely I; - 27 after 
a circuit of Cj. 

3. It follows likewise that the angle variables y; = 05/0]; fail to be defined 
globally, but instead change by 2m 91; /d1; = 276) after a circuit of Cj. This 
means that they are the standard angle variables for T". The arbitrariness in 
the choice of go amounts to changing g; — qj + 3f (1)/81;, i.e., the change of 
gauge allowed by Liouville's Theorem (3.3.10; 2). 

4. Since J and are canonical coordinates, the time-evolution is 


9 H(1 
(Ij), 90) > (so, pj) J 


8I; 


according to (3.3.11). The frequencies 8H (1)/81; depend continuously on the 
I's and as a rule do not always have rational ratios, which means that, usually, 
the trajectory covers N densely. 

5. The variables (J, p) are global if the domain of this chart is a 2m-dimensional, 
time-invariant submanifold. The domain of the chart cannot necessarily be ex- 
tended to all of T*(M); in the first place, by (3.3.8) U need not be all of T*(M), 
and, secondly, U need not be a trivial T" bundle. 
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(3.3.16) Examples 


1. The oscillator M = R, and H = (p? + »?4?)/2. One-dimensional systems are 
always integrable, if the points where dH = 0 are removed. Here that means 
the one point p = q = 0. We can then take U = ((q, p: H > 0) and N = 
{(q, p): p? + oq? = 2E (a constant)]; 


4 E E 
Sm | dq'4 2E — w2q” = — arcsin E LPE- ga, I 2 —, 
0 w [^ 


J2 2 
; [2 q 
YES | — + E 208 = po, 
S(q, I) arcsinq 2I T 2 wl — qw 
as as 
9 = — =arcsing fee, p=— = Vol - qo’, 
al 21 aq 


and g and / are the canonical variables of (3.1.8; 1). 

2. The pendulum. M = T!, and H = p? — Acosg. If H does not equal A or 
—À, then dH # 0. In fact, if H = —A, the trajectory is not a torus but a point 
(where the pendulum is at rest), and if H = A, there are three trajectories: a 
point (in unstable equilibrium at the apex), and two trajectories diffeomorphic 
to R (asymptotically approaching the apex). 


1 
KE) = y. dde E Xe , 
al L4 do 
8E (E) 2n J 2/E+Acosy 


If E > A, the potential energy makes little difference, and the trajectories are 
roughly p = const. For —A < E < AX, the trajectory returns to its starting point 
when cos o, = —E/A (Figure 3.12), so the integral $ dq runs only between 
—Pm and Ym. e (E) is an elliptic integral. 

3. Small oscillations. M — IR", and 


m Q2 
Di 
H= — + V(x). 


Suppose that V has an equilibrium point, which we take as the origin of the 
coordinate system, so d V (0) = 0. Now replace V with the first three terms of 
its Taylor expansion, 


V(x) > VO) + 1x;x, V (0), 


though as yet we cannot tell how valid this replacement is (see §3.5). In any case, 
the kinetic and potential energy are turned into quadratic forms, and the system 
becomes integrable. The matrices of the quadratic forms do not commute, so 
they cannot be simultaneously diagonalized by an orthogonal matrix. But we 
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FIGURE 3.12. The trajectories of a pendulum. 


can put H in the form 


H= = A. i iks 
3 2 + 2 2 som 
vik = Vix (0)/ / mim,, 


with the point transformation p; — pi./mi, x; — x;/./m;, and then diago- 
nalize v: (M'vM);, = ójyvy, where M^M = 1. In the canonical coordinates 
(X, p): xi = MikXk, and p; = Mix Py, 


1 ERE aia 
H= 320 t vig"), 


and the m constants we are looking for are p? 4-v; (2)? . The N are diffeomorphic 
to T" x R", where r is the number of the v; that are positive. For stable 
equilibrium (r = m and Vj, is a positive matrix), there are action and angle 
variables which can be constructed as in Example 1. 

4. The “Toda Molecule." In problems with several particles, a replacement of har- 
monic potentials with other functions generally destroys the integrability of the 
system. But sometimes a miracle occurs and one actually finds additional con- 
stants. The following model of a linear molecule with three identical particles: 


H- ll + p + p) i up 745 p e 


has, in addition to H, another constant, the momentum of the center of mass, 
P = pi + p + ps. This constant generates the transformation q' > q' +A, 
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pi ^ pi, which clearly leaves H invariant. Moreover, 


K = 3(pi + p2 — 2p3Y(pa + ps — 2p1)(p3 + Pi — 2p2) 
— (pi + pi — 2p3)e* ? — (py + p3 — 2pije?® 
= (P3 + pi - 2paje?™ 
is conserved, as can be verified from the equations of motion. Furthermore, K 
is invariant under the transformation generated by P; (P, K} = (H, K} = 0, 


and since dH, d P, and dK are independent on an open subset of T*(IR?), the 
system is integrable. 


(3.3.17) Problems 


1. Suppose M = R? and H = |p|?; K; = p; fori = 1,2, 3, and K34; = [q x p]; (which 
is by definition also L;). Are all the K; independent constants? 


2. Show that wn, = 0, with the help of a chart (see the proof of (3.3.10)). 
3. Show that the harmonic oscillator with a periodic external force, 


= }(p? t q?) +Aq coswt — E, wo #1, 


is an integrable system in extended phase space R^. 
4. Show that K in (3.3.16; 4) is a constant. 


5. Calculate the frequency of vibration of the H2O molecule, in one dimension and lin- 
earized: 


1 1 
= gP +p?) HTT m” + T -= qı” + (45 - 4). 


What are the normal modes like? 


6. Let the function J € C®(T*(M)) be such that Vz € T*M Jc > Owith(d/dt)J o®,(z) > 
c. Suppose there exist 2m independent functions z, on T*(M) (e.g., the coordinate 
functions if T*(M) is an open set of R?"), and construct 2m — 1 independent constants 
of the motion. (Hint: To each trajectory assign its initial value.) 


(3.3.18) Solutions 


1. No; otherwise every trajectory would be a point. From (L - p) = 0 it follows that 
L-dp+p-dL=0. 


2. Let A, and A, be the (m x m) matrices of partial derivatives of the K; by the q/ and, 
respectively, the pj. Choose the coordinates so that det A, # 0, and hence it is locally 
possible to write p;(q, K). Let P, be the partial derivative of p; by q/, with K fixed. 
Then A, P, +A, = 0. The vanishing of the Poisson bracket implies that A, AZ = A, A7. 
Thus A, P, A‘, + APA, = Ap(P,A¥, + AG) = 0. Since A;! exists, we conclude: that 
A,P; Pi A, = 0, and $0 Pi = Py. This i is “exactly the condition that Y^ p;(q, o) dd! is 
closed on Na. 
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3. In addition to H there is the constant 


K = ((@ — 1)g — à cos wt}? + (v? — 1)p + Awsinat)’; 


dK 

ue 2[(w? — 1)p + Awsin otiw? — 1)g — à cos wt 
— (o? — 1)(q + à cos wt) + Ao? cos wt] = 0. 

Here N is not compact, but instead is diffeomorphic to T! x R. 


4. Periodic: qi42 = qi-, etc., and 


ri le + pii — 2pi) 
zm il i-1— 2Di 
dt 9 i=l 


le TN Den 
=a bia + pii - 2pYXpii + Pi — Zins MMH = eic) 
izl 


3 
"a P Pin + pii — 2pi)(Pi-1 — pici)e?*! 97 


izl 


d « AT 
mE pua + pia — 2p)e** 7*2. 
izi 


5. 
1 1 
a UEM si 
vi = K — JmM M 7 mM 
¢ = : 
mM m 
K 2 
—dowyssm- CN INSCR 
det(v Q^) e( IC = =) 
K K 2K 
Frequency w=0 w= [E w= /—+— 
m m M 


mode o o o o o > 
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6. By assumption, the mapping R x T*(M) — R given by (t, z) > J o ®,(z) is strongly 
monotonic in t for each fixed z € T*(M), and therefore invertible. The inverse image of, 
say, 0 € R under this mapping assigns a unique value of t to each z € T*(M). Letting this 
function T*(M) — R becalled t, we find that to®,(z) = t(z)—t Yz € T*(M), sinceO = 
J o Praz) = J o 6,0), (0, (z)). Hence the mapping T*(M) > T*(M):z > Prlz) 
is time-invariant: ®,,(z)(®,(z)) = Or) 0 D- o ®,(z) = Or (z). Composing this with 
the coordinate functions z,, k = 1,...,2m, produces the 2m constants Zk o ®,()(z). 
Define Z(t, z) :— Z o ®,(z), zi :— 02;/0z,, and Z; :— 02;/0t; then the differentials of 


the constants are 


= as as 2 OT 
d(z, o &«9(z)) := dz, (T(z), z) = g Tz uS dzi. 
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Since ®, is a diffeomorphism, the matrix (02, /9z;) has rank 2m. The matrix 2, (01/02;) 
has rank 1, so the sum has at least rank 2m — 1. The condition J oc,(,(z) = 0 implies that 
the rank is in fact equal to 2m — 1, which is then the number of independent constants. 


3.4 The Limit t — +00 


Often the time-evolution of a system approaches that of an integrable 
system asymptotically. If so, its behavior after long times can be discov- 
ered. 


Theoretical predictions usually become less precise for longer times, and the future 
of a system as t — +00 may be wholly unknown. However, if the potential is of 
finite range, then particles that escape eventually act like free particles and their 
time-evolution becomes simple. As we shall see, on the part of phase space filled 
by the trajectories of escape, ®, is diffeomorphic to ©°, free time-evolution, and 
there are 2m — 1 constants of motion. 

We start by looking for quantities which are not necessarily constant, but ap- 
proach limiting values. 


(3.4.1) Definition 
Let 
A:= (f € C?*(T*(M)) the pointwise limit lim t, f exists and 
>+% 


€ C*(T*(M))) := {the asymptotic constants of the motion}; 
{HY := (f € C*(T*(M)) v f = f) := {the constants of the motion}; 


and 
T4: A —> (Hy, suchthat f > lim uf. 
—oo 


(3.42) Remarks 


1. Since t; commutes with the algebraic operations, A and {H} are algebras, and 
t4 are homomorphisms. 

2. Timewise limits are constants in time, and since r44(yy = 1, ts are mappings 
from A onto {H}’. 

3. It is not necessary for r4 to be injective; {H} may be a proper subset of A. 

4. A (or its quantum-mechanical generalization) is of especial interest in atomic 
physics, where only the asymptotic parts of the trajectories can be measured 
directly. The deflection angle of the particles is given by the difference between 
T. p and t,p. 


(3.4.3) Examples 


1. M = T! and H = op (an oscillator). Since the time-evolution is given by 
(p, p) — (p + ot, p), a function f(g, p) € C~(T*(T')) is an asymptotic 
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constant of the motion iff f depends only on p: this case is trivial, as A = {HY 
and T= 1. 
2.M = Rt and H = p?/2 - y/r?, y > 0. This system is integrable, because 


p=r=/2E — y/r?); therefore 


arr m 
t= = 2Er? — 2y, 


JAEr -2y 2y — 


r= XE 
p- iE "— 


Thus r(t) is a hyperbola, and the trajectories H = const. are asymptotically 
horizontal in phase space (see Figure 3.13). If we express E in terms of the 
initial values (r, p) we obtain the time-evolution 


so 


and 


1/2 


[ot +2)" [ay + (1 (ot +2) +10) | 
[oes] [y+ (Gr) | e) em) 


Observe that 
e 2 1 
papa. and - — 0, 
r r 


1 
A= [s Q 5) , f € C™(R x (0, oo)) such that the limit exists as E > o] i 
r r 


rut (p, ) >f (e+ Zo); 


This time {H} is just (f (H)}, and is a proper subset of A. 

3.M = R?\ {0} and H = p?/2 + a/r?. The point transformation (x, y) = 
(r cos gy, r sing) generates a canonical Eanstormatiod (x, Y; Px, Py) > (r, 9; 
pr, L), by which H becomes p?/2+y/r?, where y = a + L?/2. Consequently, 
the radial motion is as in Example 2, and for y > 0 the equation  — ðH /ðL = 
L/r? can be integrated by substituting r(t) in, yielding 


rp,-t (r? + Eu) 
42a + L? 


so 


L 
®,: ( 1)» ( + [arctan 
2i if 2a + L? 


— arctan | L) 
Vate? J 
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FIGURE 3.13. Trajectories of a 1/r? potential. 


The functions f(y, L) now also belong to A, because angular momentum is 
conserved, and the particle escapes at a definite angle: 


_ Lb T Tp, 
ufo D- £ (otl arctan "P|, 1) 


(see Figure 3.14). Note that in this case a third constant independent of H and 
L also appears, 


t = VI cos ( + E E arctan ——À- I 
HET PT pariz V2a + L2]/' 


In physics the connection between the observables as t — +oo is quite impor- 
tant, and one would like to know what the mapping t, o tZ! is. Unfortunately, 
tZ! is not uniquely defined, since t_ is not injective. One can get around this 
problem by choosing a subalgebra of A on which r4 are injective. The mapping 
of the asymptotic quantities then depends on what subalgebra has been chosen; 
if the subalgebra is (H ]', for instance, then t+ o tZ! = 1. If the time-evolution 
®, asymptotically approaches that of a simple reference system ®°, then as in 
(2.3.11; 3) it is possible to construct a limiting diffeomorphism, which reproduces 
the action of the z's on a subalgebra, and makes them invertible. 


(3.4.4) Definition 


Let H and Ho be two Hamiltonians that generate the flows cb, and o? on T*(M). 
If: 


(a) lim;—+00 0. , o 49 =: Q4y exist pointwise on some open sets D4; 


(b) Q4 are local canonical transformations from D+ onto neighborhoods R4; 
and 
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zd 


FIGURE 3.14. The trajectories in a plane. 


(c) lim, +% 5? , o ®, exist on R4 and equal Qs 
t 


then we say that the Mgller-transformations Q+ exist. 


(3.4.5 Remarks 


- 


. From (2.3.11; 3), 6, o Q+ = Q40 g’. According to (2.5.9; 2), Lo,, Xm = Ly,» 


and therefore Ho o Qj! = Hg, (only up to a constant, of course). What is more, 
Vio, ®_; o d? also converges on ©? Dz, so we may assume that D4 are d- 
invariant, making R+ invariant under ®,. Then the flow that H creates on R+ 
is diffeomorphic to the flow that Ho creates on D+. 


. For an observable f, f o Q}! od, oQ, = fo €? implies that the image under 


Q+ of the time-evolution according to Ho is the same as the time-evolution 
according to H of the image: z, (Q4, f) = Q4 (P f). Thus {Ho} gets mapped 
into {H}. If Ho has 2m — 1 independent constants (as for free motion), then 
so does H on R+. In particular, such a system is integrable on R+. Theorem 
(2.3.12) then becomes global in the sense that R+ are time-invariant, although 
the neighborhood U constructed in the proof of (2.3.12) need not be. 


3. The transformations that Q+ generate on {Ho} are exactly t+, since V f € {Ho}’, 


fod, 0%, = foe, > foQy' ast > +00, i.e., r.(f) = Qu (f). Hence 
A contains Q.,, ( Ho}, and is usually larger than {H Y. 


4. If H and Hp are invariant under T: (x, p) — (x, —p) (reversal of the motion, 


5. 


which is not a canonical transformation), then ®, o T = T o ®_, and @° oT= 
T o 6? ; so the existence of 2, on D, implies that of Q- on T(D,). 

Points that are initially close together in phase space can spread far apart after 
long times. The fact that 2. are diffeomorphisms means that the separation of 
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a pair of points evolving according to ®, minus the separation according to d? 
remains bounded for large t. 

6. If the potential V is equipped with a coupling constant, becoming AV, then 
€2..(A) depend continuously on à. It follows that the trajectories in R are 
homotopic to straight lines, and can therefore have no knots. 


(3.4.6) Examples 


1.M = T!, and H = op (an oscillator). In this example Q4 exist only for 
Ho = H, and then Q4 are trivially 1. 

2.M = Rt, H = p?/2 + y/r?, and Hy = p?/2 + yo/r?. (yo cannot be set to 
0, because then Xy, would not be complete.) With the result of (3.4.3; 2), we 
calculate for p Æ 0 that 


lim ®_,©%(r, p) = oput term 
ae UP) Pp + 2w% PY rip + 2y 


rpr+2y -— [rp t2yo S 

DIT E (p. 
In fact, (r, p) — (7, p) is a canonical transformation (Problem 3), so that Hp = 
H(r, p); that is, Hy = H o Q4. The domains of Q+ and their ranges are 
D4 = R4 = T*(R*). All H's of this form produce diffeomorphic flows for all 
y > 0, and ©°, o ®, always converges to Q;!. So in this example, the Møller 
transformation exists and is different from 1. 

. M = R?\ {0}, H = |p|?/2 + a/|x|?, and Ho = |p|?/2. Using polar coordinates 
as in (3.4.3; 3), the radial problem reduces to Example 2, and for the angles we 
find 


Ww 


rp. L rp, 

Q.(p, L) = ( + arctan — — ———— arctan ——— — 
ay T L Jail Ja + D 

"S (aera) 4) 

2 \V2a + L? m i 

It is not hard to convince oneself that the Q X transform Ho canonically into H. 
Dz and Ry are T*(M2)((0) x M?), and the Moller transformations exist, and 
can be extended to all of T*(M?) and satisfy (a)-(c). p € {Ho}, and in fact 
p E A. 


Some of the properties of the above example hold for a wider class of potentials: 


(3.4.7) Theorem 
Let M = R", H = |p?/2 + V(x), where V € C&*(R"), and Ho = |p|2/2. Then: 
(a) 304, D+ = T*(R”)\{R” x {0}}; and 


(b) CRs = U, bF, where b? = {z = (x, p) € T*(R”): ||; o azl] < n for 
all t > 0, or lim, +o [2 o Pz] = 0). 
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FIGURE 3.15. Trajectories in phase space. 


Here m is the projection (x, p) — x, m2 is the projection (x, p) — p, and || || 
denotes the norm on R". 


(c) Q(R, AR.) = 0 A is the symmetric difference and Q is the Liouville 
measure. 


(3.4.8) Remarks 


1. The significance of (b) is that R are the complements of the trajectories that 
remain in compact sets for all t S 0. Yet R need not be the same as R_. To see 
that, consider the following one-dimensional example: CR;NCR_ = (a closed 
set bounded by the trajectories bc and cb) U ((—oo, g) x {0}} U ((h, oo) x (0]). 
In addition, CR, (resp. CR_) contains the trajectories ab and fc (resp. be and 
cd). 
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2. In the terminology of atomic physics, Ri N R- is the set of scattering states, 
and CR4 N CR- is the set of bound states: 


bound states 


=Q 


scattering states 


Statement (c) expresses “asymptotic completeness”: bound states and scattering 
states fill up almost all of phase space. The above example shows that it is not 
possible to drop the word “almost” here any more than in Theorems (2.6.11) 
and (2.6.12). 

3. This theorem about C>°-forces of finite range can be extended to cover forces 
that fall off fast enough at infinity. But in a system with many particles and 
potentials V(x; — x), the forces do not fall off along lines where x; = x, + 
const., and a theory with many channels is required. We will develop such a 
theory in the context of quantum mechanics.” 

4. We see that (2.3.15; 3) applies only to compact sets M and not to R”. With a 
topology for which C9? (T *(M)) is an open set, there is a neighborhood of the 
zero potential where there exist 2m — 1 constants of motion. In such a topology, 
potentials that do not allow additional constants besides H cannot be dense. 


Proof: 


(a) Q?: (x, p) > (x+pt, p), and if V(x) = O V|x|| > p, then p = = mi vixi > 
p. Hence V(x, p) € D, there exists some T such that ®_, o of +C, p) = 
09 (x, p) Vt > 0. Consequently, ®_7_, o (x, p) = -ro «9 (x, p 
Vt > 0, and so for all points of D, the limit is reached after a finite time, and 
is 24 = 6. r o ©. To understand why the limit is also a diffeomorphism, 
note that for any compact subset K of D, there exists a T such that Q4;x = 
$ ro b$ and that ®_, o ©? is a diffeomorphism for all t (X and X x, 


are certainly complete). Similarly for Q_ and Q7!. 


(b) Yz € Ry, Izo € D4:z = O_; o dz, Vt > T, which & ®,z = dz; = 
(Xo + pot, po) for all t > T. Hence the spatial part gets arbitrarily large 
while the momentum remains nonzero, so R4 lies in the complement of 
U, b. Similarly for R_. Conversely, if V = 0 for all z with |mız|| > n 
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and ||; ®,z|| > n, and if 17.®,z 4 0 for all t > T, then there exists a zo 
such that 


Oraz = 2 o brz = O°, zo  forallz > 0. 


Hence z = Q4zo, z € Ry. 


(c) Let bt = {(x, p) € T*(R"): | ®4:x|| < n Vt > 0}. By Theorem (2.6.12), 
Q(b* N b7) = Q(b3) = Q(b;) Vn € Z+, so Q(b* N Cb?) = 0: because 
CR = U, b£, and noting the monotonicity of b in n, we conclude that 


ACR} n R-) = lim Q(b; n R-) < lim AGF n Cb) = 0, 
noo n= 


and hence Q(R., AR.) = 0. o 


If only the asymptotic parts of the trajectories are observed, one would like to 
know the relationships between them. For that purpose we make 


(3.4.9) Definition 


Suppose that Q4 exist and R} = R_. Then the local canonical transformation 
S = Qj! o Q- from D. to D, is called the scattering transformation. 


(3.4.10) Remarks 


1. Since S may be written as limy_,.. 0. o ®zr o °,, it has the following 
simple interpretation: Proceed along the free trajectory backward for a time 
T, then follow it through the interaction region for a time 27, and finally go 
backward along another free path for a time T (see Figure 3.16). If the trajectories 
at great distances are identical to free trajectories, then increasing the value of 
T will not affect this transformation, since it involves moving back and forth 
along the same pieces of trajectories. The effect of S is to transform the free 
trajectory that equals a given trajectory asymptotically as t — —oo into the 
free trajectory that it resembles as t — oo. Hence $ commutes with free time- 
evolution, ®? o $ = S o ®°. This can also be seen from the definition 


0 0 — d» —-— 0 
$ nu [e] ÈT, +7, o Dr- = b7, o OF f, o D_i, 


where 7; = Ti +t and 7; = T; -t. 

2. Since S commutes with °, it leaves the algebra {Ho} invariant, but only ele- 
ments of {Ho} Y {H} are individually invariant. If Hy = |p|?/2, then p € {Ho} 
and S(p) = limr.,,5 ®,(p) gives the change in the momentum over the course 
of the scattering. Yet S need not always express the long-time change in other 
observables under ®,: For instance, there can be functions, which are invariant 
under ®,, but are changed by S; or the radial momentum p, may be left un- 
changed, although it undergoes a change of sign after long times under both ®, 
and o. 
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Q9. r(x, p) 


trajectory 


Support of V 


(x_, p.) = 02.» Pr, p) , / 
= Q- (x, p) 
(x4, p) = d?» rx, p) = Q;'(x, p) 


FIGURE 3.16. The meaning of the scattering transformation. 


3. Another frequently studied object is the scattering transformation in the Heisen- 
berg representation, Sy = 924 o QZ!. It differs from S by the interchange of 
H and He. Consequently, it commutes with «b, and, rather than transforming 
lines into lines, it transforms trajectories of ®, into other such trajectories. If 
D, = D_, then Sy exists and maps R- and R4. 
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(3.4.11) Examples 
1. One-dimensional motion. Let Hy = p*/2 and H = p?/2 + V(x), where V 
decreases as |x|~!~*, € > 0, as |x] > oo. Then 


D(x, p) = (x + pt, p), di, p) = (x(t), (p? + 2(V (9) — VEON), 


where x(t) is determined implicitly by 


x(n) da 
= I (p? + (V(x) — V(a)) 2 


and we assume that p? + 2V(x) > 2 sup, V (o) to ensure that p(t) > 0 and 
the particle is not reflected at the potential. With the notation (x_, p_) = 
D? AQ p) = (x — pt/2, p), (x4, p+) = 9,(x., p-) (cf. Figure 3.17), and 
V+ = V (x+), the sequence of mappings becomes ©° , 990 o^, i5 


ec t i t X 
(x, p) —> s = Z, p) Bu (x E = +f da, (p? - 2V. — a) 


0 
Ln 


t 
—$ (« Sim (p? + 2V_ — 2V4} 


X+ 
+f da, (p? + 2V.. -2¥4}""), 
x. 


Ast — 00, X. — —00, X, — +00, Vi — 0, and, using 


zd da 
~ Ji {P +2V- -2V(a)7" 


we get 


S(x, p) = (= -p f T di [(p? — 2V(a))!? — (p?) 72], p) 
=: (x — pt, p) = (x, P). 


Since the trajectories of ©? are horizontal lines, 5 can only be of the form 
x — x+f(p), p > p.The quantity t defined above is known as the delay time. 
It is given by an integral that converges by assumption, and can be understood 
intuitively as the difference in the times required by ®, and ©° to send (x_, p.) 
to (x+, p+) ast — oo. Since S is a canonical transformation (x, p) — (X, p), 
it has a generator (3.1.6) of the form 


06 
f(x, p) = xp — 25(p): (x, p) = (s - ae 2 , 
where 


ap) = 5 f * da ([p? — 2V (a)? — [p]. 
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Gp.) (Xps X4) 


Sp 9, 


FIGURE 3.17. The scattering transformation on two-dimensional phase space. 


2. Radial force in two dimensions. 


ipl? Ip? 
Hm=,  nu-t + V(x). 
In this case a point transformation can be used to switch to polar coordinates, 


(p: x) 
r , 


x 
r —|x, g=arccos—, p,= L=(|xApl, 
r 


or, by interchanging x and p, the variables 


am OD) anam P*, polp, Leap, 
p P 
can be introduced. The latter is of course also a canonical transformation, even 
though not a point transformation, so we always have two pairs of canonical 
variables (r, 9; p,, L) and (a, x; p, L). By drawing points of T*(R?) as vector 
arrows in R?, we discover the geometric significance of these variables (cf. 
Figure 3.18). Since 


Be SEE pA uel D cpu te EU ES 

= — TRR LLL — m — V ; 

Ho 2 ^38 2 2'53* (r) zt (va? + L?/p?) 
©° is particularly simple when written in the second set of coordinates: (a, x; 
p, L) > (a + pt, x; p, L). Since S commutes with ° and L € {Ho} N (H)', 
S must be of the form (a, x; p, L) > (a — t(p, L)p, x; p, L). As a canonical 
transformation, it may be rewritten as 


a8(p, L 
P Pied 


9&(p, L) 
P-L]. 
aL pL) 


If, in order to determine the generator 5, we look again into the transformations 
D? , 0; o DP, 2, then we see that 


a6(p, L er 
Hoo. lim w- [ da}, 
9p lax|00 a- 


(a, X; p, L) > (a- 
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FIGURE 3.18. The geometric significance of a and x. 


as in Example 1. Here ¢ is the time taken on the trajectory of to go from 
(x_, p-) to (x+, p+). It is most conveniently expressed in polar coordinates. It 
follows from * = p, and H = const. > p?/2 as V(x) — 0 that 


"T [ dr E T dr 
Ja p2 = L2/r2=2V) Ja V/pb-LIjr-2V( 
where „/ is defined as 0 when r = ro. In order to express the integral f^* da 


likewise in these variables, use the relationship a+ = |/r2 — L?/p2. or, in case 
p+ has already attained its asymptotic value, 


ay r4 r- dr 
Le- 
de Lip Jp) NJ p? — L?/r? 
Thus, all told, 


t —2 lim 


f dr 7 f dr 
me ly J EINO Jur JETA) 


This determines 05/dp. Since the scattering angle 298/3 L tends to 0 as p — oo, 
it has no contribution that depends on L alone, and 


R R 
sco.) in | [aro = DIVO) f amu. 
Mai L/p 
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With V(r) = a/r? as in Example (3.4.6; 3), the integral can be calculated 


explicitly: " 
6(p, L) = PM L? + 2a — L). 


This makes the scattering angle —7 (L/4/ L? + 2a — 1), as can also be seen from 
Q1! o Q. In the attractive case œ < 0, the scattering angle tends to infinity for 
the values of L for which the trajectory spirals into the force center. It follows 
that if L? « 2a, then ®, no longer exists for all t. Since 5 is independent of p, in 
this case t = 0. If a > 0 (resp. œ < 0), the contraction (resp. extension) of the 
trajectory in comparison with the free case is compensated for by a reduction 
(resp. increase) in the speed, so no delay occurs. 


3. Position-dependent effective mass. 
2 2 4 
p P x 
M=R, Ho = s, H-L————. 
SIM 2 04x 


As a one-dimensional system, this is integrable, and the trajectories lie on the 
curve H = E —const.in T'(M),ie., p = +./2E(1+1/x?). Since the effective 
mass becomes infinite at x — O, trajectories have a dead end there. It is also 
easy to work ©, out. If p > 0, x(1 + 1/x2) = /2E, which integrates to 


1 1 | 1 3 
*(- Xo — — 4^ tN/2E t (s = +128) +4? forx 20. 
X0 X0 


If p < 0, V2E becomes —V2E. In quadrants I (x > 0, p > 0) and III 
(x < 0, p < 0) the time-evolution tends to free motion x — pt — const., 
p — t42E ast — +00, while in the other two quadrants this happens as 
t — —oo. Since at large times d makes x > 0 when p > 0 and x < 0 when 
p < 0, the wave operators 24 = lim, +o ®_; o $9 exist provided that p Æ 0, 
ie, D} = D = T*(R)\{R x 0}. The sets R} = IUIILand R- = IIUIV are not 
merely different, but in fact fill up disjoint quadrants (Figure 3.19). Accordingly, 
the limit 
$ — lim D, o Dy, o o? 
too 


does not exist anywhere, whereas 
Sy = lim ®_,0 09 o@_, 
1—00 


exists on R_, which is mapped to R4. 


(3.4.12) Remarks 


1. The definition of S required asymptotic completeness in the strong form, Ry = 
R-—. This is a valid assumption for harmless potentials after the exclusion of 
some trajectories from T*(M). It is not guaranteed in general by the existence 


N 


Uo 


4. 
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FIGURE 3.19. The domains R of a system for which S does not exist. 


of Q4, not even for time-reversible Hamiltonian systems. This is shown by 
Example 3, in which the existence of open domains of definition D+ = D- of 
Q+ and the existence of Sy together do not ensure the existence of S. 


. In two dimensions r is the difference between the time taken on the actual 


trajectory and the time that would be required on pieces b; and b; of the tangent 
free trajectories, as in Figure 3.20. Because |b;| = |b2| = |b3|, t may also be 
interpreted as the difference of the times of sojourn in a large disk about the 
center of force, when the true and the free trajectories are compared. 


. The formulas for ô from Examples 1 and 2 play a role in quantum theory under 


the title “semiclassical approximation for the phase-shift.” Although this is an 
uncontrolled approximation in quantum theory, it is an exact expression for the 
generator in classical scattering theory. 

The form of the generators in Examples 1 and 2 follows from (3.2.9) and the 
property of additivity under composition of mappings: With the notation of 
Example 1 and 


(Xs, Ps) = Po, 9(x4, P+), 

p-dx_ = pdx +dw?, 

p+dx, = p_dx_+dw, 
Ps dxs = p+ dx4 + dw?. 
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FIGURE 3.20. Construction for times of sojourn in a central potential. 


Here, 
2 t p 
w*--] Eai, 
-1/2 ; (5 22 
and 
t p 
W = Í M (6) — vec» 
p. 
=> n. dx’ Vp! = 2H) -17., 


provided that ¢ is so large that V(x_) tends to 0 and consequently {...} = 
$,(p?) — E = p? +2V(x_) — 2V(/(x_)) — E tends to p? — 2V(9,(x )) — 
p^ [2. Also, for large t, 


If the equalities for the 1-forms are added, we see that 


p,dx, = pdx+d ( f dx’ [p? — 2V(x’)}'/? — 1?) ; 


Now, 


X4 
pt = x4 — xX- — (Xs — x), so -° =- f dx p + p(x, — x), 
X. 
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and therefore 


,3Xp) 


ps dx; = pdx + d((x, — x)p + 28(p)), yielding x,=x— ap 


This direct calculation of the generators can be extended to higher dimensions. 


As canonical transformations, § and Q4 preserve volumes in phase space. This 
seems at first to contradict the fact that Q+ map almost the whole phase space 
onto the complement of the trajectories that remain in a finite region, i.e., onto a 
strictly smaller set. The paradox is easily resolved by noting that both volumes in 
question are infinite, and this leads to 


(3.4.13)  Levinson's Theorem for Classical Scattering 


Let M = Rand xy: T*(M) — R be the characteristic function ofthe setb = | , bn 
consisting of trajectories that remain finite, and suppose that V € C§°. Then 


oo oo 
f dx dp xy(x, p) = — f dp |plt(p). 
—oo —oo 


Proof: Begin by finding the image under Q2, of the rectangle ((x, p): |x| < R, 
0 < p < R'), where R is large enough that supp(V) C (x: |x| < R}. On the side 
{x = R}, Q4 acts like 1, and on the side {x = — R} itacts like S^! . The side (p = 0} 
is lifted above the region containing the finite trajectories, and {p = R’} is mapped 
to y R? — 2V (x), and thus remains invariant as R’ — oo (see Figure 3.21). As 
R and R' become infinite, the difference between the volume of the image of the 
rectangle differs from the original volume by the region of trajectories that remain 
finite and by the integral over tp. This, together with the same reasoning for p « 0, 
proves the theorem. C 


(3.4.14) Remarks 


1. This theorem was first proved in a quantum-mechanical setting, by complex 
integration, which obscures its geometric meaning. 

2. It is easy to generalize Levinson's theorem for larger classes of potentials. In 
higher dimensions correction terms appear. 


One can thus calculate the angle © between p- :— t_p and p, :— rz, p from 
S: S,(p-) = p+. Because in experiments the trajectories are only statistically 
known, it is useful to make 


(3.4.15) Definition 


The angle © between p- and p, is called the scattering angle, and the differential 
scattering cross-section is defined as do = (number of particles scattered into 
the solid angle [O, © + dO] x [p, p + dq] per unit time)/(number of incident 
particles per unit time and per unit of surface area) = 270 (O) sin © dO dg. 
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FIGURE 3.21. The geometric meaning of Levinson's theorem. 


(3.4.16) Remarks 


- 


2. 


. If the initial (unnormalized) distribution of particles o (cf. (1.3.1)) specifies p_ 


precisely but leaves x completely unrestricted, i.e., p(x, p) = 6°(p_ — k), then 
the impact parameter b = |L|/|p_| has a probability distribution 2zt b db - f, 
where f is the number of incident particles per time and per unit area (Fig- 
ure 3.22). For a central potential in R? the number of scattered particles per unit 
time is 
2n 2 Jfr, dL 

f2xbdb= fga = = 70 
where it is supposed that the relationship between © and L is known and is 
bijective. (If the mass m is not set to 1, E should be replaced with mE.) 
In R? the unit of surface area becomes instead a unit of length. Correspondingly, 
2n bdb — db and sin © dO do — dO, and so 


_ 1 dL 
J2E dO ` 


dO = 2r fo (O)sin O dO, 


c (80) 


(3.4.17) Examples 


1. 


The 1/r? potential in R2. By (3.4.11; 2), © = z (( —L/4A/2a + L?) + 1), which 
implies 
(0 — zy? 
L? 22g -—— ——— 
" 6x — ©) 
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——————Ó 


FIGURE 3.22. The scattering angle and scattering cross-section. 


and hence 
ð -0 
e(9- J= Ta MN 
E 00 J/O(Qz — ©) 

2. The 1/7? potential in R?. By conservation of momentum this problem reduces 
to a planar one (see 85.3), so L becomes the same function of © as in Example 1, 
and therefore 

a 8 (1-0y 


c (9) = FF sinO 86 On — 6) 


(3.4.18) Remarks 


1. The angular distribution is strongly bunched up in the forward direction and is 
not integrable as © — 0. This is because the particles with very large b can still 
be scattered, although not very much. 

2. As a — 0, ø approaches 0, as it must. The cross-section in IR? is linear in a 
because only ./a/F has the dimension of length. 

3. © is independent of E because the canonical transformation x — Ax, p > 
à~! p sends H to A^? H, but leaves © unchanged. 


After having dealt with the trajectories that go off to infinity, we study those 
that always remain in compact neighborhoods of some equilibrium position. For 
such trajectories there is hope that the linearized theory (3.3.16; 3) will be useful 
as a basis of comparison. The intuitive notion of the stability of an equilibrium 
position is now made into a general 
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(3.4.19) Definition 


Let S be a mapping of a topological space M into itself, and suppose that S(p) = p 
for some p € M (a fixed point). We say that S is stable iff there exist arbitrarily 
small neighborhoods U of p such that SU C U. If the only subsets with this 
property are M and {p}, S is unstable. 


(3.4.20) Remarks 


1. If there are no one-point neighborhoods, it is clear that unstable = not stable, but 
not vice versa. For example, for M = R? and p = (0,0), S: (x, y) > (x +y, y) 
is neither stable nor unstable. We refer to such cases as mixed. 

2. If S is the time-evolution ®, for some t, then from the group property it follows 
that ©,,U C U Vn e Z*. Whereas the general theorems about differential 
equations say only that a trajectory near the point p does not get very far away 
in a short time, stability requires this for all time. The phrase "stability under 
®,” will be taken to mean stability under ®, for all t, unless otherwise specified. 


Convergence as t — +00 cannot be expected when the motion is periodic. In 
order to define an average time-dependence, let us assume that T *(M) equals R?". 
Then it is possible to define the sum of two points of T *(M), and thereby to define 
the sum of diffeomorphisms. This enables us to make 


(3.4.21) Definition 


Given the canonical flows ®, and 4? on R?", the linearity of R?” defines sums 
(®,+2)(x) as ©; (x)+2(x), and thereby also the integral over diffeomorphisms. 
Let 


"REX dT 
C+:= lim 7 à dt 4? o®,, 


assuming that this Cesàro average exists and is a local canonical transformation 
on a neighborhood D, C R?", 


(3.4.22 Remarks 


1. If Q4 exists, then so does C4, and C4 = Q;! but not necessarily vice versa. 

2. If U, ©°, o , is bounded (i.e., |J, P’, o ®,(x) is a bounded subset of R?” 
Vx € R?"), and à? is linear, then C. has the same effect as Q4, as it maps both 
flows canonically onto each other; for 


, 1 T 1 T-t 
p oC, = im = f dt $9. 00, = Jim s f dt’ 9, o 5,6, 


T 


od 
= C4 o o, + um. T J dt’ (99, o Dy = Dyr o rer) o ®,, 
-=r 


and the last term approaches zero. 
3. Frequently the limit lim,.,o @ Jos exp(—at)®°, o ®, dt also equals C+, and is 
easier to handle. 
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By using C itis possible to reduce the problem of stability for complex analytic 
systems under 6, to the problem under ®?. Write (x, p) € C?" as the single 
variable z, and suppose that z = 0 is a fixed point of Hamilton’s equations. Then 
for a complex analytic Xy we can write Hamilton’s equations in the form 


(3.423) PISA: 


where A is a constant matrix and ... denotes the terms of higher order. The lin- 
earized theory is based on the equation z — Az, which produces the comparison 
flow 9: z — exp(t A)z. 


(3.4.24) Stability Criterion for Analytic Vector Fields 


Let ®, be the flow of an analytic vector field on C" with fixed point 0 and linear 
part A. Then €, is stable at z = 0 (as t — +00) if and only if: 


(a) A is diagonable and has purely imaginary eigenvalues; and 


(b) both C+ exist on neighborhoods R+ of 0. 


(3.4.25) Remarks 


1. The canonical flow o? comes from a series-expansion of H , and thus exp(t A) is 
asymplectic matrix. That does not imply that exp(t A) and A are diagonable (for 


: | is symplectic but not diagonable); instead, it must be explicitly 
assumed. Distinguish between A diagonable A = T (diagonal matrix) T ^! , 
T € GL(m, C) & any n-fold degenerate eigenvalue has n linearly independent 
eigenvectors; and A unitarily diagonable (T is unitary) €&& AA’ = A'A (i.e., A 
is normal) & any n-fold degenerate eigenvalue has n orthogonal eigenvectors 
(see also (3.1.13; 4)). 

2. Part (a) of the theorem is a necessary condition for stability, which goes back 
to Liapunov. It is not restricted to Hamiltonian vector fields, and implies more 
specifically: 


: 1 
instance, | 0 


(i) All eigenvalues of A have real parts < 0 — stable as t > oo. 
(ii) Some eigenvalue of A has real part > 0 — unstable as t — oo. 


Because of (3.1.8; 2) the only possibility for canonical flows is (ii). Even so, 
having all eigenvalues purely imaginary is not sufficient by itself, as shown by 
the flow x = —y + x(x? + y?), y = x + y(x? + y?) on R?. The fixed point 
(x, y) = (0, 0) is unstable, because with polar coordinates the equations become 
+ = r?°, @ = 1, which are solved by 


r(t) = r(0)(1 — r(0)?2r)7'/?, e(t) = q(0) +t. 
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If r(0) z 0, the particle spirals off to infinity in a finite time, whereas 
0 -1 
[t ol 


of the linearized equation is diagonable and has eigenvalues +i. It is obvious 
that condition (b) fails. 

3. Criterion (b) shows what strong conclusions can be drawn from the assumption 
of analyticity and stability in the complex plane. Roughly speaking, it states that 
stable flows are linear flows, possibly written in complicated coordinates. It is 
not very useful for determining the stability of particular systems, since it is no 
easier to prove than the existence of C+. There are a few other sufficient criteria 
for stability, but they are not applicable to the Hamiltonian systems that will 
interest us here. Hence our results about this question are somewhat deficient. 


Proof: 


(i) (a) and (b) => stable. As with €2,, we can suppose that R+ are invariant under 
®,, and map this flow diffeomorphically by C4 to exp(t A). Since stability 
is defined purely topologically, it is unaffected by diffeomorphisms, and we 
need only investigate the stability of exp(t A). This is guaranteed by (a) (cf. 
the following examples and Problem 5). 


(ii) (b) but not (a) — not stable. Yf (a) fails, then o? is not stable at (0, 0), and 
by the same argument as in (i), ®, is likewise not stable. 


(iii) stable = (b). This part of the proof is somewhat involved, and will not be 
given here (see [14]). O 


(3.4.26) Examples 


1. Let T*(M) be R?. We investigate the form of exp(t A), which has to leave the 
canonical 2-form invariant. Taking the derivative of 


exp(t A)W exp(tA) =W (see (3.1.8; 2)), 


results in the requirement that A^W + WA = 0. This is plainly sufficient to 
make the first equation hold. Since 


1/0 1 
wea of: 
A has the form 
dcm. b+c 
^"|b—c —a 


The eigenvalues are t/a? + b? — c?. Thus we must distinguish among three 
cases: 
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(i) a? + b? — c? > 0. 4 is like a dilatation: 


cs pA CU cd arle 0 |y 
ke 2 p dT Su 
(ii) a? + b? — c? < 0. ©? is like a rotation: 

; ict 

A=T d = T^, e=T p 0 |T- and 
(iii) a? + b? — c? = 0. ©? is like linear motion: 
E 0 Al. At _ 1 Atl) 1 
A=T r 0 | T. *1g-34 T 


Here A and w € R, and T is a similarity transformation. The fixed point 0 is un- 
stable for (i) (the hyperbolic case—an oscillator with an imaginary frequency); 
stable for (ii) (the elliptic case—an oscillator with a real frequency); and mixed 
for (iii) (the linear case—an oscillator with frequency zero). The trajectories in 
phase space are shown in Figure 3.23. Observe that a canonical flow has neither 
sources nor sinks, since it preserves volume. If it contracts in one direction, it 
has to expand in another. 
2. With the notation z = q + ip as in (3.4.23), let 


|z — zol? 
Hy = —, H = ———-.. 
oS 2 
Then 
Dz) =e "2, — ,(z) =e" (z — zo) + zo, 


and therefore 
$9, o ®,(z) =z — zo + e" zo. 
Hence C4(z) = z — zo, and C indeed transforms Hp into H. 
3. Again using the notation from above, let 
ML EP Xia 


and H = — 4 -lz| 


H 
° 2.4 


Then 
ilz 
P2, o D(z) = ez, 


so C4(z) = 0, and therefore C does not exist. This H does not give rise to an 
analytic X y. 


(3.4.27) Problems 


1. In (3.4.4) we assumed the convergence of _, o ®° and (®_, o ©°)-!. Find homeo- 
morphisms Q, of D = ((x, y) € R2: x? + y? < 1} such that as t > oo, Q, > 1, but 
Q7! 7» 1. (Here the arrow — denotes pointwise convergence.) 
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(i) Hyperbolic fixed point. (ii) Elliptic fixed point. 


FIGURE 3.23. (i) Hyperbolic fixed point; (ii) elliptic fixed point; (iii) mixed fixed point. 
2. Derive the formula 


oo 
jim to t? f = 24,(f) = fo Q;" mi ( «f dto IM f. 


3. Verify that the Møller transformation (7, p) — (; p) of (3.4.6; 2) is canonical. 


4. Show that for a measure-preserving transformation, stability (3.4.19) is equivalent to 
VW 3V CW:SV -V 


(where V and W are neighborhoods). 
5. What is exp(t A) of (3.4.23) for free motion d! = pi, p; = 0 on R”? 
6. On R^ {0} = R+ x T!, let the Hamiltonian be 


2 2 

p 2a -L P 
H-—-———-—-, i 

2* 2r? r mon 
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(the relativistic Kepler problem). If E < 0, almostevery trajectory fills a two-dimensional 
submanifold densely. Generalize the constants found in (3.4.3; 3) and find out why they 
are not globally definable for E « 0. 


(3.4.28) Solutions 


1. Let Q, belonT, := ((r, gx 1/t <r € 1 — 1/t,0 < o < 2x — 1/t}, and define it 
on CT, such that Q,55 = 1, Q,(0) = c, > 0, Q,(1 — 1/2t, 21 — 1/2t) = 0. Since 
U, T; = D\{0}\ aD, lim,» Q(x) = x Vx € D. But Q7! 7 1, because Q7! (0) > 13 


2. Use t, = exp(t Ly) and T? = exp(t L m). An expansion in a series shows 


d N 
ge" tL = e" "(Ly = L m)e™ o = e" Ly ge 1L Ho 


zZ P e Uno Loy |) 
(see (2.5.9; 2)), and integration by t gives the result. 
3. It is elementary to calculate dr ^ dp — dr ^ dp. 


4. By (3.4.14), S stable VW JU C W with SU CU >V=U,,,S"U CU C Wand 
SV = V. Conversely, if VW 3V C W with SV = V, then S is stable. 


5. 42 20 2 e^! =1+ At, 


0 1 
0 0 
0 1 
A= 0 0 2m. 
0 1 
0 0 
6. We find 
L - pr 2a + L? 
x = 2H —— | = — arctan ———— ———- 
TD. cos d UE. 2 arc Di Br 


(by calculating g(r), for instance). At the equilibrium pointr = (L?-4-20)/ B the argument 
of the arctangent goes through oo, and it is not possible to continue this function uniquely. 
For f < 0, t, p, is defined on T*(M). 
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Continuous changes in H influence the time-evolution for finite times 
continuously. However, quantities involving infinitely long times, such 


3For this example I am grateful to W. Schmidt, University of Colorado, Boulder. 
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as constants of the motion, can exhibit behavior that is highly discon- 
tinuous. 


In this section we look at Hamiltonians of the form H = Ho +AHj, à € R, and 
study how the dynamics depends on A. 

We first make some general observations about the time-evolution of an observ- 
able f — exp(tL,,)f, starting with the most tractable case, in which all functional 
dependence is analytic. If we differentiate the series for the exponential function 
by time term by term we get 


d 
(3.5.1) d er ee fe (L man — Lye Loon f 
= Ae! m {expt Lu, ii) f, Hi). 


Integrating this by t, 


(3.5.2) 
t 
e™'Lme Linn f — f +a f dt, (exp(—ti L m) exp(ti L m+n) f, Hi(—1)], 
0 


where 
(3.5.3) g(t) :— ele 
gives the time-evolution according to Ho. Operating on (3.5.2) with exp(t L m) 
yields 
(3.5.4) Estimate 
Vf, H, Ho € C& 3c, k € Rt: jet" f — e't f| < ciltle"! vr, 


where 


Ifll= sup fœ). 


xeT*(M) 


(3.5.5) Remarks 


1. This means that the effect of the perturbation can at first only grow linearly with 
t, but later it can grow exponentially. 

2. Equation (3.5.2) holds at least when H and Ho are assumed in C§°, which 
guarantees the existence of a flow. 

3. Estimate (3.5.4) can be extended to H = p? + V(x), V € C. It does not, 
however, hold unrestrictedly; it is possible for particles to run off to infinity in 
finite times. 


Proof: From (3.5.2), 


t 

le^" f — etm fl e X Í dt, Mexp(ti La) f, Hl 
0 

€ At sup |l{exp()Ly)f, Hill. 


O<n <r 
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Here note that whereas exp(tL 4) f = f o ®, has the same supremum as f, the 
derivative d(f o ®,) = df o T(®,) implied in the brackets ( } may grow with t. 
This rate of growth, however, is boundable using the group structure of ®,: First, 
notice that 


MH = MCF o $,)X4)l x IT(GP;)I - |f V Xa M, 


where it is understood that the norm || || of a vectorial or matrix quantity includes 
taking the supremum over the components. From the inequality ||A - B|| < |All - 
|| B ||, it then follows that 


IT(®) c" forall |t < nz, 


where 
c= sup ||7(4,)|l. 


—TSI<T 


Since no t dependence is hidden in the other factors, this yields (3.5.4). Oo 


Iterating (3.5.2) leads to 


r-1 t ti th-1 
e Lio gl Lig tan, f = f + | dt, Í dt it Jf dt, 


(3.5.6) {l {A Ai(-th)}, s Hi (h), H(t) 


Ln 
+ xf an f dt)-- al dt, {{- - - {exp(—t, L m) 


x exp(t,Li)f, Hi(—t-)}, ..., Hi(—t2)}, Hi(—t1)}. 
If the latter term goes to 0 as r — oo, then we have shown the validity of the 


(3.5.7) Perturbation Series 


t t t 
een f = 70o«Y» [ an | dn... f dt, 
0 fh t-il 


n>1 


{+ { F(t), BG)... H2), Ai}. 


(3.5.8) Remarks 


1. If only the first few terms of (3.5.7) are kept, it can give a completely false 
picture of the time-dependence. For an oscillator with a changed frequency, 
| sin(1 + 2)t — sint| < 2 for all t, whereas the Taylor series in A, sin(1 + A)t = 
sin t + At cos t + 0(A”) appears to grow with t. 

2. Even if the canonical flow can also be expanded in A, it is not necessarily 
true that the constants of motion can be expanded. Consider free motion on 
T?: (91, 92) > (pı + toi, Q2 + to»). If the frequencies have a rational ratio, 
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091/02 = 1/82, then sin(g;gi — g192) is a constant. The rationality of the ratio 
can be destroyed by an arbitrary small perturbation in the frequency, leaving no 
time-independent constants. Accordingly, a series expansion in A with g; > 
gi(1 + A) leads to p28; cos(g291 — £192), which is not globally defined. 

3. The limit as r — oo exists under the assumptions of (3.5.4). It can then be 
shown, in analogy with (3.5.4), that for fixed t the norm of the rth term is 
bounded by c" /r!. This means that the perturbation series converges as well as 
the Taylor series for the exponential function. 


(3.5.9) Examples 
1. (Ho, Hi) = 0, so Hi(t) = Hj. Then for the perturbation series (3.5.7), 


e Lon = e^ on eL, 
which can also be shown by making a series expansion in ¢ and using the 


formulas Lum = Lm + ÀLy, and Lula, = Lu, Lin: 
2. The driven oscillator, 


Ho = ip) +4"), Hı =q: Hit) =q cost + psint, 


q(t) — sin(t, — t) (2) | 
Hı (tı), = => }Ai(t) 4 Hy(t2), =0> 
| 1(tı) Gay ( coset 1(6) 4 Hy (62) B 
e" q = qcost + psint + A(cost — 1), 
e!" p = — qsint + pcost —Asint, 
which is the correct solution of g = p, p = —q — À. 


The most that can be said in complete generality about the influence of Hj is 
(3.5.7). But often more precise estimates can be made for perturbations of inte- 
grable systems. Let I jand øj, j = 1,...,m, be action and angle variables, and 
let us study 


(3.5.10) H(i, 9) = HD) + AMC, 9). 
Since H depends periodically on ø, it can be expanded in a Fourier series: 
Hi, 9) =} Ane, 
k 


(3.5.11) 
H,0)-- Quy" fag `- -dẸme PPH (I, g), 


k = (ky, km) € Z", 
(P - k) := piki + Poke + +++ Pmkm. 
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Next we make a canonical transformation to the variables 7, o with the generator 
Sa, Ø): 
z as as 
35: =; +i, j—9jtÀ, 
(3.5.12) Ij-ljc 9j; 9j —9jt 91; 
so that for some value of J, say J = 0, the system remains integrable to order A. 
To do this, let 


(3.5.13) os + H(I, 6) = Hi) oj = = m as 
which is formally solved by 
i(k-g) 
(3.5.14) S, §) = — 3 ie pO. 
Then 
(3.5.15) H = H(I) + AH (D) + 22 AAU, 9), 
where 


as as 
H =~? E (1 + is) — H(I) - md 
ap 99; 
i as . - 
TA Hi 57 — MU, Q) . 


(3.5.16) Remarks 


1. If |Z| < A, then H; remains finite as à — 0. 

2. The term with k = 0 is obviously to be dropped from the sum (3.5.14). Be- 
cause we dropped it, we removed H;=0(/), and thereby caused a change in the 
frequency of order A. 

3. The denominator of (3.5.14) vanishes whenever the frequencies have rational 
ratios. When that happens we assume that det(3? H /81; 81 j) # 0, and instead 
of I = 0 we consider a nearby value of J for which the frequencies do not have 
rational ratios. 

4. Even when the ratios of the frequencies are irrational, the denominators (w - k) 
may become arbitrarily small, and the convergence of the formal series (3.5.14) 
must be checked (“the problem of small denominators”). 

5. The connection between the foregoing result and our earlier analysis is as fol- 
lows: In (3.4.5; 1) we saw that Q+ transforms H into Ho, and (3.5.2) provides 
an expansion for Q(t). Hence it is reasonable to try to apply the same transfor- 
mation to H, but using a convergence factor in the sense of (3.4.21) for the limit 
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t — oc 
oo 
Q,H = lim ( — af dt Luo) H+ o(a?) 


oo 
= Ho + lim A ( Í dt e™™ Ly, Hy(t) + in) + 002) 
a> 0 


oo 
= Hoc A lim f dt ae ?' H(t) + 002) 
a0 Jo 


= Ho + AH Lo(D) + 002). 


(3.5.17 Lemma 


Let Hy be analytic on the domain |Im 9;| < p, A < r. If there exist v - m 4 1, 
c € R* such that 


lo-A)sck"7, — vkz 0, 


where 
|k| = |ki| + |ko] +--+ dk]. ki € Z, 


then the series (3.5.14) converges to an analytic function on the same domain, and 
the estimate 


ISllo-s.r SO Hi llor O<8 <p <2, 
where 
IFC, o)llo.r := sup sup |F(/,¢)I, 
Hj|«r [Im 9;|<p 
2 t—m-1} 
č = c2" (Fe —m- D) H 

e 

holds. 


(3.5.18) Remarks 


1. The requirement of analyticity is not too severe for us. 
2. By Cauchy's theorem, this estimate implies 


as 


PS < cà " | Hilo, 
09; d 


p—ô,r 


as 
al; 
a5 
31; 09; 


< cà "tg ! p Hill, 
p—d,r—€ 


«65e A llo.r- 


p-à,r—& 
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Therefore the matrix 
gi 075 
make 
09; 9I; 0gj 


is invertible for small enough A, as is required for (3.1.6). 

3. The condition on the w’s means that they must be sufficiently rationally inde- 
pendent. When they have rational ratios, resonance behavior occurs, which can 
amplify the effect of the perturbation dramatically. Perturbation methods can 
founder even when the system is only in the vicinity of a resonance. 

4. As |k| increases, the condition of (3.5.17) becomes weaker and thus makes the 
complement of the set M of w’s that satisfy it smaller. To show that (3.5.14) 
converges, it suffices to have boundedness by any power of |k|. However, if 
t > 2m, then the measure of 


[kj **17* 
C , 


CM = {w € R":3k e Z”\ {0} such that (ok) « 


and |w| «m e R*) 


approaches zero as 1/C (Problem 7), although the set, which consists of points 
violating (3.5.17), contains all rational points. Thus CM is a strange example 
of an open, dense set of small measure. In this it resembles [ J7* ,(v, — £27", 
V, + £27"), where vi, v2,... are the rational numbers and £ > 0. The measure 
of this set is less than 9 7^ , e2-"*! = 2e; that is, it is arbitrarily small, although 
the set is open and dense. 

5. Geometrically, if m — 2, CM is the union of the interiors of the strips bounded 
by 

kı 1 -1 m+1—t 
an = Del + -lel (lki + Ika!) 
2 [^ 
in the (w; — c») plane. If t > 3, the strips lie more narrowly along the lines 
through the origin with rational slope k; / k2 when k; and kz become greater, that 
is, when the w’s are more distantly rationally related. Resonances that are only 
distantly related have only a small effect, just like widely separated dissonant 
overtones in music, since they are excited only to a slight extent. 

6. Since the rational numbers are dense in R, every x € (0, 1) may be approximated 
arbitrarily well by p/q, with p,q € N. If this is done with decimal numbers, 
i.e., qn = 10", then |x — p,/qu| < 1/qn. This is certainly not optimal: for a 
given maximal value of the denominator the best approximation is obtained with 
a continued fraction. To write down the continued fraction, one would first find 
the integer part a, of 1/x, then find the integer part a2 of 1/(1/x — a), etc. The 
number x can thus be written 


x- , ne(0 1). 
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With r, = 0 we obtain a rational number p,/q,, for which Liouville was able 
to show that 

^" 

Qn Ünl* qz 

Furthermore, there is no rational number p, /q, closer than this to x with q} < 
qn. Of course, many numbers can be approximated with better accuracy than 
1 /q2; if x is rational, then for some n, r, — 0. The most irrational number, i.e., 
the number that is the least well approximated by rational numbers, is the one 
with the smallest a’s, i.e., a; = 1 for all i. It is not a transcendental number; 
rather, 


x- 


1 


8 = — 
lu 


satisfies the quadratic equation g? +g = 1, viz., g = (/5— 1)/2. The number g 
is a fetish of number worshippers, and appears often in their works, for instance 
as the golden mean: If the unit interval is divided in two in such a way that the 
ratio of the greater interval to the whole equals the ratio of the lesser interval to 
the greater, then g/1 = (1 — g)/g. For our purposes we note that the frequency 
condition is violated when there exist kı and k; € N for which 


(ON kı € 3-1 
—|-z]«-0 +h). 
(2 3 à n GERY 


If t < 3, then it is not possible for the reversed inequality to hold for all kı and 
k2 € N, since even with decimal numbers we eventually have |æ — k,/k2| < 
c/ k». With the use of continued fractions, it is even possible, according to the 
above, to exclude t < 4. It follows from Problem 7 that this is the sharpest 
result possible; in that problem it is shown that if x > 4, then the measure of all 
a € (0, 1) that violate |æ — k1/k2| < e/kz? goes to 0 with €. 


Proof: Since H is periodic in o, we may move the path of integration for o; in 
(3.5.11) so that Im o; = +p, with the same sign as kj. There results 


E 


IË = sup ay 


Mjl«r 


-ik 
< el Hi llp.r- 


This means that 


i(k-Q)—|k —m— 
ISllp-s,< sup) e*9- Kec mtn I, 
lim 9j1«0—3 k40 


—|Kkl8 —m-— 
< ) e "orm m, 
k#0 


In order to bound the sum 5 ;,, use the inequality 


2, o 
Ik? < (3) e 2 Yo > 0,5 > 0, 
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and the elementary calculation that 


2 8 
—(kil8/2 7 ĒĈ = 
) e" = Toon Pes. Vô < 2. 
1 


Together these produce the inequality of (3.5.17): 


2(t —m— 1) t—m—1 E 
TRES [ES] yeu 
eó CET) 


r—m-1 


2 
< c| Hil), 8"87**! [že -m- D 
e 
The same bound for the sum also shows the analyticity. O 


(3.5.19) Corollary 


With the assumptions of (3.5.17), the effect of the perturbation for trajectories with 
|I;| < X is simply the change in the frequency 


to O(A?). Consequently, Lis O (2), and the condition |I j| < à continues to hold 
for |t| < c7. 


(3.5.20) Remarks 


1. This corollary accords with intuition. For à = 0, the /'s are constant, and the 
9's move with a finite angular velocity. Hence one would guess that for small 
A, the average of H over g is dominant. 

2. Corollary (3.5.19) improves on (3.5.4), but with stronger assumptions, in that 
in (3.5.4) we only learned that V|t| < cA-!, the difference between the flows 
OH and ®, is O(1), whereas now we learn that for this range of times only the 
frequencies are changed, to accuracy O(A). 

. The independence of the frequencies is necessary in order to exclude some triv- 
ial counterexamples to this corollary. For m — 1, independence simply means 
w + 0. If Ho = 0 and Hj = cos o, and therefore, Ho) = 0, then J and q are 
constant in perturbation theory to O(A?). On the other hand, this H generates 
the flow o — g, I — I + ìt sing, which means that for t ~ 1/A, the change 
of O(1) rather than O(A). 

4. The original action variables 7 j depend on time to order O(A), while 85/99 
is a periodic function with mean zero. As a consequence, when averaged over 
time, these variables vary only to O(A?). (This is referred to as the absence of 
*secular terms.") 

5. In the Solar System the characteristic time is a year, and the perturbation due to 
planetary interactions is about 1/1000 the strength of the Sun. Corollary (3.5.19) 


[99] 
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leaves us with the hope that over a millennium the planetary orbits will only vary 
by tenths of a percent. The verification of actual stability over 10? years is too 
difficult for analytic estimates, and can only be carried out with special-purpose 
computers [21]. 

6. The adiabatic theorem of classical mechanics follows from (3.5.19), and states 
that if the perturbation is switched on very slowly, the action variables remain 
unchanged. More precisely: Suppose that a family H(q, p; A) of Hamiltonians 
has action variables /(q, p; 4) and that the frequency condition of (3.5.17) is 
satisfied. Now make A time-dependent, à = et, and try to solve the equations 


q(t) = H p(q(t), p(t);et), — p(t) = -Ha(qQt), Plt); et). 
Then there exist c; > 0 and £o > 0 such that 


U(q(t), p(t); et) — I(q(0), pO), 0)| < ec; forall e< £o, Itl < 2. 
0 


For a proof see Problem 8. 


(3.5.21) Examples 


1. Ho = w;1 ; and H,(@) is independent of the I's. In this case, H vanishes, and 
perturbation theory actually yields the exact solution: 


- - ekok; 
9j = Pj, lj=1j-A) h, 


where 9; = wj and / ; = 0, is the solution to 


$j = Øj, lj = -A Y ikjet Ay. 
k 


2. A driven oscillator. H = (p? + q2)/2 + Aq. We must first transform to action 
and angle variables in such a way that the point Z = 0 can be conveniently 
chosen: 


p-J2d-p)osQ, gq= V2i+p)sing, peRt, 
=> H=I1+p+a/(it+p)sing, Ayo =0. 


Thus the frequency remains 1, and we calculate 


S = SXI + p)cos g, T=1-AJ/2(1 + p)sing, 


9 =9+Acosg//2UI + p). 


Note that the transformation (q, p) — (q — À, p) changes H into (p? - 42)/2— 
12/2. If we put 


2(1 + pY(sin g, cos 2) = (J/2(1 + p)sing — A, /2(I + p)cos g), 
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I =I — XXI + p)sin  4- À2/2, 


-1/2 
cosg=j1—A z sing + X cos 
fe Teo * T) 


then H becomes 7 + p — A?/2. Perturbation theory produces the same trans- 
formation up to O(A?). Since [. - -]~'/? has singularities for nonreal A, a power 
series in A would only have a finite radius of convergence, although the action 
and angle variables exist VA € R. 

3. An oscillator with a changing frequency. H = (p? + q2)2-Aq? = I + 
2AI sin? ø. Now Hy=0(I) = I, and the frequency changes to 1 + A, the first- 
order approximation to 4/1 + 2A. Moreover, 


I 2 À 
Ecran => I-I(144cos29), 9 —r, sin29. 


Once again this constitutes the first two terms in a series in À of a transformation, 
which turns H into 74/1 + 24 (Problem 4). Perturbation theory converges for 
ES i while for A « -i the behavior becomes exponential rather than 


periodic. The time-evolution is not singular at A = -4 (Problem 2); but at that 
point action and angle variables no longer exist. 


(3.5.22) Problems 


1. For a linear differential equation, exp(t L y) can be written as a matrix exp(t A). What is 
the formula analogous to (3.5.2) for exp(t(Ao + AA1))? 


2. Apply (3.5.7) to Ho = p?/2, H1 = —q?/2. 
3. Calculate H, from (3.5.21; 2), as a cautionary example. 


4. For what / and o does H from (3.5.21; 3) become ZV 1 + 24? Compare with perturbation 
theory. 


5. For what frequencies o is perturbation theory (3.5.19) applicable to an oscillator with a 
periodic external force, H = (p? + q?)/2 + Aq cos wt (cf. (3.3.17; 3)? 


6. For what values of A would perturbation theory be expected to be useful for the pendulum 
H = (I c oy [2 +à cos? 


7. For m = 2, show that the measure of CM (3.5.18; 4) for t > 4 tends to 0 as C grows 
without bound. 


8. Prove (3.5.20; 6). 


Step 1: Find the Hamiltonian on the extended phase space that produces the correct 
equations of motion for o and 7, with A = et. 


Step 2: Transform this perturbed Hamiltonian with the analogue of (3.5.14). 
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(3.5.23) Solutions 
1. 


deroga = Re *40 A,e(10*340 > 
t 


t 
eg (^0*4A0 ua. e^» +f dt ef 7110A0 A gh(Ao- XA) 
0 


2.q(t) = q + tp, p(t) = p. Hit) = —(q + t, p? /2. (H(t;), a} = (t, — q(t) => 
{E (a(t), HG)... HG), Mil} = CD" (t — t) — £3) - (t; — g(t). Using 
the formula f) dt t^(1 — t)? = p!q!/(p +q + 1)!, integrating 


t t t 
Í dti Í dn- [ dt, 
0 ti In-1 


pn parti 
Jnl + POn 4 DU 

which are the Taylor coefficients of q cosh A!?t + pA-!? sinh Ar, 
3. Hy = A-IV p — XT  p)sing) — /XT * p)] sin g. 
4. 


V2i sing = J21/ 13 ZXsing, V2 cos à 
= ¥ 21714 24cos o > 


I = IV1 + 2A(cos? o + sin? g/(1 + 2A)}, cosy = y I/IVT + 2A cos ĝ. 


produces the series 


q 


Expanding in a power series in A gives (3.5.21; 3). 


5. Introduce action and angle variables for (q, p), and make the substitution (t, E) > 
(t/w, wE). Then H = I — wE + 4421 sing cost. The irrationality of the ratios of the 
frequencies is only assured when w ¢ Q. 


6. By (3.3.14), the action variable for H equals 


I(E) = zx jet 4r Àcos g, 


which is analytic in A for |À] < E. 
7. We may suppose 0 < c /w» =a < 1. Consider the measure of 
B, = (o € [0, 1]: 3(, k2) € Z?\{(0, 0): lal — k| < elk|™"}, 


where € = 1/cw, < 1 and n = t —3 > 1. This is contained in the set of o's with 
læ — k2/ ky| < e|k|-"-'. The k’s must have the same sign, and |k;| < |k;| + 1. Thus, for 
n » 1, 


kil 
((B)sl D sk" x1 = 0s, wih <o. 


k;20 
ky+1>k2>0 
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8. Let Sı (à) be the generator of the transformation (q, p) > (9, 1): pdq = 1 d$ + dS). 
On the extended phase space, however, with A = et, dS; gains a contribution eS), dt. 
Hence the canonical 2-form is 


dq ^dp — dt AdE — dà ^dl — dt ^ (d(E — $1); 


9 and T, when supplemented with ¢ = t and E = E + £85, become canonical coor- 


dinates. Then H = H — E = H 4&8, — E, where, even though S, is not a globally 
defined variable, 5; , is. We now consider £S; as the perturbation, and if 


Sin = OA, eel, 
k 


then E "T 
HQ, ete! 
SG. E 
i20 ilw- k) 
generates a transformation 
s as as 
I-I al p = ARAE 
teg ee aT 
as - 
E = E +£, t=t, 
ot 


where E differs from E only to O(e?), since 9S/df = £ 8S/AA. To O(c?), the effective 
Hamiltonian thus becomes H(I) + sĤ,-o(1), and I and 1 differ only by £ times a 
function p(t) = 85/89. Hence n — I| < &lp(t)| -- ce?t, and p depends on t via Hi, and 
@. The latter dependence is periodic, while the former is bounded independently of £ for 
0 < t < 1/e by supy_,-, Ax(/, A). Therefore both summands satisfy the claims made 
in (3.5.20; 6). 
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If an integrable system is perturbed, many of the invariant tori are com- 
pletely destroyed, while others are only deformed. If the perturbation 
is sufficiently small, the ones that are only deformed fill up most of the 
phase space. 


In §3.5 a perturbed integrable system was transformed into another integrable sys- 
tem, up to O(A’). The question arises of whether this procedure can be repeated to 
eliminate the perturbation completely. There has long been a wide-spread opinion 
that with an arbitrarily small perturbation—a “speck of dust"—all the constants 
other than H are destroyed, and the trajectory winds around densely through the en- 
ergy surface (is ergodic). Thanks to the work of Kolmogoroff, Arnold, and Moser, 
it is now known that it is not so. Even if there exist no constants other than H, 
for small A, enough m-dimensional submanifolds exist so that in most cases the 
system acts virtually like an integrable system. 
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Here we shall discuss the simplest nontrivial case 


H(I, 9) = Lo; + 1Ci()Hilj, 


(3.6.1) 


H(I, 9) = A(9) + Bj(9)1 j, j=l,...,m, 


and try to reduce H to zero by a series of transformations. If only Ho survives, then 
the torus Z; = O is time-invariant, and is filled by the trajectory o; > gj; + wjt. 


(3.6.2) Remarks 


— 


. We may allow C to depend on ø, because the equations of motion for H = 


Ho (1, g0), 


. (œ) (o9) p(o) o 19€ 400) (00), 
9; =a tCy l I; = B 8o; aCe I; 
are satisfied by [0 = 0, g(t) = C) + wjt. Therefore Ho fails to be 
integrable, but has an invariant torus. 


. The analysis made below works just as well when Ho contains terms of higher 


orders in J and when Hi is more complicated. 

To a first approximation the frequencies are changed by B j(k = 0), which could 
affect the rational independence required in (3.5.17). If det C # 0, however, 
we can recover the old frequencies wj from 9H /8ljjjo by shifting the 7 
coordinate, and are justified in continuing to use (3.5.17) in the succeeding 
steps. 

A more effective technique than using a power series is to iterate the procedure 
of 83.5. In this way, if A and B are O(A), we go to powers A’, A*, A9,..., 
and after the nth iteration H, is only O(A?"). This idea goes back to Newton, 
who used it to approximate the zero of a function f: IR — R by a sequence 
{xn} which satisfies the recursion relation x41 — x, = — f (x,)/ f (Xn) = €En. If 
f € C?(R), then 


f) = fGu-) + En-1 f Qs) + Ol) = Ole) 


and, if | f'(x,)| > c for all n, then also €, = O(e?_,). If x, is chosen favorably, 
then £, converges to zero much more rapidly than would be the case for a 
primitive power series. 


The generator S from (3.5.12) is now chosen so as to produce a point transfor- 


mation combined with a g-dependent shift in 7. This leaves the form of Hp + Hi 
invariant. Next we try to make the new A and B quadratic in the old ones, which 
we consider as small to first order. 


(3.6.3) Step 1 
If the X and Y of the generators (for £ € R”) 


SU, 9) := £j9j + X(9) + TL; Y;(9). 
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ox ƏY: 


9j29j*Yj(9) j=l; rE g + I; D té, 


satisfy the equations 
= ax - 
A(9) + wj — = A(k = 0), 
09; 
J 8Y; ax 
Bi(P) Foi "e +6) =0 " 


then 


H = Ho Hi = ojl; Cf) G1; + AM + BOL, + Ak = 0) + j£, 


ax ax aX 
RS 
27U TRE 89; T4; J TT 


ox oY, oY, 
Bj = Cj (= DES : + By, 


(3.6.4) Remarks 


1. This follows the notation of (3.5.11) for the Fourier coefficients. It is easy to 
obtain an expression for H by substitution. (A(0) and w j&; are independent of 
9 and Z, and therefore inessential.) 

2. If we want to express the coefficients of H in terms of o, we must first convince 
ourselves that the mapping 9 — q is bijective. Since q is independent of /, the 
structure of the Hamiltonian (3.6.1) is preserved. 

3. Although S is not periodic in g, d S is, and hence it can be defined globally. 


(3.6.5) Estimate of S 


In order to solve the equations for X, £, and Y, let us suppose as we did in (3.5.17) 
that A, B, and C are analytic for |Im ø;| < o. Such functions f always satisfy 
the convenient estimate that || f, 9||;.., < hf | p- The first equation of (3.6.3) 
is satisfied if we write 


" eP A(k) 
3.6.6 X(¢)=-) ———, 
(3.6.6) (9) 2. en 


from which the quantity 


ðX 
(3.6.7) E(9) :- Cy e 
9j 
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which appears in the second equation can be calculated. The k = 0 and k 0 parts 
of this equation become 
C (05; = —B;(0) — E (0); 
ge 9 


(3.6.8) z z E E 
Y;(o) — — » io Bi + Cj;(k)5; + E;(k)]. 


Lemma (3.5.17) gives bounds for X and Y . The / -dependence is now explicit, and 
we can forget about the r in the norm || ||,,- (assuming that t is always > 1): 


IXllo-n < ch" ** Allo, 
(3.6.9) | ax 
99; 


j| o-h 


< ch *|[Allo, jJ=l,...,m. 


With the resulting inequality, 


Ej llp-n S cmh™*||Cllp|lAllp, 


(3.6.10) Cli = mar lC; llo, 


the remaining quantities can be bounded: 
Ii] < mI|CO) Bo +emh™ ICh ATUS); 


oY; 
(3.6.11) pA 
ag; 


< {I|AllpllCllpmc7h-?* + cl|Bl|ph-*} 
p-2h 


- {1+ mllCIL ICQ) 7 ). 


(3.6.12) Remarks 


1. Define the norm ||v|| = max; |v;| for a vector (v;) and | M|| = max; j |Mj;| fora 
matrix (M;;). Then for a product of a matrix and a vector, | Mv|| < m||M||-|lv||, 
and for the product of two matrices, || Mi - M2|| x m|| M |l - || Moll. 

2. The bound for 3Y; /ðø; shows that the matrix 0g;/09; is invertible for small 
enough A and B, and 9 — q is a diffeomorphism. 

These bounds will now be used to determine by how much H, = AO + BY] j 

is reduced with respect to H;. (Recall that ||C ll, > ||C(O)|| > (mlIC(0)7! )7!.) 


(3.6.13) Estimate for H, 
Let 


I Hilo = maxtlAll. 1Bll;). 


lH2llo-s& = sup —max(l|AC |, |B |y, 
[Im 9j|«op—3h 
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and T = max{1, ml|C||p, mI C (0)! Il). If I Hill < A% /(16c3° T5) and Tch7* > 
1, then || Hallp—sn < IH: f; 16c? n" T5. 


Proof: If we substitute from (3.6.9) and (3.6.11) into (3.6.3), we must bear in mind 
that the sup, ; |... 5, is taken in (3.6.11) and that it must be rewritten in terms of 
g. If the condition on || Hi ||; holds, then |g — g(@)| < ^ V|Im 9j| < p — 2h, and 
the strip (v: |Im ø;j| < p — 3A] is contained in the image of the strip (9: |Im 9;| < 
p — 2h). The estimate then follows. Oo 


The simple recursive form of (3.6.13) invites us to repeat the procedure n times. 
However, note that in the norm p is reduced by 3h. In the nth step h, must be 
chosen small enough so that ? ^^ , hn < p/3. The only way that the factor h7?" 


n=} 


in (3.6.13) can be controlled is that || ,,_;|| is squared and is sufficiently small, 
provided that || H; || is. Moreover, C is changed by the transformation, and we have 
to check whether F continues to be bounded. At any rate, the above analysis can 
be repeated, producing an 


(3.6.14) Estimate of H, 
Leth, :— h37"*! and p, := p—3 =, 37 /* h > p —9h/2. Then, in the notation 
of (3.6.13) (and writing I’) := max(1, m||C-PI, ., mlC OI), 


Isl, < 1S, , 16h73" T$ ,379. 


This enables us to let n — oo: 


(3.6.15) Convergence of the Iteration 
The recursion formula 


2 n 
Xn = X, Qyó 


is solved by 
(yr 
n yón 


Thus 
lH, llo, < (16h 3" TÉH lp) (1687 76390), 


and if T > r, Vn and 
3r 


IH, < l68*T$' 
then 
I Hs do, = Wn Moon; 


converges to zero. 
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(3.6.16) Remarks 


1. The generalization of the condition in (3.6.13), i.e., that at the nth step ọ is 
changed by less than h,, now reads 


| H, lo cT^h7*37979 « 1 


and is guaranteed when the iteration converges. 
2. This procedure converges uniformly in the strip |Im o;| < p — 9h/2, and thus 
the limiting function is analytic in that region. 


We must next convince ourselves that we can bound T at each step, in which 
case the small denominators are under control. 
(3.6.17) Estimate for C? 
Inequality (3.6.11) implies that 


IC, SCO Hg + 4H, Io, 4c? 773707 P 9y. 
Estimating C(? is thus a matter of checking the convergence of 

oo oo oo 

La + xn)? = exp | > In(1 + «| < exp f »4 ; 

n=1 n=1 n=l 


where l 
(16c?3% h- P4 H p) 


Xn 5 4T?h-131(02) 


But this clearly converges, because for 16c?h ?*3** 6| Hj ||, < 2, itis easy to see 
that 
CO IIo, «2lCl, Yn. 


It is somewhat more troublesome to deal with 60)": 
(3.6.18) Estimate of C^ (0)-! 
We begin with 


ZO) zi 
ČLO = Qn) J dg, --- dy (Bie + Y, Cu (ug + Y;a). 


This is averaged over the g’s, but Y and C are given as functions of ø. Transforming 
to barred variables and using matrix notation (Y' = 3Y; /ð3ğ j, etc.), 


ICO) — Č? OI = 2r)” J dài --- dj, 
-(C- (0.4 Y^)c( + Y”) det(1 T Y 
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= any f 46i-—-déstca = de + Y) 
— (CY" + Y'C + Y'CY^)det(1 + Yl 
3m| Yl; + mY 2 
1 — m|[Y'|z 
where we have used |det(1 + Y^| < (1 — ml|Y'|)! (Problem 1). From this we 

get a bound for C! , for 


< [Cli Vp > 0, 


JEP OM < ICO = mO EO -E ON 


(Problem 2). By (3.6.11), IY’ llp-21  4T?c?&?* || Hs ||; /m, and generalizing this 
to the nth step yields 


zn) =] 
C0)! | =(n-1) n 
ae ee ( = 2m? Ë" OIC, «2 
TET 


12rc28 7213207 DH, IL, ES 16r 6c^n-^'3*0-D H, I2. -1 
j 1 — AT3c2h 2 30 DIE Hlp, 3 


Under the same circumstances as in (3.6.17), C0)" is bounded in n (cf. 
Problem 3), C^ (0)! < 21 (0)7* 1| Yn. 


Now that we have convinced ourselves of the boundedness of I’, we collect the 
results of Kolmogorov, Arnold, and Moser in the 


(3.6.19) K-A-M Theorem 

For H as in (3.6.1), suppose that: 
(a) (o - |^! < c|k|*7"-! vk € Z™\ {0}, for some c > Oand x > 1; 
(b) A, B, and C are analytic in |Im 9;| < p; and 
(c) 


sup max(|Al, |Bj|) < i (16st 


[Im 9;|«p 
6. V2] 
x (2 sup max{||C\l, reo") ) , 
[Im ġ;|<p 
and h is less than both 2p/9 and c^. 


Then there exists a canonical transformation to gp, I), which is analytic in q 
for |Im 9;| < p — 9h/2 and affine* in I, such that 


H = ojIf? + 1C AIO, 


^Affine = inhomogeneous linear, that is, of the form 7 > al + b. 
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FIGURE 3.24. The invariant tori. 


where C© is analytic for |Im e? < p—9h/2. 


(3.6.20) Remarks 


1. 


2. 


WwW 


4. 


CA 


As already mentioned, this theorem can be extended to a wider class of H's, 
and analyticity can be weakened to sufficiently-often differentiability. 
Condition (c) is by no means necessary, but as yet no one has been able to improve 
it in such a way that the strong fall-off with m is essentially better. For systems 
with many degrees of freedom, the perturbation has to be so ridiculously small 
for this theorem to apply that it is questionable whether there is any physical 
relevance in such cases. 


. This result shows that the torus J = 0, which is invariant under Q9, gets de- 


formed only moderately when the perturbation stays small, which happens when 
there is a bound on the independence of the frequencies. Initially, our transfor- 
mation tells us nothing about nonzero values of J. The analogous procedure can 
only be carried out at other values of J if the frequency condition is fulfilled. 
Hence it is not possible to transform the system into something integrable on a 
whole neighborhood of J = 0. 

Although the open regions on which the conditions of (3.6.19) are violated 
are dense, their total measure on compact sets goes to zero for vanishingly 
small perturbations. The motion on these sets is chaotic. They are divided into 
disconnected components by the invariant surfaces only when m = 2, in which 
case the trajectory cannot leave the part of phase space bounded by the invariant 
tori (see Figure 3.24). 


. Measure-theoretical ideas are usually more relevant than topological ones, when 


one wants to determine whether the invariant submanifolds are mathematically 
pathological. Thinking topologically, one would call the invariant submanifolds 
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exceptional as complements of open, dense sets. However, since they have large 
Liouville measures, they are more the rule than the exception. On the other 
hand, since the unstable region is dense, and any measurement suffers from 
some inexactness, one can never be certain of being in a region of stability. 


(3.6.21) Example 


The Double Pendulum. Even in two dimensions this is a nonintegrable system 
which nicely illustrates the K-A-M theorem. If the two angles are called g; and 
€2, and masses and lengths are set equal to one for simplicity, then the kinetic 
energy of the system becomes 


2T = $t + (i sin gr)? + (Gi(1 + cos p2) + Gr)’. 
The gravitational potential energy is 
V = 2cos g; + cos(y; + 92) +3 


(in units where g = 1 and with a convenient added constant). This gives a Hamilto- 
nian flow without any further constants, but in the limits E | 0 and E ^ oo it leads 
to a simple situation. In the former limit there are oscillations around the minima 
of V atg; = z and g = 0. In the latter limit V becomes negligible, which makes 
the angular momentum L a second constant. In between the system is chaotic, and 
by varying E we can observe the break-up of the K-A-M-tori. Analytically this 
is impossible, and we have to resort to computer studies [22]. They show how the 
tori L — const. get deformed for E — 20, and for E — 10, most of them dissolve 
into chaotic regions. Near E — 6 the most robust torus, the frequency ratio of 
which is the golden mean (4/5 — 1)/2, disappears. At small energies E « 1.5 
other invariant tori form, and the usual picture for the harmonic oscillator emerges 
at E = 0. These features are best illustrated in the Poincaré sections, which show 
where the orbit in the (L1, ;)-plane traverses the submanifold o; = 0, H = E. 
There the periodic orbits are points, quasi-periodic orbits are lines, and chaotic 
regions become bands. Figure 3.25 shows this for some representative energies. 


We conclude by summarizing the general facts learned about Hamiltonian sys- 
tems and seeing what impression they give us about the global structure of a 
canonical flow. 

In the standard case for physics, where forces decrease with distance, particles 
with enough energy can escape. Their momenta will approach constants as t > 
too, with which the system will be integrable in the parts of phase space where 
enough particles escape. All trajectories will be diffeomorphic to R in these regions, 
and the canonical flow can be transformed into a linear flow. 

Orbits that always return on themselves fill up higher-dimensional manifolds, 
and it is in this situation that the most complicated things can happen. In the 
special case of an integrable system, these manifolds are m-dimensional tori, which 
collapse to lower-dimensional figures in those parts of phase space where the 
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E-o 


FIGURE 3.25. Poincaré sections of the double pendulum at various energies. 


frequencies have rational ratios. Perturbations often destroy many of these tori, 
making the trajectory cover a (2m — 1)-dimensional region, while many other tori 
remain, for which the system acts like an integrable system. 
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(3.6.22) Problems 


1. For a Hermitian matrix M such that || M|| < 1/m, show that |det(1 + M)| < 1/(1 — 
m||M|\). 


2. Assuming that m?||M; ||/]Mol| < 1, show that ||(Mo + M; Il < IIM "IIC —m? |My - 
MoI. 


3. Complete Estimate (3.6.18). 
4. Investigate the convergence of the perturbation series for 
w, 2, n, E2, a, 2 2 
H-—-(ptq)tyu(p tq) +54 


on 7*(R). (With dimensionless action and angle variables, w, c, and b have the same 
dimensions as H.) 


(3.6.23) Solutions 


1. Putting M into diagonal form, we see 


det(1 + M) - 
J 


œ 1 ] 1 
exp È Sen = I miM 


| e yH | 
exp[tr In(1 + M)] = exp b tr M? 
j=l 


I^ 


j=l 


(Mo + Mi! = My! — Mj Mi(Mo + My)? = I(Mo + Mi) I 
< IIM ll + (Mo + Mi^ lm? || Moll" IM: |l. 


3. Substituting from (3.6.15) into the last formula of (3.6.18), recalling that T, t, and 
ch~* > 1, and generously conceding factors, the recursion formula simplifies to 


Xn-1 
A reca 
5 1 — 3-t(n+2)’ 


where G 
Xn := JC (0). 


Since — In(1 — x) < x21n2 VO < x x 1/2, 


[Ja — 37742))-1 < exp ( In237* 3 s) 


n=1 n=1 


3-7 
exp (225 E ;) « 2, 


and so IC (0)-! | < 21C(0)-! || Vn. 
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4. In (3.6.19), (a) holds for t = 1 and c = 1/w and (b) holds for all h. If m = 1, we 
can replace ||C || ||C(0)-' || with 1, so that the term (. . .)° of (c) simplifies to (2c)*. The 
condition is then satisfied if 


2h Wc? 3 


e w 
sup |bsin? g| = |b| — < ————, 
Ap sue S. o 
i.e., for h = 2 
o? 9 o»? 


= — 0.003. 


€ p — 
ee? (c 


The numerical factors of this calculation could be easily improved. 


4 


Nonrelativistic Motion 


4.1 Free Particles 


The study of free particles is the foundation of kinematics, and can be 
used as a basis of comparison for realistic systems. The canonical flow 
for free particles is linear. 


In this section we apply the mathematical methods that we have developed to the 
problems posed in (1.1.1) and (1.1.2). We begin with the trivial case of a free 
particle, in order to illustrate the various concepts. In other words, let M = R? and 
T*(M) = R$, and choose a chart (RÉ, 1), calling the coordinates x; and p;. By 
(2.3.26) H has the simple form 


Ipi? 
H=—. 
2m 


(4.1.1) 


(4.1.2) Theorem 


The point transformations that leave H invariant are the elements of the Euclidean 
group Es: 


x; > Mixj +i, MM = 1, Ài eR. 


On T*(R?) they induce the mapping p; > Mij pj. 


Proof: See Problem 4. o 


170 4. Nonrelativistic Motion 


(4.1.3) Corollary 


To each one-parameter subgroup of E3 there corresponds a canonical flow that 
leaves H invariant, and hence there is a constant of the motion. As discussed in 
(3.2.6; 2) and 3), the six generators are 


Pi, Li = &ijyXj Pk- 


(4.1.4) Remarks 


1. Since T*(R*) has only six dimensions, and the trajectory takes up at least one 
dimension, the six constants cannot be algebraically independent. The relation 
connecting them is (p - L) = 0. 

2. The important question is now whether there exists a five-parameter subgroup of 
E3 that furnishes five independent constants. One might think of the following 
sort of construction: for fixed (x, p), the mapping Es: (x, p) — (x', p^) givesa 
mapping E3 — the energy shell, which is surjective but not injective. The stabi- 
lizer of (0, p) is (M, A: 4; = 0, Mp = p}, which is a one-parameter subgroup, 
and so the factor group should be five-dimensional and mapped bijectively onto 
the energy surface. The flaw in this argument is that E3 is not Abelian, and 
thus not every subgroup is an invariant subgroup, and this five-parameter factor 
group does not exist. 


For extended phase space, the transition to a uniformly moving frame of refer- 
ence, 


X — X- vt, 
t— t, 


(4.1.5) 


is a good candidate for a three-parameter, Abelian invariance group. Taking (4.1.5) 
as a point transformation, the momenta transform according to (2.4.34; 3) as 


pP 
he) E > E t (p- v) 


but this fails to leave H = |p|*/2m — E invariant. However, suppose that the 
momenta are transformed as 

pp-4^nv, 
(4.1.7) 


2 
PEt owe 


With (4.1.5), this is a three-parameter group of canonical transformations 6, that 
leaves invariant: 


(4.1.8) PH=Hod,=H, 0%, = Sy 45, 


although it is not a point transformation. 
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We combine these transformations with the previous ones in 


(4.1.9) Definition 


The transformations of extended phase space, 


xi > Mijxj t vit +i, vj, À; € RÀ, MM = 1, 
t>t+c, ceR, 
pi > Mipj; + mvi, 


m3 
BERD T vw. 


form the Galilean group. The ten generators, p;, Li, H, and K; :— pjt — xjm, 
correspond to the ten parameters, A;, Mij, c, and vj. 


(4.1.10) Remarks 


— 


. The condition H = 0 defines a seven-dimensional manifold in extended phase 


space. Hence six constants suffice to determine a trajectory, and there must be 
four relationships connecting the ten generators. Specifically, we have H = 
Ip/?/2m, and [p x K] = mL. The relationships (p - L) = (K - L) = 0 follow 
from these. 


2. The Poisson brackets of the generators cannot be expressed in terms of the 


Ww 


(4.1.11) 


constants alone. The mass appears on the right side of (p;, K;} = 4;;m, but as 
a numerical constant it is not the generator of a transformation; dm = 0 = Xm, 
and the Poisson bracket of the mass with any quantity is zero. Together with 
m, the ten constants of motion generate an eleven-parameter group, the factor 
group of which by the center is the Galilean group. “Center” refers to the one- 
parameter group generated by m, which is trivially realized on phase space. 


. There is a subgroup that furnishes six independent constants, and from which 


all ten generators of the Galilean group can be constructed. It is generated by p 
and K (see Remark 1). The mass m again appears in the Poisson brackets 


{pi, Kj) = óijm, {pi, pj} ^ (Ki, Kj} — 0, 
and so the group of transformations, 
tt, 


X— X-cA- vt, 


2 
p p-nv, E> E (p.v) EL, 


on phase space is isomorphic to the factor group by the center. The subgroup 
is minimal in the sense that with fewer parameters it is impossible to produce 
six constants of motion. The Galilean group (4.1.9) is not distinguished by any 
special property: it is neither the largest invariance group nor the smallest one 
that produces all the constants of the motion. 
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(4.1.12) N Free Particles 


In order to generalize the above discussion to cover 
N 
KE B 
<< 2m 
use the canonical transformation x; — x,;/,/mj, p; — p;./m; to put it into the 


form 
1 N 
752. pf. 
i=l 


Then on T*(M) = T*(R?™) = R® there are the 3N + 3N(3N — 1)/2 constants 
of motion p, and p,xy, — x, Pv, H, v = 1, ..., 3N. The system is integrable with 
the p,,, although the submanifold p, = a, = const. is not compact, but instead 
diffeomorphic to R?".. All trajectories are submanifolds of the form x, — x,+tp,, 
and for p Æ 0 they are diffeomorphic to R. 


(4.1.13) Problems 


1. Show that X = x + vt, t = t, p = p + mv, E = E + pv + mv2/2 is a canonical 
transformation both with and without the term mv?/2. What is the reason that mv?/2 
appears in (4.1.7)? 


2. Calculate the Poisson brackets of the generators of the Galilean group. 
3. Discuss the group of canonical transformations generated by D = (x - p). 


4. Show that the Euclidean group is the largest group of point transformations that leaves 
H invariant. 


(4.1.14) Solutions 


1. We verify that (x;, E) = v; — v; = 0, which is the only nontrivial Poisson bracket. 
Without the mv?/2, the canonical transformations do not form a group: 


d 
di — explà Lxv ]En=0 = (E, K: v} = (p. v), 


d? 
dà exp[ALqa.y]Ej 2o = {(p- v), (K- v)} = m|vp. 


ipi. pj} = (ni, E] = (Li, E) — (Ki, Kj] == 0, 
(Li, Lj) = &Ly, (pi, Li) = Eijk Prs (Ki, Lj} = &gi Ky, 
(E, Kj} = Pj, {pi, Kj) = mô;j. 


3. D generates the group of dilatations (x, p) > (e*x, e~*p). This leaves L invariant, so 
the dilatations together with the Euclidean group generate a seven-parameter group of 
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canonical transformations. A dilatation changes H by e~”*, and hence the equation 3 = 0 
remains unchanged. 


4. The new coordinates x have to satisfy X, ;(x)Xx,, (x) = 6i; for all x, which implies 
Xm ijXmk Yd Xm iXmkj =0, 
Xn. jkXmi t+ Xm jXmk = 0, 


—XmkiXm,j — Xn Xn, ji = 0, 


2X mi Xm, kj =0> Xmkj =0. 


Consequently the transformation is inhomogeneous-linear, and thus of the form (4.1.2). 
Substitution yields M M^ = 1. 


4.22 The Two-Body Problem 


Mathematical physics was born when Newton solved the Kepler prob- 
lem. This problem has lost none of its attraction over the centuries, 
especially as it has remained soluble while the theory has become more 
and more refined (with relativistic electrodynamics and gravitation, and 
both nonrelativistic and relativistic quantum mechanics). 


For equations (2.3.21) through (2.3.26) in the case N — 2, we have 


M = R? x RM, x2: xi = xo), 


(4.2.1) Im? | Ip; o 
H = — + — .T———, Q0 = €4€? — km,m». 
2m, 2m  |xi — Xal 


We give the solution in several steps: 


(4.2.2) Separation into Center-of-Mass and Relative Coordinates 


The point transformation IRÉ > R°: 


mjX; +m 2X2 
Xem = —————) xX = X} — X2, 
m; +m 


induces the transformation 


=p, + = u T 
Ben = Pi + P2, BOE CES m; +m)’ 
on T" (RS). This makes 
2 ?(mi +m o 
[Perl Lee) 8 H 


^ 2(mi +m) 2mm |x| 
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(4.2.3) Remarks 


1. In these coordinates M has been restricted to R? x (IR'N(0)). H € C”(T*(M)), 
in order to remove the singularity of the potential. 

2. Since Hem depends only on Pem, and H, only on x and p, the time-evolution is the 
Cartesian product of the flows determined by Hem and H, , and (H,,,, H,) = 0. 

3. Hem has the form of the H of $4.1 (with mass m, + m2), so we consider this 
part of the problem solved and only work with the second part. 

4. H, is a limiting case of (4.2.1), in which one particle has infinite mass, and the 
other has the reduced mass m :— m,m»2/(m, + m2). 


(4.2.4) Constants of the Motion 
(H,, L} = (H,, F} = 0, 
L=(xxph F= [p x L] + maž, 


when m = mym2/(m, + m2) and r = |x|. F is known as the Lenz vector. 


Proof: The angular momentum L is constant due to the invariance of H, under 
xi — Mijxj, pi > Mij pj. The constancy of F can be directly verified by calcu- 
lating 


! . QX 
x= (x H,}= P, P-—- 
m r 
F= ix x [x x pl] +a? -a> -p)=0. o 
r? r r3 


(4.2.5) Remarks 


1. The only elements of E; that remain as invariances are the rotations, because 
H, is not left unchanged by displacements. If a 4 0, the constants [p x L] 
generalize to F. See Problem 1 for the transformations that are generated by F 
and leave H, invariant. 

2. L should be thought of as the internal angular momentum (spin), and should 
be distinguished from the total angular momentum [Xem x Pem]. Both of these 
angular momenta are conserved, but the angular momenta of the individual 
particles, [x x pi] and [x2 x py] are not. 

3. Only five of the seven constants of motion in the second factor, H,, L, and F, 
can be independent. Two relationships among them are 


(4.2.6) (L-F)=0 and  |FP?-z2ml|LH, + Ó?o?. 


Thus F lies in the plane perpendicular to L (the plane of motion), and its length 
is fixed by L and H,. 
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(4.2.7 The Invariance Group 


The invariance group is determined by the Poisson brackets of the constants of 
motion, which can be calculated as 


(4.2.8) [Li Lj) = &jkLy, {Li, Fj} = ijn Fk, 

= (Fi, Fj} = —2mH,&i Ly, {H,, Li} = (H,, F} =0 
(Problem 2). The flows generated by (L;) and {Fj} leave the submanifold H, = 
E € R invariant, and since on that manifold the Poisson brackets of {L;} and 
{Fj} are themselves linear combinations of {L;} and {Fj}, according to (3.2.7), 
these flows form a group, the center of which is the time-evolution. This group is 
isomorphic, respectively, to $O(4), E3, or SO(3, 1) on the submanifold H, = E, 
when E < 0, or > 0. In order to see this, suppose that E < 0, and define 


1 F; 1 F; 
A= (ye |, Sole) 
2 ( ==) i xz) 
Since 
(Ai, Aj} = &ijk Ak, (Bi, Bj} = €ijx By, (Ai, Bj} = 0, 


it is apparent that the invariance group is isomorphic to $O(3) x SO(3) = SO(4). 
For E = 0 the claim follows from (4.2.8), and if E > 0, A and B can be defined 
as above, with the appropriate signs. 


(4.2.9) Remarks 


1. It is not possible to factorize SO(4) into the form (rotations generated by L) x 
(some other rotations); the situation is more complicated than that. 

2. When E = 0, F plays the same rôle as p in E3. 

3. Since the flows provide continuous mappings of the group into phase space, the 
noncompactness of E; and S O(3, 1) is equivalent to the existence of unbounded 
trajectories for H, > 0. 


(4.2.10) The Shape of the Trajectories 


The most convenient way to calculate the projection of a trajectory onto M is with 
the aid of (4.2.4): 


L 2 
F-x=|L’?+mar > a ens e gy = «F, x). 
|F| cos o — ma 
These are conic sections, which lie in the region {(L-x) = 0 (the plane of motion)) 
N {(F - x) > mar}. There are three cases to be distinguished (cf. Figure 4.1): 


(a) H, > 0. According to (4.2.6), |F| > |ma|, and r becomes infinite when 
9 = arccos(ma/|F|). The trajectory is hyperbolic (or linear, if a = 0). 
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FIGURE 4.1. The Kepler trajectories. 


(b) H, = 0. |F| = |ma|, and r becomes infinite when o = x, if = 0. The 
trajectory is parabolic. 


(c) H, < 0.|F| < |ma|, andr is always finite. The trajectory is elliptic ifo < 0, 
or a point if à = 0. 


(4.2.11) Remarks 


1. Cases (b) and (c) only occur when a x 0. 

2. Trajectories that pass through the origin have L — 0. The canonical flow exists 
on the invariant submanifold 7*(R? V (0)) \ {(x, p): [x x p] = 0}), where H, 
generates a complete vector field. 

3. The trajectory of p(t) always lies on some circle (Problem 6). 


(4.2.12) The Elapsed Time 


The momentum canonically conjugate to r is p, :— (x - p)/r, in terms of which 


2 L}? 
ER LE E as 
2m 2mr? r 


Thus the radial motion on the invariant submanifold L = const. is like a one- 
dimensional motion where the original potential gets an additional term from the 
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centrifugal force, L|? /2mr?. Integrating 


1s | aœ Iu 
Eu veras 
m r  2mr 
yields (see Problem 7) 
ie 1 dr' r'/m[f2 zh - 8 - 4. 
= SERE ar — L2 2m ar’ — MEA. rE | 2mr?E 


2 r 
/m/2 in(e Rae E (PE -ar - p- )) 
(4213 — 4 $m z 
2| E [3/2 arcsin 2Er-a 
Ala! K2EILP/m ro 
for Pr 
E <0. 


(4.2.14) Corollary (Kepler's Third Law) 


If E < O, thenr = ro when t = tọ + t, where t = 21a?" Sma], and a = 
|a|/2|E| is the major semiaxis of the ellipse. 


(4.2.15) Remarks 


- 


. Conservation of angular momentum reduces any problem with a central force 
to a one-dimensional problem. That the orbits are in fact closed, the radial and 
angular frequencies being degenerate, is a consequence of the richer invariance 
group of the 1/r potential. H depends only on the sum of the action variables. 

2. Since t is proportional to a?/?, and thus grows faster than the circumference 
of the orbit, the speed is less for larger orbits. This is in accordance with the 
virial theorem, which we shall discuss later, and which says that kinetic energy 
~ potential energy, and thus speed ~ a^ !?. 

. Corollary (4.2.14) is particularly well illustrated in the Solar System by the 
extremes, Mercury and Pluto. The radii of their orbits and their periods are 
roughly 1:100 and 1:1000, respectively. 

4. The time-evolution r(t) is the inverse function of the elapsed time (4.2.14), 

which is not expressible in terms of elementary functions. 


Uo 


When H, > 0, the particles escape to infinity, and a number of quantities 
approach constants. Hence we utilize the concepts introduced in (3.4.1), making 
the restriction to the invariant submanifold H, > 0. 


(4.2.16) Asymptotic Constants of Motion 


x 1 
P,-,- EÁ. 
rr 
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Proof: To see that the momenta are asymptotically constant when E > 0, we use 
the equation |p| = |a|/r?, and conclude from (4.2.14) that as £ — oo, r becomes 
proportional to t. It follows that the Cauchy convergence criterion 


?T dt ^ const. 
Tu Ga 0 


is satisfied for T) > T, — oo, and likewise as t — —oo. Hence p4 := tip 
exist for E > 0. This implies that the particles escape at definite angles, since the 
convergence of p(t) implies that of the Abel mean: 


aÇ) im OHER doym AT 
r^ T9 (1) x0) + (4) fg drpo/m| Pa 
Last, t+(1/r) = 0 when E > 0. o 


Functions of the form K (x/|x|, p) converge trivially as t — oo, and have the 
limits K = K(+p+/|p+l, p+). 


2T 
Ip(2T) — p(T)| = |f dt p(t) 


(4.2.17) Corollaries 
1. E = |ps|*/2m. 


2. F = [ps x L] + np, where n =aJ/m/2E. 


(4.2.18) Remarks 

1. The latter equation is easily solved for the limiting momenta: 

[L x F] n 

L +R L? +79? 

This implies what is intuitively obvious, that p4 and —p- are related by reflection 
about F. 


2. The Møller transformation (3.4.4) using the free motion for the comparison flow 
€? simply does not exist in this case. By (4.2.14), for large times 


P+ = 


2E lalyim/2 | 
mo gg d^ 


whereas for $9, r — t /2E/m ~ const. If the potential fell off as r7!-*, there 
would be no logarithmic term in t, and ®_, o ®? would converge. 

3. There exist other simple kinds of time-evolution that the flow approaches asymp- 
totically; 

SN PE 
ipi 

generates such a flow. However, it mu. on t explicitly, and so ©° is not a 
one-parameter group, which causes the consequences of Definition (3.4.4) to 
lose some of their elegance. 
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(4.2.19) The Scattering Transformation 


Since Q+ do not exist, we define S by using an algebra A, C Aon which t- is an 
automorphism and A, € (H,]": 


vtlonf-foS!, Yf €t A, = tA, =A, € (Hj. 
Since we are interested in the momenta, a reasonable choice for A, is the algebra 


generated by p.. and L. Then from (4.2.18; 1) we can calculate 
2 


ba 
(4.2.20) p+ =p_oS” = Ies zP- q—— Æ F ;lP- x L]. 
(4.2.21) Remarks 
1. Schematically, the situation looks like this: 
T- t 
.  —————————— ————————- 
surjective surjective 


bijective bijective 


S bijective 


2. S depends on the choice of .A,. If A, were chosen as the set of constants of 
motion, S could be set to 1. 

3. Its action on p_ and L does not suffice to determine S as a canonical transforma- 
tion on the manifold H, > 0. We shall not pursue this, since further stipulations 
all suffer from arbitrariness. 

4. As stressed in (3.4.10; 2), S does not leave all the constants of motion invariant. 
It transforms p- into p, , and when applied to F, 


Fo S~! = F + 2np4. 


(4.2.22) Proposition 
By (4.2.20), the scattering angle is 


pe: P- L'—1 


© = arccos = A 
2mE L? +n? 


180 4. Nonrelativistic Motion 


so 
2_ IL? _ n? 1-co0 
~ |p-  |p-P 1—cos® 
(cf. (3.4.16; 1)). Then the differential scattering cross-section (3.4.15) can be cal- 
culated as 


a 2 40 
16E2 sin p 

(a/E is the turning radius, i.e., the minimum distance from the particle to the 
scattering center.) 


c(80)- 


(4.2.23) Remarks 


1. ø is independent of the sign of a, although if a > 0 the particle turns around 
on the near side of the scattering center, while if œ < 0 it turns around on the 
far side. 

2. It is because of the way that the potential changes under dilatations that œ and 
E occur in © only in the combination «/ VE. A dilatation can be used to put H 
into the form 


To summarize, we have learned that the canonical flow exists globally on phase 
space as restricted in (4.2.11; 2), and the trajectories are submanifolds diffeomor- 
phic to R when H, > 0, and to T! when H, < 0. 


(4.2.24) Problems 


1. Calculate the canonical transformation generated by F;. Is it a point transformation? Do 
the F; generate a three-parameter group? 


2. Verify equations (4.2.8). 
3. Show that the trajectories (4.2.10) are conic sections with foci at the origin. 


4. Use (4.2.14) to calculate how long a body with ro equal to the radius of the Earth's orbit 
and vp = 0 takes to fall into the sun. 


5. Calculate the scattering angle for (4.2.10; (a)). 


6. Calculate the projection of the trajectory onto the second factor of T*(IR?) = R? x R? 
(ie., p(t). 


7. With the variables u:r = a(1 + £cosu), a = |a/2E| = the major semiaxis, and € = 
|F|/ma = the eccentricity, equation (4.2.14) is written for E < 0, a < 0, as 


2E? 
a /m/2 


(Kepler's equation). Interpret this geometrically. 


(t — to) = u — e sinu 
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FIGURE 4.2. The variables used in Kepler's equation. 


(4.2.25) Solutions 
l. 


Lm XiXk 
(Fi, Pr} = 9ulpl — pi Prk + mo e - ::J ; 
(Fi. xk} = din (P + X) — 2xi px + Xx Pi- 
It is not a point transformation, because F is not linear in p. Since {F;, F;} can not be 
expressed by the F;, they do not generate a group. 


2. Since L; generates rotations and L and F are vectors, 
(Li, Lj} = Eijk Lr, (Li, Fj} = ei Fs. 
For the calculation of (F;, Fj}, use: F; = xilpl? — p;(X - p) + max;/r. 


3.r +(x AY -z22C e(C-ry = A? -—2Ax +r? & r = (4? -C)0Acoso— 
2C), where x = r cos o and z = r sin ọ. 


4. The major semiaxis of the trajectory is half the radius of the Earth’s orbit, and it takes 
half an orbital period to fall into the Sun, so the answer is 2~>/ years. 


5. © = x — 29, where ¢ is the angle at r = oo. Hence, according to (4.2.6), 


2 2 
d ecol 


2 
ma ee aay 
L? +7? 


cos 8 = —cos2y = 1 — 2 cos? o = 1 — 2 —— 
cos 29 cos? 9 FP 


[Lx F] = pL? + ma [L x *] > (p [L x F) 


[L x F] |? 


L2 


=L (P +m*)> |p- 
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2 
pis xP) a 


L? L 
|F|? ma? 
= —2mE + Tq = Tr 


Thus p(t) lies on a circle. 


7.r coso =a(cosu+e)>r=a(l— £?)/(1 — e cos p). 


4.3 The Problem of Two Centers of Force 


This is the connecting link between one-body problems and the restricted 
three-body problem. There are no longer five independent constants, but 
only three. Even so, the system is integrable. 


In the last section we saw that the two-body problem can be reduced to the problem 
of a single particle in the force-field of an infinitely heavy, immovable object. This 
suggests that the first three-body problem to study is one where one particle is so 
light that it does not influence the motion of the other two. At this point the nature 
of the problem depends on whether it involves the electrical or the gravitational 
force. Let M be the mass of the heavy particles and m the mass of the light one. 
Then from (4.2.14) we can easily estimate the order of magnitude of the orbital 
frequencies w of the heavy particles and c; of the light one. This is just because 
the centrifugal and centripetal forces are balanced; thus if R is the orbital radius, 


2,22 
2 ~ KM +e 
(4.3.1) 
2 ~ KMM +e 
mRo, = COR oC 


If gravitation predominates, that is, kmM >> e°, then o), = œ? = «M/R?, and 
the motion of the heavy particles cannot be neglected when one studies the motion 
of the light one. This is a direct consequence of the fact discovered by Galileo, 
that all masses are accelerated equally strongly in a gravitational field. The case 
of dominant gravitational forces is known as the restricted three-body problem. It 
is of obvious interest for space travel, but is rather difficult to attack analytically; 
we shall study it in the next section. It is somewhat simpler when the electrical 
force predominates, x M? « e?, as happens with elementary particles. In that case, 
w? /w?, = M/m, and the heavy particles move slowly compared with the light one 
when M /m is large. This would be appropriate for the simplest kinds of molecules, 
with two nuclei and one electron, except that the important physical properties lie 
outside the domain of classical physics. We shall return to this problem when we 
treat the quantum theory. 
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FIGURE 4.3. The centers of force. 


(4.3.2) The Hamiltonian 


For mathematical convenience we can set the two centers of force at (1, 0, 0) and 
(—1, 0, 0) without loss of generality, and start off with the manifold 


(4.3.3) Mo = R? \{(1, 0, 0), (—1, 0, 0)}. 


It will be necessary to restrict Mo and T*(Mo) further in order to avoid some 
complications. Let r; and r? be the distances of the light particle from the two 
centers, of strengths a) and o (see Figure 4.3), and suppose that m = 1. Then the 
Hamiltonian of the problem becomes 


(4.3.4) Hi i E 


Since r; and rz have the rather unwieldy form y(x + 1)? + y? + z? in Cartesian 
coordinates, it is convenient to introduce new coordinates that take advantage of 
the rotational symmetry. 


(4.3.5) Elliptic Coordinates 
Elliptic coordinates use the diffeomorphism (Mj, V): 
Mı = R'N(R,0,0) C Mo, 
W(Mi) = R* x (0,7) x T! > (Ẹ, n, 9), 


YTL: (E, m, o) > (cosh £ cos n, sinh £ sin n cos g, sinh £ sin n sing) 
= (x, y, z) € Mi, 


with which H is written as 


H= + (cosh? E — cos? n)! 
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2 2 2 l 1 
(4.3.6) x | Pg + P; + Po —3-]-«coshé — p cosn |, 


curs em 
sinh é — sin^g 
ja =a to, 48 = -o +o, 
on Y(M;) (Problem 1). Since H would be integrable without the factor (cosh? é- 


cos? 5)! , we recall (3.2.14; 6), according to which such a factor can be eliminated 
by a transformation to a new time variable. Thus if we let 


H = 2(cosh? £ — cos? n)(H — E) = H; + Hy, 


where 
p? 
(4.3.7) E = p? + —*— —acoshé — 2E cosh’? £, 
sinh“ & 
and 
2 
H, = p? + ] ; — B cos n + 2E cos? n, 
sin^ n 


on extended phase space; then on the submanifold H = 0, H describes the time- 
evolution with a parameter s such that dt/ds = 2(cosh? £ — cos? n) > 0. 


(4.3.8) Constants of the Motion 


On extended phase space, H, E, H;, and p, are all constant and mutually inde- 
pendent. 


(4.3.9) Remarks 


1. Because dt/ds > 0, anything that is constant in s is also constant in t. Re- 
stricting ourselves again to T*(M;), we can use H, py, and H; = —H, as three 
independent constants of motion, replacing E with H. 

2. The conservation of p, comes from the cylindrical symmetry of the problem. 
The canonical flows coming from H; and H, are rather complicated. 

3. Since the Poisson brackets of any two of the four conserved quantities (or, 
respectively, H, py, and H;) vanish, the system is integrable on T*(Mi). 

4. No additional constants can be found, so the invariance group of H (resp. H) is 
a four-parameter (three-parameter) Abelian group. 


(4.3.10) Effective Potentials 


Integration of the equations of motion with H from (4.3.7) leads to two one- 
dimensional problems with the potentials: 


2 

V; = = —acoshé — 2E cosh’ £, E c R*, 
sinh“ E 
p? 

V, = —— — Bcosn+2Ecos’n, 7€(0,7), 


sin’ n 


(4.3.11) 
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V, E20 V, E<0 
[s č 
FIGURE 4.4. Effective potential. FIGURE 4.5. Effective potential. 
V, E < p? 
V, E > p% 
p=0 
nm 
nm m 
FIGURE 4.6. Effective potential. FIGURE 4.7. Effective potential. 
(see Figures 4.4—4.7). 


(4.3.12) Remarks 


1. If p, # 0, the effective potential V; becomes infinite as  —> 0 (as does 
V, as y — O or n — x), and the trajectory can never leave Mj. On 
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T*(M)N((X, p): yp; — zp, = 0}, H generates a complete vector field, and 
the canonical flow exists (but see (4.3.17)). 

2.If E < 0, then V; goes to +00 as E — oo, and the trajectory remains in a 
compact set. In this case the conditions of the Recurrence Theorem (2.6.11) 
hold, and almost all orbits are almost periodic. 

3. There are equilibrium positions in € and n, so there exist some strictly periodic 
orbits. 


When E < 0, the invariant submanifolds N: H = E, py = L, H; = K, are 
compact, and therefore diffeomorphic to T?. We can determine the frequencies as 
we did following (3.3.14). 

(4.3.13) Action and Angle Variables 


The constants of motion 


1 
4.3.14)1; = — Qd =L, 
( ) =f 9 Po 


1 1 | L? 
l; = z dé p; = zfs K +2E cosh? £ + a cosh — sinh?" 


2 


1 1 L 
In= 59 f dn Pn = 5 ah dU QR 


are mutually independent, since 


9(1,, Ie, In) 
4.3.15 ———-hglg-—lkl 
( ) (L, E, K) th - Few dhE 
f d£ dn(cos? n — cosh? £) 
— Gee a T < 0. 
8707 pr p, 


Accordingly, E(1,, Iz, 1„) exists, and, as in (3.3.15; 4), its derivatives by the action 
variables are the three frequencies of the motion. 


(4.3.16) Remarks 


1. N is the Cartesian product of three tori, on each of which two of the three 
variables (o, £, 7) are held fixed while the third runs through its allowed domain, 
ie., 0 < pọ < 2m, & € < &, and nı < n < m, where the boundaries for & 
and 7 are the values for which p; = 0 and p, = 0.! The frequencies correspond 
to the orbital periods of these variables. 

2. The frequencies cannot be written explicitly as functions of the /'s or of E, K, 
and L, because the integrals in (4.3.13) cannot be expressed in terms of ordinary 


"In Figures 4.5 and 4.7 these are given by the intersections with horizontal lines at 
heights K and E — K. 
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č = constant 


1| = constant 


FIGURE 4.8. A computer calculation of the points at which the trajectory intersects the 
plane o = 0. These points fill the projection of an invariant torus to the plane densely. 


functions. The frequencies can be written as 


ise: l; klyu— NS 
J 
TK Ig K 

Qi = J $ WO, = J . 
Since these functions of E, K , and L vary continuously from one torus to the next 
one, they are generally not in rational ratios to one another, and the trajectory fills 
some three-dimensional region densely. Hence there are no additional constants 
of the motion in that part of phase space. 

3. Since the curves £ = const. and ņn = const. are, respectively, ellipses and hy- 
perbolas in Cartesian coordinates, the projection of N to the plane g = 0 is the 
region with the points shown in Figure 4.8, which should be pictured three- 
dimensionally as if it were rotated about the x-axis. 


(4.3.17) E > 0: Unbounded Trajectories 


When E > 0, the vector field generated by H; is not complete; instead, the particles 
reach infinity at a finite value of s, 


1 oo 
wc Lu 
& J/K — (p2/sinh" £) + œ cosh £ + 2E cosh’ £ 


(cf. Figure 4.4 and (4.3.7) with H; = K). 


188 4. Nonrelativistic Motion 


(4.3.18) Remarks 


1. Depending on whether p; > O or p; < 0 when s = 0, the above integral either 
runs directly from & to infinity, or else first passes through the turning point. 
Other than that, on the surface H = E, H; = K, p, = const., Soo depends only 
on the initial value &. 

2. This does not mean that the particles reach infinity after a finite time t. Because 
dt/ds = 2(cosh? £ — cos? n), t goes to infinity at So, as (Soo — 5)! (Problem 5). 


Even in the Kepler problem, free time-evolution was not good enough as an 
asymptotic basis of comparison for the unbound trajectories, so we cannot expect 
much of it in this case either. However, there is a good expectation that at large 
distances the separation of the centers hardly matters, and the time-evolution of 
the problem with one force-center can be used for °. 


(4.3.19) Theorem 


The Moller transformations 


= jj 0 
24 = lin, 109 


exist, where p’ is the flow with o, = 0 and o = o + a (i.e., (a, B) becomes 
(a, œ)). The domains are 


Ip? 


Q 
2 - = > 0, yp, = zp #0}. 
r2 


D+ = le p): 


(4.3.20) Remarks 


1. $? is arbitrary in that the single force-center can be put anywhere at all. The 
Møller transformations exist as long as the strength of the force center is o. 
2. Because Ho o o = Hr, (3.4.5; 1), we see 


Ip? o «e 
P-A - 20,0, 250 ype - zp, £0 
ri Lp) 


Rt: = le p): 


Although the proof is not difficult in principle, it requires some involved calcu- 
lations, and will not be done here. 


(4.3.21) Corollaries 


1. Qs map the flows 9? p, t0 Orra- Since 24 are diffeomorphisms, ®, must 
have five independent constants on R+, just like p? on D+. From (3.4.5; 3) 
and (4.2.4), these constants are x4,(L) = Lo o = lim, 4o; L(t) and 
ta(F) = F o Q;! = lim, +o F(t), where (t4(L) - c4 (F)) = 0. 


4.3 The Problem of Two Centers of Force 189 


2. Q4(B) depend on B continuously, and Qs(a) = 1. The trajectories of ®, 
with E > 0 are mapped by Q7! diffeotopically (see (2.6.15; 5)) onto those 
of 49. Since the one set of trajectories is continuously deformed into the 
other, no knots can form. With the Møller transformations it is easy to make 
such global statements, which are otherwise hard to find. 


To summarize what we have learned about how the separation into two centers 
of force affects the flow: The unbound trajectories (E > 0) are only moderately 
deformed, and the flow can be transformed diffeomorphically to a linear one. 
The periodic orbits get wound up like balls of string, most of them filling three- 
dimensional regions densely. 


(4.3.22) Problems 

1. Derive (4.3.7) by calculating T*(W). 

2. Derive (4.3.7) by introducing elliptic coordinates in L = |x|?/2 — V. 
3. Use the equations of motion to verify that d H; /dt = 0. 


4. Use the Hamilton-Jacobi equation (3.2.16) to separate this problem. 
5. Show that if E > 0, then t goes to infinity as 1/(2E(se; — s)). 


(4.3.23) Solutions 


1. Note that 
cosh? £ pony + sinh? £ sin? | cosh’ £ — sin’ 7 > 
sin? n cos? n| cos? n 
(ri r2) = cosh£, in-n)2csp 2 nn- cosh? £ — cos? y. 


That takes care of the potential energy. For the kinetic energy, calculate 


cosh? £ — cos? n 0 0 
T(wy.T(V)-— ( 0 cosh? £ — cos? n 0 ) > 
0 0 sinh? £ sin? n 


D: 
Ip = (De, Prs pXT(V) - TQ)" (^) 
Po 
2 PEE PS Po 
~ cosh? —cos? ^ sinh’ £ sin? n 


2. 
Ix? = (E? + 9?)(cosh* £ — cos? n) + o? sinh? £ si? n => 
(Pr, Pr» Py) = (E(cosh? £ — cos? n), (cosh £ — cos? n), 9 sinh? £ sin? n). 
dH; P: p22coshé f : 
3, — = -2p;H, — ——————— —— | ——_—— + a'sinhé + 2H sinhé coshé | = 0. 
dt ers cosh? £ — cos? n | sinh? £ d $0908 
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4. Let f = S — Et. The equation 
as)? pasy? asy 
C. 22 go inh? -2 
(E) t (55) + (Gp) euer 
— æ cosh é — f cos n — E(cosh? £ — cos? n) = 0 
can be solved by supposing that S separates as 


S = S5) + $(n) + Py. 


5. Asymptotically, 


dí X4 e | e? 1 
— = = — = 2 — m ——— 
ds ev2E > S=Su Fae’ t ds 1 EG. 5) 


4.4 The Restricted Three-Body Problem 


The motion of a particle in the field of two rotating masses is already so 
complicated—even when all the motion is in a plane—that only rather 
fragmentary statements can be made about it. 


As mentioned above, the restricted three-body problem has to do with the motion 
of a particle that is so light that its influence on the motion of the other two particles 
is negligible. Such an assumption is justified for, say, the flight of a spacecraft to the 
Moon. We need a way to take the motion of the renters of force (with masses m and 
u and coordinates x, (t) and x, (1)) into account. So let us define a time-dependent 


(4.4.1) Hamiltonian 
m 
H = e-e (et 2). 


IXm(t)— x] [xy (t) — xl 


(4.4.2) Remarks 


- 


. We shall only consider the case in which the heavy particles move in circular 
orbits, and therefore x,, and x, describe circles about the center of mass, which 
we may take as the origin. 

2. If both p and x are in the orbital plane at any time, then they are in it for all 
times. This will be the main variant of the problem treated here. 
In (4.4.1) the mass of the light particle has been set to 1, since it factors out 
of the equations of motion. For simplicity we shall henceforth use units where 
the separation of the heavy particles R = «x = m + p = 1. In these units 
the frequency of the heavy particles w = ./x (m + 11)/ R? equals 1, and the 
only essential parameter that remains is u/m < 1. The masses m and y are, 
respectively, at distances u and m from the origin. 


9 
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FIGURE 4.9. The coordinates used in the restricted three-body problem. 


(4.4.3) Rotating Coordinates 


In a coordinate system that rotates with the heavy particles, the centers of force 
are fixed. As in Example (3.2.15; 2), H gains a term from the centrifugal force, 
and if it is written out in components it is 


(4.4.4) H = $(p2 + p?) — xpy + ypx 


ER PR a ee 
[x +u y [x -m H y 


X=Prty, y= Py — x, 
Px = Py V, Py=—Px—Vy, 
RR m(x + n) u(x — m) 
"o [e+p [E S- m? H ye 


T ym is yu 
P(e +e? t+ ypPP 7 qx m ynm 


(4.4.5) Remarks 


1. Changing to a rotating coordinate system is a point transformation in extended 
phase space, but we can just as well use H on the phase space T*(IR2 (m, ON 
(C71, 0)}). 

2. Since H does not depend explicitly on the time in the rotating system, it is a 
constant, known as Jacobi's constant. However, no other constant, which would 
make the system integrable, is to be found. 

3. In order for H to generate a complete vector field, i.e., for collisions to be 
avoided, we shall have to restrict phase space more than this, but it is not yet 
clear exactly how this is to be done. 
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(4.4.6) Equilibrium Configurations 


Although the gravitational force is nowhere equal to zero, it is possible for the 
centrifugal force to balance it in a rotating system. Therefore there exist critical 
points in phase space where dH = 0, at which, by (4.4.4), 


(i) p, = —y; (iv) x 2 (x 4 umr? + w(x — mr; 
(i) p, — x; (v) y= ymr,?  yur, 5; 
(ii) rf 2 (x cu +y; (vi) rd 2( — my y. 


These equations have: 


(a) Two equilateral solutions 
If y # 0, then equation (v) implies that 1 = mr; ? + ur7?, and then (iv) 
implies that my(r,,? — r;?) = 0, and thus r, = rm. Because m + u = 1, 
it follows that rm = r, = 1, independently of m/w. Consequently, both 
configurations for which the three particles are at the corners of an equilateral 
triangle are in equilibrium. 


(b) Three collinear solutions 
If y = 0, then there are clearly three solutions, since the curves f = x and 


xc-tu x—m 
lx+ |x- m? 


have three points of intersection (Figure 4.10). 


(4.4.7) Remarks 


1. The equilibrium configurations are zero-dimensional trajectories. In the original 
system, they correspond to circular orbits with frequency 1. 

2. The equilateral solutions were known to Lagrange, though he drew no conclu- 
sions about their meaning for astronomy. In turns out, however, that there are 
real bodies in the Solar System approximately in such a configuration. A group 
of asteroids, the Trojans, nearly make an equilateral triangle with the Sun and 
Jupiter. Since their masses are vanishingly small on this scale, and since all 
motion in the Solar System is roughly in a plane, the system of equations (4.4.5) 
is applicable. 

. The collinear solutions do not ever appear to be realized, probably because 
of their instability. Other large planets have an appreciable influence on the 
asteroids, and it is important to study whether they deform the asteroids’ orbits 
only moderately, or destroy them altogether. We shall see below that the collinear 
solutions are always unstable, whereas the equilateral ones are stable so long 
as the mass of Jupiter is less than 4% that of the Sun, which happens to be the 
case. 


Ww 
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FIGURE 4.10. Determination of the collinear solutions. 


(4.4.8) Periodic Orbits 


At this point it is of interest to ask whether there are other periodic solutions in 
addition to these five. In the special case u = 0 we already know that a great 
many trajectories are periodic—in the rotating system these are the Kepler orbits 
of a single force-center and a mass m with a rational frequency. According to the 
following argument, which goes back to Poincaré, under the right circumstances, 
for small enough u, there exist periodic orbits with the same frequencies. Let 
u(t, uo; 4), where u stands for x, y, px, or py, be the solution of the equation of 
motion with initial condition (0, uo; 4) = uo, and suppose an orbital period t is 
specified. We ask for what initial values uo the orbit has the period r. For these 
values the equation 


(4.4.9) u(t, uo, 4) = uo 


should hold, and we can regard it as the equation for uo(w). From our study of 
the Kepler problem we know that for rational t equation (4.4.9) has a solution 
for u = 0. From the theory of differential equations [1, 10.7], we learn that u is 
differentiable in u and uo, in particular on regions in which the trajectories do not 
encounter the centers of force. If u(t, uo; 0) satisfies 


(4.4.10) det (E £0, 


Quo 


then this determinant remains different from zero in a neighborhood of u = 0. This 
being so, (2.1.10; 3) guarantees the existence of a five-dimensional submanifold 
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of (u, uo, u) which satisfies (4.4.9) and corresponds to a solution of (4.4.9) in 


a neighborhood of u = 0. Therefore, at each rational frequency there exists a 
periodic orbit for sufficiently small p. 


(4.4.11) Remarks 


— 


. This is not a trivial statement, because periodicity can be destroyed by arbitrarily 
small perturbations, and yet here, in the neighborhood of the center, for every 
positive u the force is changed by an arbitrarily large amount. (See Problem 1.) 

. We do not discover how large the neighborhood of u = 0 that allows periodic 
orbits is. 

. Whenever there exists a constant of the motion K, as is always the case for 
Hamiltonian systems, condition (4.4.10) is violated: 


N 


Ww 


ee uo) _ 9K (uo) 


K(u(t, uo)) = K (uo) Vu => m qur, ug))— —— — UAE 
uo 
This means that the vector 


8K(uog — dK (u(t, uo)) 
ug — Qu 


is an eigenvector of the transposed matrix 0(u(T, uo) — uo)/8uo with the eigen- 
value 0, and so the determinant of the matrix vanishes. The problem can be 
surmounted, however, because if there exists a constant of the motion, then any 
one of the equations (4.4.9) automatically holds when the other three do. 


(4.4.12) Example 


We investigate the orbits of the unperturbed problem, u = 0, and m = 1. In plane 
polar coordinates, 


and the equations of motion become 
1 
(r, $9. p, Py) = (5o . 


The solution 
u :— (r, P, Pr, Po) = ((@ + 1) ?^, wt, 0, (w + 1) 1) 


is a circular orbit. The matrix of derivatives ðu /ðuo for any solution is determined 
by the differential equation that follows from the equations of motion. Defining 
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y = (w + 1)!? and t = 27 /%w, we calculate (Problem 2) that 
du 


uo |, c us (y-2,0.0.y 1) 


cos ty? z sin ty? zu — cos ty?) 


0 
—2y?sinry? 1 -iü — costy?) —3y*r + 4y sin ty? 
—y)sinty? 0 costy? 2y? sin ty? 
0 0 0 1 
According to (4.4.11; 3) the matrix (0u/8ug) — 1 has determinant 0, because 
1 2 
-(5- o 5-1) - nnno, 


ps 2 2 
io r r r 


0H 
ðu 


where (r, 9, Pr, Py) = uo = Cae 0, 0, y~!), and (0, 0, 0, 1) is an eigenvector of 
(du/duo) with eigenvalue 1. Let us look only at the r, o, and p, components of u 
and consider 


u,(t37,0, Pr, po; n) — r = 0, 
(4.4.13) ug(1;r, 0, Pr, Po; H) — 27 = 0, 


up, (vir, O, Pr, poi H) — Pr — 0, 


as equations for the initial values (r, p,, py). The Jacobian in this case can be 
calculated as js 
24n ea. sin? (=) 
w w 
(Problem 3), which is nonzero for 1/w ¢ Z. It was assumed above that w was 
rational, w = p/q, with p,q € Z, and the condition on 1/w is satisfied unless 
p = 1. It is then easy to verify (Problem 4) that the three equations (4.4.13) suffice 
to prove that up,(T) returns to its initial value even if u # 0. Thus, unless o is 
in resonance with the rotating force-centers, i.e., for 1/« ¢ Z, there are periodic 
orbits with frequency w for nonzero p. 


(4.4.14) Remarks 


1. When u = 0, p, is also a constant of the motion. The vector dp,/du = 
(0, 0, 0, 1), which has the same direction as 9H /du [; . There is no other eigen- 
vector of (ðu /Juo) with eigenvalue 1, and thus (0u/8ug) — 1 has a submatrix 
of rank 3. 

2. The mass ratios in the Solar System are so extreme that it is not sheer madness 
to believe in the relevance of this result for astronomy without knowing exactly 
how large yz is allowed to be. 


(4.4.15) Stability of the Periodic Orbits 


The equilibrium configurations are fixed points of the canonical flow ®,, and in $3.4 
it was explained precisely what stability means in this context. Periodic orbits are 
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invariant under some ®,, and so (3.4.21) defines stability. Then Theorem (3.4.24) 
gives a necessary criterion for the stability of the orbits: A must be diagonable and 
have purely imaginary eigenvalues. In this case, the variable z is (x, y, Px, Py), 
and the matrix is 


0 1 1 0 
—1 0 0 ! 
(4.4.16) "m rey wel ded 
=V y =V yy -1 0 


rata NE 
T 2 H, (e 2 , 
we see that 
3/3 
Vxx => V xy = ul = 2u), V yy = -5, 
and the eigenvalues A of A satisfy the equation 
(4.4.17) ià2-izri/i-2z-) 


(Problem 5). If u(1 — u) < i i.e., u/m < 0.040, then all the eigenvalues are 
imaginary and nondegenerate, and the orbits are possibly stable. Otherwise, they 


are certainly not stable. 


(4.4.18) Remarks 


1. A similar calculation for the collinear solutions reveals that the eigenvalues of A 
always have nonzero real parts. Thus those orbits fail to be stable for any value 
of u/m. 

2. The necessary stability condition of (3.4.24) is too strong for our purposes, since 
we only need real, and not complex, stability. To decide whether periodic orbits 
are stable, one can apply the K-A-M Theorem (3.6.19) (u is the perturbation 
parameter, as the system is integrable for u = 0), which gives invariant two- 
dimensional tori for the perturbed system. On the three-dimensional surface H 
= const., the orbits that are within the tori can never lead outside them, and so 
stability can be proved as soon as some frequency condition is fulfilled [6, §34]. 

. A beautiful realization of the restricted three-body problem occurs in the aster- 
oids between Mars and Jupiter. Here the Sun and Jupiter are the two heavy bod- 
ies. According to the K-A—M theorem the orbits which are disturbed the most are 
the ones whose frequencies w are rationally related to Jupiter's, w/@yjup = p/q, 
with p, q € Z. For small p and q the resonance effect should be most noticeable 
and those asteroids knocked out of orbit. Actually, there are significant gaps in 


the distribution of asteroids at w/@jup = 2, Z, 3, and 3. (See Figure 4.11.) 


U 


Number of 


asteroids 
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FIGURE 4.11. The distribution of asteroids. 
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(4.4.19) Unbound Trajectories 


In the foregoing examples, particles with large energies escape to infinity, and 
intuitively the same thing can be expected to happen in this case, since the poten- 
tial approaches 1/r at large distances. This feeling is supported if we write the 
Hamiltonian of the rotating system in the form 


H = Y(p. y? + (py — x) - Q, 
END U E 2 m _ H 
Sr SOM [(x + u)? +y? [(x-mp-4yq]7 


(4.4.21) Remarks 


1. The motion is not the same as if there were a potential Q, although if H = E it 
is restricted to the region in phase space where Q < E. 

2. AQ = —2 on R*\({m, 0} U {—u, 0)). Consequently, the critical points of Q 
are all either maxima or saddle points, which lie at the five equilibrium points 
(4.4.6). 


For sufficiently negative E, the region where Q < E consists of three discon- 
nected components, a neighborhood of each force-center and a neighborhood of 
infinity (Figure 4.12). A particle that starts off sufficiently far away will certainly 
not approach the centers, and ought to run off to infinity. Recall that: (H in the ro- 
tating system) = (H in the fixed system) — (angular momentum). Thus E could be 
very negative either because the particle is near a force-center, or because it has a 
large angular momentum. It is the latter possibility that produces the neighborhood 
of infinity, where the unbound trajectories are to be found. 


We need some estimates to demonstrate by calculation that particles belonging 
to large portions of phase space escape: 


(a) Bounding the external region (say, for r > 2). 


r m ]-m 


= 2 r+l-m r-m 
r? = (14 m(1 — m) 


HELENA CT) for m» pL. 


2. r 
If r > 2, then m(1 — m)/(r —m)(r +1 — m) < ; Ym such that £ «mtl, 
so Q(x, Vr? — x?) > —r?/2 — 9/8r. The curve r? — 2|E|r + 3 = 0 has 
its minimum at r = /2|E|/3. The minimum is negative if KENE > 2. 


Since, however, E — Q may not become negative, r cannot be reduced to 
the minimum and is restricted to the region 


Therefore, if E < 6, then r remains > 2 for all t € R. 
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Q 


FIGURE 4.12. A cross-section of parts of the surface Q(x, y) (somewhat like a volcano 
with two craters). 


(b) Bounding the angular momentum. Since the angular momentum L is con- 
served for the 1/r potential, it ought not to vary much in this case for trajec- 
tories at large distances. It follows from the equations of motion (Problem 6) 
that if r(t^) > 2 Vt' such that 0 < t’ < t, and L :— xp, — ypx, then 

t , r2 
|L(t) — L(0)|. Í AI where I= 1 

(c) Convexity of the moment of inertia. For free particles, I(t) is a quadratic 
function, and in certain other situations it is possible to show that it is at 
least convex. It is easy to discover (Problem 7) that 

d 1 1 


iozmeno-[ a In Ip 
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This information can be used to specify in which regions of phase space lim,.., +00 
I(t) = oo. If I(t) > 2B? > 0 Vt € R, then we could argue as follows: Since I(t) 
is a strictly convex function, it has a minimum at some fp € IR, and 


I(t) > B'(t — to) + Imin forall «ot ER, 


and by (a), Jmin must be greater than | E|/3. It then follows that 


1 [ dt " | 14/3 

— —— x xz s 
4 J. oo I(t) | AB Igin 4B A |E| 
and (c) implies 


z43 J/3 
ABA/E| 4|E| 


We now have to see which initial conditions guarantee that / > 2B?. If B? := 
(E + L(0) — (3/4 E])/6 > 22/9313 | E|-1/32-8/3, we get 


3 
> 6p? 7¥3_ 3 oR? forall reR 
4B JE 


I(t)> E + L(0) — forall teR. 


because 2B? + a/B < 6B? YB? > (a/4)??. Thus, choosing 


3 712/334/3 
> See, i 
LO) > IE ae + assem 
bounds /(t) from below by x2/23!/2 |E|-1/52-5/5. and our estimates hold. As t > 
oo, I (t) grows without bound, which leads to a 


(4.4.22) Criterion for Escaping to Infinity 


If for some trajectory 


E « -6 SS ee 
TY, L 2 TATE. ASA rL1A 


then lim,_,+.. r(t) = oo. 


(4.4.23) Remarks 


1. The strong focus on the assumption that Ï > 2B? might leave the impression of 
a circular argument. However, we can see that if the escape criterion is satisfied, 
then Ï must indeed remain greater than 2B? on any finite interval: The closed set 
{t > 0: I> 2B?) cannot be of the form [0, c] with c < oo, since the possibility 
that /(c) = 2B? has been excluded. This justifies our reasoning a posteriori. 

2. As with the problem with two fixed centers of force, the Møller transformation 
using the flow generated by a 1/r potential as ©° exists. There are three constants 
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of the motion (five in the three-dimensional case) in this part of phase space, 
and the trajectories are homotopic to Kepler hyperbolas. 

3. Trajectories that get near the force-centers can become quite complicated. For 
instance, the following rather surprising statement can be made about trajectories 
perpendicular to the plane of motion of the heavy particles, if they travel in 
ellipses (14, IIL5]: 3m > 0 such that for every sequence s, > m, there exists 
a trajectory for which the time between the kth and (k + 1)th intersection with 
the plane of the ellipse is exactly sx. 

4. In the situation depicted in Figure 4.10, any trajectory once in the vicinity of 
one of the force-centers always remains nearby. One might be tempted to apply 
the Recurrence Theorem (2.6.11) in this case, but it does not work, because 
collisions cannot be avoided, and no time-invariant region in phase space that is 
compact in the momentum coordinates as well as the spatial ones can be found. 


The flow 4, of the restricted three-body problem is, as we see, not known 
in full detail, and our analysis only gives us the impression that trajectories at 
a respectable distance from the force-centers evolve smoothly. But if a particle 
happens to approach too near, it can dance around in a completely crazy way. 


(4.4.24) Problems 

1. With the two-dimensional harmonic oscillator, it is easy to see that even for arbitrarily 
small u + 0, the orbits of 

H(u) = (i + py tx? +y’ + ue? - y) 

that are periodic when yz = 0 can be destroyed, so that no periodic orbits at all remain. 
Why doesn’t Poincaré’s argument work in this case? 

2. Calculate du/duo from (4.4.12). 

3. Same problem for (4.4.13). What is the determinant of this matrix? 

4. Prove that u,, (1) is in fact equal to py in (4.4.12). 


5. Calculate the eigenvalues of A from (4.4.16) for the equilateral equilibrium configura- 
tions. 


6. Let p := xp, — yp, and I :— r?/2. Use (4.4.5) to show the following bound for the 
angular momentum in terms of the moment of inertia: 
t dt! 
in - pO) s [. ar. 
Po Po ò 4l (t) 
when Z(t) > 2 Vt’ such that O < t’ « t. 
7. Use Problem 6 to show that 
1 


` b xoc 
I(t) > H+LO- f ar ae) - alo 


if I (t^) > 2 Vt’ such that 0 < t! <t. 
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(4.4.25) Solutions 


1. In polar coordinates, 
1 B , 
HO =- |p +Z +r]. 
2 r 


Letting u :— (r, 9, P-, py) and the solution uo := u(t; r, 0, 0, r?) = (r, 1,0, r?), we 
calculate from the equation for H (0) that 


Then A - (a, b, c, d) = (c, —2a/r + d/r?, —4a + 2d/r, 0), and thus rank(A) = dim(A - 
Rt) = 2. Consequently, rank(e'^ — 1) = Y ,(tA)"/n! is also equal to 2, and there 
is no nonsingular (3 x 3)-submatrix of d(u — uo)/ðuo. The system of equations has no 
solution. 


2. Because u(t, ug) = Xy(u(t, uo)), the matrix of derivatives satisfies the homogeneous 
differential equation 
d ðu OXy ðu 


dt ðu du duo’ 


in which 0X y /du depends on the solution u(t, uo), which is assumed known. For circular 
orbits this matrix is independent of t, and since u(0, uo) = uo implies the initial condition 
9u/8uoy-o = 1, the solution of the differential equation is simply 


ðu é t ax H 

I— = eX — JJ. 

Quo P du 
Hence we have to calculate the matrix 


OX u(u(t, uo))/du =: A 


(u being given by the circular orbit), and then exponentiate it. From (4.4.12) it follows 


that à 
Po Po 
xs - (p. -1-5 ph 
and 
0 01 0 
XQ, | = 00 4 
ðu |3- 0 0 UJ 
0 00 0 
and, in particular, for the circular orbit 
0 01 0 
em -2 0 0 y^ 
T| -y$ 0 0 2y5 
0 00 0 


In order to calculate exp(r A), we put A into Jordan normal form with a nonsingular 
matrix C (which is not necessarily unitary, since A is not Hermitian): 


A=CNC", 
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where N is a matrix the diagonal elements of which are the eigenvalues of A, and which 
may have nonvanishing elements immediately above the diagonal, but all other elements 
are zero. Such a matrix can be easily exponentiated, and exp(t A) = C exp(tN)C~'. The 
eigenvalues of A can be calculated from det |A — A| = A? (à? + y?) = 0 to be A = 0, 0, 
and +i(w + 1). Explicit calculations of the various matrices are: 


01 23 0 
03 1 1 e 
1 0 2iy? —iy? 4 00 0 2 
C= jy? 3 | Coe Lap 
0 0 iy —iy i 0 4 od 
ož 0 0 jon cub da 
3 20 oF y 
0 -yf 0 0 1 -y 0 0 
| |0.0 0 0 cs a ^ 0 0 
N=lo o p o P gy o ues o 
0 0 0 -iy? 0 0 0 eir 


Multiplication of the matrices yields the result given in (4.4.12). 


3. We need to calculate the determinant of 


un, — 1 Ur p, Hy p, 
Ugr Ug, p, Hop, |: 


Upor Upp — dl Up, py 


If u = 0, and 
S:=sinty? | and  C:=costy’, 
then this matrix equals 
C-1 3 ža =C) 
-s = 1-C) -3y*r + zl F 
-y?S C-1 2y?S 


Writing t = 27:/c and y? = w + 1 and taking the determinant yields 


24x 


+1) 
pd NE sin? z/o. 
w 


4. We know that H (r, 27, p,, up, (1)) = H(r,0, p,, py), and that if u = 0, 


Hence in some neighborhood of u = 0, 3H/ðp, has a definite sign between p, and 
u p(T); but then u,, (T) must equal p, for the first equality to hold. 


[e 4] 


b 
i = det jad — bc|. 


5. For a block matrix 


if db = bd, then 
det 
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Therefore 
det |A - A| 2 A* +X? + Z(1 - (1 - 24), 


and the eigenvalues of A are 
Aig = —4 £41 -27u(1 - p). 


6. The amount of nonconservation of the angular momentum (|L|? = L? = Lis 


L,= —xVy+yVx = muyl[(x + uy + y!1?? - (x mf 9 y?) = 
my 


L| < <=> 
ILI s (r—-my ~ 2r? 


1 
Vr > L.|| < —, if] >2. 
r>2 > ILS 41 ifl 


» d 
l= sup pi +p, -xV —yVy 


x+y x-m 


=H+L+HpP +p CETE E 
titate) tmi ep! Gonery 


As in Problem 6, 


and  L(0»L(0)— [3n pet p= 0. 


410) (t)’ 


45 The N-Body Problem 


Although the system of equations appears hopelessly complicated, it is 
possible not only to find exact solutions, but even to make some general 
propositions. 


Since time immemorial many of the top minds have applied their mathematical 
skills to equations (1.1.1) and (1.1.2) with n > 3, but without great success. We 
will pick up some of the more amusing pieces from their efforts, and by doing 
so we hope to illustrate how one typically approaches the problem. We restrict 
ourselves to the case of pure gravitation; the inclusion of a Coulomb force requires 
only trivial changes and brings hardly any new insight. As usual we begin with the 


(4.5.1) Constants of Motion 


As in the two-body problem, the flow factorizes into the motion of the center of 
mass and relative coordinates. The center-of-mass part has the maximal number 
of constants, because of the Galilean invariance, while the relative part has only 
the conserved angular momentum, from invariance under rotations. 


(4.5.2) The Case N = 3 


The overall phase space is 18-dimensional, while the phase space of the relative 
motion is only 12-dimensional. In the latter there are only four constants, the 
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angular momentum and the energy, which are not enough for the equations to be 
integrable. 


(4.5.3) Remarks 


. Whereas it can be proved in the restricted three-body problem [14, VI.8] that 
there are no additional constants of motion other than Jacobi's constant, in this 
case a classic theorem of Bruns implies that there are no other integrals that are 
algebraic functions of the Cartesian coordinates x and p. But since we attribute 
no special status to any coordinate system, it is not clear that this statement is 
of much value. 

2. The known integrals do not separate off any compact part of phase space on 
which the recurrence theorem might be applied. It is even possible that collision 
trajectories are dense in regions of positive measure. 

3. Additional constants certainly exist in the parts of phase space where scattering 
theory operates [19]. 

4. Computer studies of the restricted three-body problem have found parts of phase 

space where the trajectories—even trajectories that remain finite—form mani- 

folds of a lower dimension, as if there existed more constants of the motion [16]. 

This phenomenon could also show up in the n-body problem. 


— 


(4.5.4) Exact Solutions 


If all N particles move in a plane, it can easily happen that gravity and the cen- 
trifugal force balance each other. Let us consider the Cartesian coordinates in the 
plane as complex numbers, and set 


xj(t) + iyj(t) = z(t)zj, 

z(t): R > C and z; €C. 
This assumption means that the configuration of the particles in the plane has the 
same shape at all times. Letting « = 1, the equations of motion, 
(zj zm; z 


(4.5.5) zzi = 2t 
|lz; z^ ize 


j*i 


can be decomposed into the Kepler problem in the plane, 


(4.5.6) acit. 
zi? 
and the algebraic equation, 
4.5.7 — oz = UC j. 
à ) 2; Iz; —z ? 


j#i 
Hence, each particle moves in a Kepler trajectory about the collective center of 
mass (since (4.5.7) = ^; zim; = 0). 
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(4.5.8) Remarks 


1. Since we know that there are solutions to (4.5.6) for all w € R, only (4.5.7) 
needs to be discussed. 
2. The total energy of the motion is 


2 m mim 
=j 2 luf 7 


sp 7 lzi - zjl 


i.e., the energy of the Kepler trajectory times the moment of inertia. The particles 
remain in a bounded region iff E < 0. 


(4.5.9) The Specialization to N = 3 
It is necessary to distinguish two cases: 


(a) All |z;—z;| = R, making an equilateral triangle. Adding the three equations 
(4.5.7) gives 


(7a R* +m; +m +m) zi 2 3 um; =0, 
i i 
which is solved by 
wR? = mı + m» + ma. 
But then all three equations are satisfied. 


(b) |zi — z3l Æ |z2 — z3|. If the coordinate system is chosen so that z3 = 0, then 


because of (4.5.7), 
mjz| m» 
Re (—™2t_ zu) zd 
(z =z lz3 — z2} 


But since also Re(mızı + m2z2) = —Re m3z3 = 0, it must be true that 
Re zı = Re z2 = 0, and all three particles are in a line. These are the same 
as the equilibrium configurations of the special case treated in $4.4. 


It is now pertinent to ask whether particles invariably run off to infinity when 
E > 0 and the center of mass is fixed. This is in fact so, according to the virial 
theorem mentioned above, which we now state: 
(4.5.10) The Virial Theorem 
Let I := Ymjlxj, T := Y^, pj|?/2m, and V := —k Dis; mm;/Ix; — xjl. 
Then I = 2(E + T). 


Proof: See Problem 1. o 
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(4.5.11)  Corollaries 


1. Since T > 0, I(t) > 1(0) 4- t1(0) - t2 E. Thus if E > 0, then lim% I(t) = 
oo, unless the system collapses first. Hence at least one particle travels 
arbitrarily far away. 


2. If I(t) approaches zero, meaning that the system collapses, it must reach 
zero in a finite time, and cannot do it asymptotically. This is because I > 0 
only if V — -—oo (Problem 2), and if lim,.,4, V = —oo, then, because 
I = 4E — 2V, there exists a time tọ such that Ï > 1 Vt > to. But then 
lim,_,99 I(t) cannot be zero. 


3. If the motion is almost periodic, then for any € > O there exists a sequence 
t; — oo with |1(0) — I(v;)| < e Vi. Then 
be 21. : 
lim — dt(2T + V) = lim —(I(rj) — 1(0)) = 0. 
i00 Tj 0 100 Ti 
According to this, the average of the potential energy is twice the total energy, 
which is obviously only possible if E « 0. 


If N > 3, itis energetically possible that one of the particles gets catapulted off 
to infinity. The requisite energy can always be produced if the other particles come 
close enough together. It might be supposed that whenever the kinetic energy of a 
particle exceeds its potential energy, the particle flies off, never to be seen again. 
However, the energy of an individual particle is not conserved, and a closer analysis 
is needed to see if this is really true. 


(4.5.12) A Lower Bound for the Kinetic Energy 


For simplicity we look at the situation where N = 3, «x = m, = m, = ms = 1. 
Let E « 0, and 


(4.5.13) Tm := min |x; — Xj]. 
"Ej 
Then, because |V| > |E|, we have the bound 


3 
4.5.14 E r* im, 
( ) Ffm Sr IE| 


To separate off the center-of-mass motion, we introduce the coordinates 


1 
S = ——(X + X2 + x3), 
Wri 2 + X3) 


1 
(4.5.15) u- v =x), 


1 
x= ym +X — 2x3) 


Z 
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1 Jiu 2 
FIGURE 4.13. Center-of-mass and relative coordinates for three bodies. 


(see Figure 4.13). Since this transformation is orthogonal on R?, the kinetic energy 
is simply 


(4.5.16) T = $(\8| + lal? + Ikl), 
and the potential energy is 


1 x. AJ2 
4.5.17 ICE E N fo Rune M e RN 
( ) J2|lu| |J3x-u| |J3x — ul 


The total angular momentum is the sum of [s x s], the angular momentum of the 
center of mass, and [u x ù] + [x x x], the internal angular momentum. Both are 
separately conserved. If particle #3 escapes, then the interesting coordinate is x, 
the motion of which is governed by 


" 2[ xc u/J3 x — u/V3 
4.5.18 a+? —— + —— l. 
ms BENE (Ss n cum) 


Of course, u depends on the time in some unknown way, but because of (4.5.14), 
if |u| is initially < r*/./2, then 


(4.5.19) fr — = >r* & r> "S 


where r = |x|, implies that |X;.? — x3| > r*. Given this, |u| must always be less 
than r*/4/2. Therefore, 7 is bounded below as 


rity? _ FO)? *( 1 1 ) 
4.5.20) i SEN, E RM 
p; ae 3 \r(0) o r*/4/6 * 0) —r7J6 
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2 1 1 
E B(x 4 r*/A/6 T r(t) — x) 


(see Problem 3). 
This produces a crude 


(4.5.21) Criterion for Escaping to Infinity 
If at any time |u| « r* [A2 and 


har -— Po fe i std ) 
r>,xr*, r0, = = | ———~ + ——_= ], 
2 2 3\rtrt/V6 r—rt/V6 


then r is greater than some positive number at all later times, and particle #3 cannot 
be prevented from escaping. 


(4.5.22) Remarks 


1. It is possible to relax the conditions so that r is not necessarily greater than 
0; even an initially incoming particle escapes if its energy and momentum are 
great enough (Problem 4). The other particles stay in Kepler trajectories, so no 
collisions take place. This shows that there are open regions in phase space, 
of infinite measure, in which particles do not collide, and Xy is complete. 
In regions for which one particle escapes, the number of constants of motion 
that exist is even maximal. For instance, if particle #3 breaks loose, then the 
Meller transformation relative to a Hamiltonian in which the potential has been 
replaced by 


| mmo m3(m, + m2) 
Ix; —X2] [xs — (mıxı + maxo)/(m; + m2)|’ 


exists. The reason is that the difference between this potential and — » ", . jmimj 
Ix; — xj|^! goes as |x3|~> for large x3; this produces a factor |t|~> in the time- 
derivative of ®_, o 49, which guarantees convergence as t > too. 

2. To get a feeling for the numbers that come up in (4.5.21), let us rewrite the last 


condition with p = /& r = the distance from particle #3 to the center of mass 


of #1 and #2: 

2p 1 1 

-— > —— + —. 

3 2 ~ p+r*/2 p-r*/2 
Thus the condition means that the potential energy of particle #3 is less than its 
kinetic energy with a reduced mass 2. The reduced mass 


ma(m, + m2) 
m, +m + m3` 


in this case of particle #3 and the pair (1, 2), is already familiar from (4.2.3; 4). 
With this correction, our initial supposition about the energetics is correct. 
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3. When N - 4, there are unbound trajectories for which particles can reach 
infinity in a finite time [15]. These involve a linear configuration of the particles 
#1, 2, 3, and 4 (in that order), in which #3 and #4 draw steadily nearer together. 
The energy thereby released is transmitted to 42, which runs faster and faster 
between particle #1 and the pair (3, 4), forcing them apart. (The orbit of particle 
#2 through two reversals is regarded as the limit of a Kepler ellipse with infinite 
eccentricity. The particles are reflected by the 1/r potential, and do not pass 
through each other.) 

4. Computer studies of the three-body problem indicate that sooner or later some 
particle gains enough energy that (4.5.21) holds, and the system breaks up. 
This instability, known in atomic physics as the Auger effect, may well be 
characteristic for all systems with 1/r potentials. It is even suspected that, in 
the equal-mass case, the trajectories for which the system breaks apart may be 
dense in large parts of phase space. Of course, the physically relevant question 
is how large the probability of a break-up in a realistic time is. Unfortunately, 
present analytic methods fail to give an answer, and we must have recourse to 
the calculating machines, according to which there is a large probability that the 
system breaks up within 100 natural periods, t ~ R??2./x M [8]. 


The meagerness of these results makes it clear that the system of equations, 
(1.1.1) and (1.1.2) for large N, is too difficult for present-day mathematics to 
handle effectively. Though it is considered the correct expression of the laws of 
nature, its useful content is slight, because only a very few relevant propositions 
can be derived from it. Later, in the context of quantum mechanics, we shall return 
to the same equations and get useful information from them from another point 
of view. It will not be possible—or even desirable—to calculate the details of all 
the trajectories; yet one can predict quite a bit about the statistical behavior of the 
system. 


(4.5.23) Problems 
1. Derive (4.5.10). 


2. Show that ] > 0 > V > —oo. 


3. Prove (4.5.21). Hint: Use 
3 oe B 2 : . 2 . .. 
x-X  |x| _«& x) se x 


k= + 
r r r? r 


4. Use (4.5.18) to estimate how L := [x x x] varies in time and, with Problem 3, to show 
that particles with sufficiently large ro := r(0), Lo := L(0), and |ro| escape even if 
r 0< 0. 


(4.5.24) Solutions 


1.1 22y; j(%) : Dj) is twice the generator of a dilatation, and is known as the virial. We 
know that (/, T} = 4T and {/, V} = 2V, from which (4.5.10) follows. 
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2. Since the function 1/x is convex for x > 0, Jensen's inequality implies that 


(Gem) SES (Cam) 


izj izj izj 
-1 
K 
> 2 Yo mim |X - xjl Y mim;. 
izj ifj 


Then with the triangle and Cauchy-Schwarz inequalities we get 


X mim |x; —x;| < Y > mim (|x| + Ix;l) 


izj izj 
12 1/2 
< 2M Y milx| < 2M (x m) (x mist) 


where M = Y, m;i. So finally, 


2 -1/2 
—K 
V an (mm) (Emr) . 
izj i 


3. The inequality of the hint implies that 
Y X "B x+ u/ v3 x— u/ v3 
PI — sp —-,/- | ————— + ——_ 
wer V3| x +u/V3P 0 Ix -u/ 3p 


2 1 1 
É EXHI i i 
ie WE vB a :( CENE. ) 
r 4 r*/A/6 r — r*/A/6 i 


erue (rore arV3 
because (a-b) > —|a| |b|, and it is clear that the greatest forces occur when some particle 
approaches as near as possible to particle #3. Multiplication by r and integration produce 
(4.5.21). 


4. Let L,, € Rt be such that |L(t)| > Lm for all t. From (4.5.18), 


IV 


"ESO um E l yin 2y 
r p^ V3- r ðr nl), 


T E REA 
mo 3r-r]1 6 2p 


Choose the initial values ro and 7 so that if v and r,, are defined by 


where 


io = in + Vin(To) = Vin(Tm)s 
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then the larger of the two solutions for rm is greater than 2r*/ /6. Then (because the 
force from V,, is dinh less than the actual force) r > r,, Vt; and we can calculate that 
V, (r) < v?r2/2r^; that || > v/1 — r2/r?; and so, finally, that 


(f S) T (f Slee a 
vt < 
Jv? - 2V,(r) Vv? = vir? [p 
= [re —r2 + |r? =r} «ror. 


We still need to show that Lo can be chosen consistently with these calculations, in which 
case we conclude that r gets arbitrarily large. Since (4.5.18) tells us that 


rr* 


: 2 
Li = X EN DLP TR 
ILI OSs esee 


the inequality 
‘ co drrr* 2 [9  J6drr^r,[v 
L >L- ————— E S E e 
m P(r — r*/ v6} 34, (F Fm/2PVr? — r? 


C 
= Lo- —, where C := 
v 


Ju dx4/6 x? 
34 (x — i» xi- i 


holds. Using La < Lo — C/v and observing that |L| < |rr|, we reduce the problem to 


satisfying the condition 


2 4n Cio I cy 
dece E g (le J le SJ. 


Since r* depends on the total energy, and can be chosen independently of ro, 7o, and Lo, 
we discover that there are open regions of phase space, with v? € 73 >> 1/ro « l/r*, 
where this condition is satisfied. 
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Relativistic Motion 


5.1 The Hamiltonian Formulation of the 
Electrodynamic Equations of Motion 


The theory of special relativity replaces the Galilean group with the 
Poincaré group. This makes the equations of motion of a particle in an 
external field only slightly more complicated. However, physics at high 
velocities looks quite different from its nonrelativistic limit. 


Newton's equations, as we know, are only an approximation, and have to be gen- 
eralized to (1.1.4) or (1.1.6) when the speed of a particle approaches the speed of 
light. In order to solve these equations in some physically interesting cases, we 
first put (1.1.4) into Hamiltonian form. This means that the motion takes place in 
extended configuration space, which is a particular subset of R^. We shall just con- 
cern ourselves with one-body problems, since even when there are only two bodies 
only special solutions are known if the interaction is relativistic—and therefore 
not instantaneous (cf. [12]). 


(5.1.1) Relativistic Notation 


(a) Let x? :— t and x :— (x!, x?, x°), choosing the units of time so that c = 1. 
The x^, a = 0, 1, 2, 3, are Cartesian coordinates on extended configuration 
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space M, and we define a pseudo-Riemannian tensor field (see (2.4.9), 


0 123 
-1 
(5.1.2) N= Nag dx" dxf, — nap = 1 


on this chart. This corresponds to a scalar product on T(M,), 


a 


(Jal8p) = Nap, Da = n 


and hence to a bijection T(M,) — T*(M_). The inverse mapping is given by 
the contravariant tensor field 7°°0,.0g, where nagn?” = ô% . Since nagngy = 
day, the matrix n°? is numerically the same as Nop in (5.1.2). 


(b) The motion of a particle is described by writing its coordinates x^ as func- 
tions x^ (s) of a parameter s, the proper time. We shall denote differentiation 
by s with a dot: x^ :— dx“ /ds, and normalize s so that x? x? nop = —1; if 
IX| « 1, then x? ~ 1, and s becomes equal to t (cf. Problem 2). 


(5.1.3) The Equations of Motion 
By (1.1.4), the equations 


0 Ej; E); Es 
ES 0 -B k 
=E; By -0 =B 
-E, -B B 0 


MX" nag = ex" Fag, F:= 


hold for the motion of a particle in an electric field E and a magnetic field B. 


(5.1.4) Remarks 
1. Since Fug = — Fea, 


"n Id. 
x x nap = 2 j Ps = 0. 


The normalization of (b) of (5.1.1) is consistent with (5.1.3). 
2. If y = dt/ds, then the three spatial coordinates of (5.1.3) can be written as 


d dx dx 


In other words, the rate of change of the momentum, using the relativistic mass 
my, equals the Lorentz force, which, as well as causing an acceleration in the 
direction of eE, causes a positive (i.e., counterclockwise) torque, looking in 
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trajectory 


Lorentz force 


X ~ [X x [j x x]] 


current 


FIGURE 5.1. The direction of the Lorentz force. 


the direction of eB. Since a stationary electric current j at the origin induces a 
magnetic field 
[j x x] 


r? 


B 


at the point x, this means that parallel currents attract (see Figure 5.1). 
3. The time component of (5.1.3) expresses conservation of energy: 


4. The nonrelativistic limit, y — 1 and B — 0, reproduces the earlier equations 
(1.1.1). 


(5.1.5) The Lagrangian and Hamiltonian 


The electromagnetic field is a 2-form on M,, though not an arbitrary one, as it 
satisfies the homogeneous form of Maxwell's equations, 


(5.1.6) dF =0. 
We shall concern ourselves only with manifolds on which 
(5.1.7) F=dA, A € E\(M.), 


follows from (5.1.6) (cf. (2.5.6; 3)). This makes equations (5.1.3) the Euler- 
Lagrange equations of the Lagrangian 


(5.1.8) L(x(s), X(s)) = Siti nap — ex" A, (x) 
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(cf. (2.3.18)). The canonically conjugate momenta py = 8L/8x* and the Hamil- 
tonian are found with (2.3.22) to be 


Pa = mx? nap — eAg(x), 
(5.1.9) i 
H = zz (Pa + eAsQOXg + eAg(x))n' P. 


(5.1.10) Remarks 


1. With Cartesian coordinates, equation (5.1.7) reads more explicitly 
A=Agdx",  F=4Fygdx*Adx®, Fag = Aga — Ao, 
or, Separating the space and time coordinates, 
Ag =(V,-A):B=VxA, E=-A-VV. 


2. The canonical form w on T*(M,) is 
w= y dx* ^ dpa 
a 


or, written differently, 
(x^, pp} = 53. 

Equation (5.1.7) determines A only up to a gauge transformation A — A+dA, 
where A € C™(M,), which leaves the equations of motion, but not H, invariant. 
If the gauge transformation is combined with the canonical transformation x^ > 
X^, pg — pg—eA, p(x) (cf. Problem 4), then H is left unchanged. The canonical 
momenta p have no gauge-invariant meaning (and thus neither does the origin 
of T*(M,)), although x* is gauge-invariant. 

3. Conversely, according to (2.5.6; 3), A's that produce the same F differ on starlike 
regions at most by a gauge transformation. 

4. The Poisson brackets between x^ and x^ are still 


{x", f} = ii 
m ; 
although 
; 3 —e 
(8%, a^) = ann Fy s(x) 


is now not zero, but depends only on the gauge-invariant quantity F. 
5. Since H does not depend explicitly on s, it is a constant of the motion. Expressed 
in terms of x, it is 
mx? x? 


H = — z ep, 
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so we shall always work with the submanifold H = —m/2, in accordance with 
the normalization of s in (b) of (5.1.1). 

6. Our canonical formulation of the equations of motion makes use of the vector 
potential A, which not only depends on the gauge, but even fails to exist globally 
on many manifolds. It is possible to get by without A. The diffeomorphism o 
of extended phase space: g(x, p) = (x, p + eA(x)), casts H into the form 
$.(H) = p*p?nag/2m. This diffeomorphism is not canonical, as y,(w) = 
w — eF, and 9,({A, B}) = (q9.(A4), €.(B))5,(*), where { }y,(.) is the Poisson 
bracket calculated with w — eF rather than w. Since 


AORN AOIN 9 (0) ^ AOE INEN EINO 


P(w) is nondegenerate, and provided that dF = 0, y,(w) may be used as a 
symplectic form on T*(M,). This means that the influence of F on the motion 
may be taken into account by changing w rather than H: H remains mx^[2, 
but the Poisson brackets of the velocities do not vanish. Only F appears in this 
formulation; but since A is generally simpler than F, we nevertheless prefer to 
use (5.1.5). 


(5.1.11) Example: Free Particles 


We would like to compare the case e = 0 with the results of $4.1. This time, 


1 1 
= ap = 2» a2 
H= Fy PePe Zm P! Po)- 


And now E = mt is —po, so the additional term E in (3.2.12) is changed by 
the factor — po/2m. Consequently, the largest group of point transformations on 
T*(M,) that leave H invariant is the Poincaré group (= displacements + Lorentz 
transformations): 


x? =e Agx? + A, À € Rê, AnA = UD 


5.1.12 
( ) Pa — Nay Ayn Dg. 


Let £ be the parameter of the one-dimensional subgroup with the infinitesimal 
elements 


(5.1.13) A = ge^, Af = ôg  EL5, (nLY = L’n = ~L; 
then the generator of the subgroup is 
(5.1.14) Pae” + L5 pax? 


(cf. (3.2.6)). This gives us 4 + 6 = 10 constants: the 6 generators of the Lorentz 
transformation corresponding to L7 (cf. Problem 5) can also be written as 


(5.1.15) M“! := p*x? = px’, where p“ := n°? pg, 
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on account of the antisymmetry required in (5.1.13); the 4 generators corresponding 
to the e* unite the energy and the momentum as the energy-momentum, in which 
—po = p? = my is the relativistic energy. The three spatial components of M°? 
are the angular momentum 


(5.1.16) L = [x x pl; 
while the center-of-mass theorem, coming from M°?, B = 1, 2, 3, now reads: 
(5.1.17) K := pt — px iS constant. 


On the seven-dimensional submanifold where —~2mH = pê — |p|? = m?, there 
are three relationships of interdependence, 


(5.1.18) [p x K] = p?L, 


as there must be. Thus, concerning the number of independent constants of the 
motion and the structure of the trajectories the same general facts hold as in the 
nonrelativistic case of §4.1 despite the change of the invariance group. 


(5.1.19) Problems 


1. Calculate the Poisson brackets of the generators of the Poincaré group, and compare with 
those of the Galilean group. 


2. Show that x*x^n,4 = —1 implies |dx/dt| < 1. Thus (5.1.4; 1) shows that electromag- 
netic forces can never cause particles to move faster than light. 


3. Suppose that the Lagrangian for relativistic motion in a scalar field ® € T(M,) is 
L = ii* 3 nap — (x). 
Is it possible for a particle to be accelerated to faster than the speed of light? 


4. Show that (5.1.10; 3) is a canonical transformation. (Check the Poisson brackets.) 


5. Show that condition (5.1.13) defines a six-dimensional submanifold of the (4 x 4)- 
matrices (cf. (2.1.10; 3)). 


(5.1.20) Solutions 
l. 


(Pi, Pj} = (pi; pol = (Li, po] = 0, 
(Li, Lj) = £ijkLk, {pi, Lj) = Eijk Prs (Ki, Lj} = ijn Ky, 
{p°, Kj} = pj, (Ki, Kj} = —EijmLm, (pi, Kj} = pôi. 
This differs from the Galilean group in the last two relationships; the Galilean group 


has m instead of po on the right side (see (4.1.10; 3)). In the nonrelativistic limit, po 
approaches m, and so in this sense the Poincaré group goes over to the Galilean group; 
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but note that although the elements of the Poincaré group are point transformations on 
T*(M,), those of the Galilean group are not. 


dx 


2 2 
ds 

—|-21-[— 1. 
(2) E 


dť — idx? =d? > 
|dx| E di 


3. Yes, X" nag = € 5. If, say, 6 = —|x|?/2, then X? = 0, and one solution is x? = s, and 
x(t) = x(0) cosh t + X(0) sinh t. The velocity x(t) gets arbitrarily large. 


4. The only nontrivial Poisson bracket is 


{Pa +EA a, pg +eA pg} = e(A pa — Aag) = 0. 


5. Let Lag be the components of nL. For the 16 functions Nag :— Log + Lg, equation 
(5.1.13) implies N45 = 0. Because d Nag = d Nga, only six of the differentials d Neg are 
linearly independent. 


5.2 The Constant Field 


This is an integrable system, the relativistic generalization of the elemen- 
tary example of motion in a constant field. It also contains the Larmor 
precession in a constant magnetic field as a special case. 


In this section we discuss the motion in an electromagnetic field the Cartesian 
components of which are constant. That a field F,g has constant strength means 
that the potentials are linear in x: 


(5.2.1) Ag = 5x" Fup. 


Since Ag € C(R^, we may set M, = IR^. The invariance of (5.1.9) under the 
Poincaré group is broken by the addition of A. Specifically, the p, are no longer 
constant, even though the equations of motion (5.1.3) are translation-invariant. 
A displacement x^ — x“ + à” causes Ag — Ag + 3A Fup, which is a gauge 
transformation with A — jA* F,gx? (cf. (5.1.10; 4)). Adding the gauge function 
jFapx? to the generators of the displacements produces (cf. Problem 4). 


(5.2.2) The Constants of the Motion 


d e 
de (pa + Fapa”) = 0. 
In the gauge-invariant formulation (5.1.10; 6) these constants generate the trans- 
lations x > x + A, p > p. 

Although the Lorentz transformations do not even leave the equations of motion 
invariant, they can still be used to put the problem into a convenient form. 
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(5.2.3) The Transformation Relations of the Field Tensor 
Using a Lorentz transformation 
X= Ax, A’nA =n, 
the field strength, being a 2-form, must transform as 
(5.2.4) F = nAnFnA’n. 
The 1-form A transforms as p: 
(5.2.5) A- IxF = IxA'nAnFnA'n = ix Fna‘n = nAnA. 


Under spatial rotations, E and B change as vectors, but the transformation to a 
moving reference frame, generated by the K of (5.1.17), causes them to mix. For 
instance, K; generates the one-parameter group 


1 = 
1-5 rs 0 0 
ET] 

(5.2.6) A-|urme v5 
0 “o 10 
Qr. 0 01 


for v € (—1, 1). Transformation formula (5.2.4), when expressed in terms of E 
and B, reads: 


Ei = E), Bı = B, 

Ē = E», — B3v Bet B; + Esv 
(5.2.7) SEE aan e UD 

E E3 + Bv - B4 — Ev 


(5.2.8) The Normal Form of the Field Tensor 


The first point to recall in the discussion of the possible ways that E and B can be 
changed by A is that there are two invariants 


(5.2.9) *"(FAF)-(E:B) and  '(FA*F)- (BI — |El). 


Hence the statements |B| 2 |E|, |B| = |E|, and E L B are Poincaré-invariant. If 
both of our invariant quantities are zero, then |E| = |B| and E L B. Otherwise, it 
is always possible to make E and B parallel with a Lorentz transformation: First, 
the plane of E and B can be rotated to the (2-3)-plane, and then v can be chosen 
in (5.2.6) so that E2/B; = E3/B3 (Problem 1). 
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Because of this, we shall assume that E; — E4 — B; — B4 — Oin what follows, 
and let E =: E, and B =: B4. The special case that both invariants vanish will be 
treated in $5.4. Now F and A have the components 


0 E 0 0 
6210 F-|y D 5 p^ , A=4}(-Ex, Et, zB, —yB). 
0 0 B 0 


Accordingly, H divides into two parts, one of which depends only on the 0 and 1 
coordinates, and the other only on the 2 and 3 coordinates: 


1 ezB\? eyB\? etE\? 
2.11 =— — —— x + — 
(5.2.11) H xr + =| «(n | + (r+ =) 


E 2 
= (22) ama 


(5.2.12) The Flow of Hg 


Hpg acts on a four-dimensional phase space with coordinates (y, z; py, Pz). Hence 
two additional constants of motion suffice to determine the trajectories completely. 
If B = 0, we simply get the free flow, so we suppose B zz 0. Then the two constants 
of (5.2.2), with œ = 2 and 3, are proportional to 


(5.2.13) yrs > + — and Z:= >- —. 


The two constants of motion determine the fixed centers of the Larmor orbits in 
the (y—z)-plane: 


i E 2m 
(5.2.14) og-»)-G-:- agi 


The trajectories are thus circles of radius /2mH,/eB and centers (y, z). 


(5.2.15) Remarks 


1. If (y, z) z (0, 0), the angular momentum (yz — z y)m is not conserved. However, 
since H is invariant under rotations about the x-axis, the generator of those 
rotations, known as the canonical angular momentum, 


Li := yp; — zpy, 


must be a constant. Yet L is not gauge-invariant, and normally has no physical 
significance. In the gauge we have chosen for A, L; may be expressed in terms 
of the gauge-invariant constants we have already found: 


2eBL, = —2mig + e By? + z. 
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2. 


W 


This is as expected, since there is room for only three independent constants in 
the four-dimensional phase space associated with Hg. 


There has to be a nonvanishing Poisson bracket between two of the three con- 
stants, and, in fact, 
A 1 
z, y} = —. 
z) =- 


Since (y, z} does not depend on the coordinates and has a vanishing Poisson 
bracket with any other observable, nothing prevents the invariance group gen- 
erated by y and z (Problem 5) from being Abelian. Jacobi's identity guarantees 
that for all f € C°(T*(M)), {z, (y, fH = ty. Iz. FY} (cf. (3.2.8; 2)). 


. Since the Poisson brackets of y and z with the individual contributions to Hg 


vanish, 
{y, y} = {y, z} = {z, y} = {z, z} = 0, 
and since from (5.1.10; 4) 
"T eB 
{y, z} =. 72? 
m 


the transformation 


3/2 
. IW om 
(y, £i Dy, p^ (ens epo V” i) 


is canonical. Calling the second pair of these canonical coordinates, 


3/2 
mn gal 
RA , m Z $ 


q and p makes Hg simply the Hamiltonian of a harmonic oscillator with the 
cyclotron frequency w := eB/m: 


Hp = 4(? + °g’). 


This is a degenerate case of the situation described in (3.3.8). One of the two 
frequencies is necessarily zero and the other eB/m. The physical significance 
of this is that the circular orbits have a frequency that depends neither on their 
center nor on their radius. 


4. The formulas for the trajectories in terms of the constants, and explicitly using 


the parameters, are 


y(s)=y+ tilin cos w(s — so), 
eB 
. 2mHsg . 
zs) 2z— sin w(s — so). 


eB 
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(5.2.16) The Flow of Hg 


Up to some differences of signs, for E Æ 0 this is handled in much the same way. 
The remaining two constants from (5.2.2) are proportional to 


- *, Po -od Px 
52.17 =-+— d t=--—; 
RAR Tane S 2 eE 
so the trajectories are the hyperbolas 
8 = oo goma. 4" 
(5.2.18) (x—-xyY-(t—-ty- -pa E 


(5.2.19) Remarks 


. Since E; is unchanged by the Lorentz transformation (5.2.6) (cf. (5.2.7)), the 
generator of the transformation, 


— 


= m eE _ P 
Ky = xpotp. = He + ue =i); 


is a constant of the motion, though it is not independent of the other constants 
already found. 
2. By calculating the Poisson brackets, 


dm = DE: eE 
patei (t 
and 
{x, x} = {x,t} = (65x) = {f, i} — 0, 
we see that 


3/2 
-m'*.. ! 
c ——2X;X, n^i) 
eE 


are canonical coordinates, and that 


Lo lg 242 = : 
He = —3( — v^q^), (CLE 
pmi, gee 

m 


3. With the right changes of signs in the oscillator potential, the coordinates become 
hyperbolic functions of the proper time, 


// 2m |H g| 


x(s) = x + ———— cosh v(s — so), 
eE 


" 2 
t(x) =t+ vemte sinh v(s — so). 
eE 
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4. As regards the total number of constants of the motion, so far we have found 
six independent constants, but they are not independent of H = He + He. 
Therefore there is a constant still to be found. We can find it by noting that 
the inverse function to the sinh, arcsinh, exists globally, and that s — Sọ can be 
expressed in terms of t — t. Thus 


2mHpg | inh eE Ü p] 
— ——— COS | o arcsinh ——— — 
Y- eB Jm 


is an additional independent constant. Consequently, the trajectories are one- 
dimensional submanifolds, which are diffeomorphic to IR, since in extended 
phase space there are no closed trajectories. 


(5.2.20) Motion as Seen from Another Frame of Reference 


If E and B are parallel, we have seen that the motion parallel to the field is hyper- 
bolic, and the motion perpendicular to it is circular. Unless |E[? —|B|? = (E-B) = 0, 
the general case can be obtained from this by making a Lorentz transformation 
perpendicular to the field. For example, E — 0, B — B(1, 0, 0) can be turned into 


Bv B 
E = | 0,0, ——l. B = | -———., 0,0 
( a) ( v1 —v? ) 


by a Lorentz transformation in the 2-direction. The circular orbits around the x-axis 
then move in the 2-direction, perpendicular to E (Figure 5.2). In the new coordinate 
system this is interpreted by saying that there is an electric field present to which 
the particle tries to move parallel. At the same time, B causes the trajectory to 
bend, more strongly at lower speeds, and therefore smaller z, producing a drift 
velocity in the 2-direction, as shown in Figure 5.2. 


(5.2.21) Problems 


1. Find the v in the Lorentz transformation that makes E and B parallel, if it does not happen 
that |E]? — |B|? = (E - B) = 0. 


2. Discuss the equations of motion in a homogeneous magnetic field without using the 
constants of motion. 


3. Express F A F in terms of E and B. 
4. Verify (5.2.2) by using the equations of motion. 


5. What group of invariances of Hg (resp. Hg) generates the y and z of (5.2.13) (resp. the 
x and t of (5.2.17)? 


6. What are the shapes of the trajectories of the momenta and the velocities? 


7]. Write (5.2.9) as the * of a 4-form (cf. (2.4.29; 4)). 
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FIGURE 5.2. The influence of an electric field perpendicular to B. The trajectory stays in 
the (2—3)-plane, and slides along perpendicularly to E. 


(5.2.22) Solutions 
1. By (5.2.7), the equation E,/E3 = B;/ Bs implies 


yoy At B+ BY) Lg 
EjBj — EB; 


The equation v? — 2av + 1 has a solution |v| < 1 if |a| > 1, which is the case, as 
|E/? + |B|? > 2)E| - |B| > 2/[E x B]I. 


2. The equation X(s) = Mx(s), Mj; = (e/m)n" F;,, has the solution x(s) = exp(sM)x(0). 
To integrate this once more, we look for the subspace where M is nonsingular, on which 
x(s) = M^! exp(sM)X(0) + const. On the subspace where M is singular, x(s) ~ s. 


3. F A F = —dx® ^ dx’ ^ dx? ^ dx? - (E - B). 
4. es gi = mi, + eFai? — 0. 
5. 
(y, 23 Pys Pz) > (y+ 32- ABT 2) 
or, respectively, 
G6 pe p) > (x or i Sm T). a; € R. 


6. Both are circles (or, respectively, hyperbolas), because 


2 1 eB M eB V 
y2 g2 = — — — ý —Zz 
y tz = ie mi |(» 75) + (r+ 2: 
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or, respectively, 


. 2 1 eE M. eE M 
E 2 = 
x^-t -—Hg- sle- F) - (p+ $3) | 


7. |B|? — |EP =2*(F ^ *F). 


5.3 The Coulomb Field 


The O(4) symmetry is broken by relativistic corrections, but the system 
remains integrable. 


The motion described by (5.1.9) with eA = (a@/r, 0, 0, 0), where r = |x|, was 
extremely important in the infancy of atomic physics. Although one needs quantum 
mechanics to talk about atoms, the classical solution is still of interest—not merely 
to contrast with the result of quantum mechanics, but also to make the connection 
to the gravitational case, which we shall come to later. 


(5.3.1) The Hamiltonian 


H= = Gi - (po + :)) 


is C~(T*(R x (IR \ {0}))), and we can use polar coordinates to transform the 
extended configuration space into R x R* x 5?. Since the only spatial coordinate 
that shows up explicitly in H is r, we know the 


(5.3.2) Constants of the Motion 


P d : 
Doe press, po =9 and H=0. 


(5.3.3) Remarks 


1. From these five constants of the motion it is possible to construct four with van- 
ishing Poisson brackets. Although the Poisson brackets of different components 
of L do not vanish, |L|?, as a scalar, is rotationally invariant, and so 


{L;,|L?}=0, i =1,2,3. 


Hence H, po, L := |L|, and, e.g., L4 are four independent constants with 
vanishing Poisson brackets, and the system is integrable. 

2. The time-dependence can be determined from £ = —(po + a/r)/m, once r(s) 
is known. 
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3. In this section can be separated in (x, p) and in (t, E), so we only study the 
motion in ordinary phase space T *(IR?X (0)). It is governed by 


gg gp «p ur. 
2m 2m rm 2mr2 


The connection between H and the energy E — p? is the equation 


2H a 
p—njte—-cy/m lf, 
m r 


since H has to equal —m/2. The energy p? is to be regarded as a constant in H, 
although its value is not independent of H. 
4. Compared with (4.2.2), H has an extra negative contribution, because 


If H < 0, the trajectories in T*(IR?V (0]) remain in compact sets, and Arnold's 
theorem applies. In order to compute the frequencies, we construct the 


(5.3.4) Action and Angle Variables 


We have to form combinations of H, L, and L3, the conjugate variables of which 
are the three angle variables on T?. As we have seen, L3 generates a rotation about 
the z-axis. To ascertain what angle is conjugate to L, first note that 
(5.3.5) (LP, xi} = 2L{L, xi) = XL - {L, xi]) = 2IL x x]; 


(cf. (3.1.12; 4)). This implies that L generates a rotation about L, i.e., in the plane 
of motion: 


(5.3.6) {L,x} = E x x] s and 


L 


If we assume that L does not point in the z-direction, and define the angles y and 
x by 


Li 
coso = ——————, 
JIL? — L2 
[L x x]; [(es x L) - x] Xi 
cos X = = where e — —, 
F 


r JIL- L2 rJILP - L2 
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plane of motion 


FIGURE 5.3. Action and angle variables. 


then, geometrically, (L x e3)/,/|L|? — L2 is the unit vector perpendicular to L in 
the (1—2)-plane, and thus x is its angle with x and ¢ is its angle with the 1-axis 
(see Figure 5.3). Thus 


(5.3.7) {L3,g}={L,x}=—-1 and  (Lsx)—-(L,9] = 0; 


because a rotation about the z-axis changes ¢ while leaving x unchanged, whereas 
a rotation about L leaves g alone but changes x (Problem 5). 

We may choose r and p, :— x - p/r as the third pair of canonical coordinates. 
Although they are not action and angle variables, their Poisson brackets with the 
observables in (5.3.7) are all zero: Since both of them are rotationally invariant, 
their Poisson brackets with all the L's vanish. The only fact that remaens to be 
checked for them to be canonical coordinates is that (p,, x} = 0. This follows 
from the observation that rp, — (x - p) generates a dilatation (4.1.13; 3), under 
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which L and x/r are invariant. With these variables H can be written 


=) E ap? a? 


1 
3. H=—(p — 
om 2m G » r? rm 2mr? 


(cf. (4.2.12)). The action variables conjugate to g, x, and r, as defined in (3.3.14), 
exist if H < 0 and L > a, and are 


and 


op? 2 


3. —Qpdrp, = VL? — a 
(5.3.9) ->$ rp —a VP aes miH| 


(Problem 1). The Hamiltonian H can easily be expressed in terms of the action 
variables: 


a? p? 
5.3.10 po —" 
2m(1, +v L? — a)? 
and an explicit calculation of the frequencies (in s) (3.3.15; 4) gives 
(5.3.11) o=0, o, = SPENT? 7 a) 

T dins "0 m, + VL? = 0?)3’ 

o2 p? 
mI, + VL? — 0) 


(5.3.12) Remarks 


1. Since wy = 0 (due to conservation of angular momentum the plane of motion 
is fixed), there is a two-dimensional invariant torus. This torus is densely filled 
by the orbit, however, unless 


Citys. 
Wr L? — a2 


is rational, in which case the orbits are closed. 

2. In the nonrelativistic limit, w?/r? — 0, we had L/./L? — o? equal to 1, and 
there were invariant one-dimensional tori, the Kepler orbits. In the present case 
the projection of the orbit to configuration space is rosette-shaped (Figure 5.4), 
where the angle of each successive perihelion increases by 27r /y 1 — a?/L?, and 
the orbit is in general dense in a ring-shaped region. Because of the relativistic 
mass increase near the center, r does not return to its initial value at the same 
time as x, and the orbit precesses. The existence of a second frequency is also 
what gives rise to the fine structure of spectral lines in atomic physics, which 
was one of the early experimental confirmations of the theory of relativity. 
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FIGURE 5.4. A rosette-shaped orbit in the relativistic Kepler problem. 


3. From (5.3.8) we see that the motion is like one-dimensional motion with an 

effective potential 

a p L? - a2 

rm 2mr? ` 
If a < O0 and L < |a|, then this potential is monotonic in r, and the particle 
spirals inevitably into the singularity, reaching it after a finite time. But if o > 0 
this cannot happen, as follows from Remark (5.3.3; 3) (see Problem 4). If we 
are interested in the completeness of Xz, we must reduce phase space in the 
attractive case to 

T*(RN(G, p: L < lol); 


it is no longer sufficient to remove a submanifold of a lower dimension. 


(5.3.13) Unbound Trajectories 


In the part of phase space where H > O and L > |a|, the following three facts can 
be proved: 


(a) lim;++00 r(t) = oo; 
(b) p and x/r € A (see (3.4.1)); and 


(c) Qe :— lim,., 4o; -r o Q exist, where Q? is generated by H + o? /2mr?, 
the Hamiltonian with a pure 1/r potential. 


(5.3.14) Remarks 


1. The scattering angle © = (p. , p+) can be written explicitly in terms of the 
constants of motion (Problem 3), although the function o (©) of (3.4.12) can 
only be written implicitly in terms of them. 

2. Fact (c) implies that this part of phase space has the maximal number of constants 
of motion, five. For instance, we could take L and F o Qj! = lim,.,4o5 F(t), 
where F was defined in (4.2.4), with m — p?. For H > 0, the invariance group 
is still SO(3, 1), as in (4.2.7) (cf. (3.4.5; 3)). 
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r-plane 


FIGURE 5.5. Integration path in the complex r-plane. 


(5.3.15) Problems 
1. Calculate the integral (5.3.9) for /,. 
2. Write the angle variable g, conjugate to Z, in terms of r and the constants of motion. 


3. Calculate the scattering angle ©, and show that it approaches zero in the limit of large 
energies (p? — oo, L — oo, with L/ p? = b constant). 


4. Calculate the maximum of the effective potential Ver for œ > 0, and show that it is 
greater than p2,/2m, where po is the value of |p| atr = oo. 


5. Verify (5.3.7). 


(5.3.16) Solutions 


1. The integral for J, can be expressed as an indefinite integral in terms of elementary 
functions (see Problem 2), but it is simpler to evaluate the definite integral with complex 
integration. In the complex r-plane the integral has a pole at the origin and a branch cut 
along an interval on the real axis, which is contained in the integration region (Figure 5.5). 
By stretching the path of integration, we see that the integral just picks up the residues 
of the poles at r = 0 and r = oc: 


0 
jose pbi wig -VarmiHi. 


2. 
0 I2.g 
ap? : 4mHr — 2ap° 
+ — arcsin ———— ———————— 
/—2mH 4o? p + AH(L? — o?) 
2 L? NP) 0 
+ VL? — a? arcsin cer 
/4o? p + AH(L? — a?) 
because 


E LL a t br 4 ope : csi C MARS 
d - = r + cr? + — ——— arcsin ————— 
r r 2 J/—c b? — 4ac 
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3. Because dr/dg = 7/9 =r? p,[L, 
dr 
rm(H — (ap rm) — (L? — a?)/2mr°) 


and if u = 1/r, then 


Ho du 
n-@=2L Í — aa 
o V2mH —2ap?u — (L? — æ?)u? 


2m H (L? — o? 


) -1/2 
arccos ( + 7 ) — 2arccos0 = 7. 


2L 
~ JL? = a? a? p 
4. Vere = (at/r)(p°/m)—(a?/2mr?) has its maximum (p)? /2m atr = a/ p^, and according 
to (5.3.3; 3), 
Qu Poo 
2m 2m' 


5. The only one that is not obvious is (L, x}. We calculate {L, cos x}: 


Lyx -L 1 


Ee a ~ LJO- 


The part in parentheses may be rewritten as L?z — L;(L - x) = L?, so 


(L,(Lyz on L.y) Xs L,(L,x = L,z). 


Lz 


rJ L? — L? 


(L,cos x) = = sin x. 


5.4 The Betatron 


Although this problem is not integrable, it is not only possible to solve 
for particular trajectories, but for suitably chosen magnetic fields it is 
even possible to determine the time-evolution for a larger class of initial 
conditions. 


One of the most ingenious applications of the law of induction 


aB 

5.4.1 VxE=-— 

(5.4.1) 3r 
is the betatron. Its mechanism is based on the following ideas: If a current j starts to 
flow in a current loop, it induces a magnetic field B in the interior of the loop, and 
B produces an electric field circulating about B in the same direction as a Larmor 
orbit, so as to oppose j (Problem 2). In order to see when the Lorentz force is able 
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to counterbalance the centrifugal force, let us integrate (5.4.1) around a circle of 
radius a about the z-axis. If B, =: B depends only on the distance from the z-axis 
and t, then 


1 dB dS 


E,= — QE-ds= — — 
d 2za à ðt 2ra 


d - 
—B, 
dt 
(5.4.2) 


- 1 
wa 


On the other hand, the (nonrelativistic) equation of motion for a particle in this 
field implies 
(5.4.3) eE B 
SP — mv — = —— — 
dt d 


or, if the particle was at rest before the current was switched on, 


(5.4.4) mv = -5 B. 


Hence the centrifugal and centripetal forces will balance at a circular orbit when- 
ever 


p B 
(5.4.5) mY ey BS - S. which implies B(a) = >; 
a 


N 


that is, when the field at the orbit is half as strong as its average over the disk 
enclosed by the orbit. In this section we shall go through the details of the theory 
sketched above. 


(5.4.6) The Hamiltonian 


To exploit the symmetry of the problem we use cylindrical coordinates for space, 
or in other words a chart R>\{(0, 0, R)} > R* x S! x R, with coordinates p, 9, 
and z. A field B(p, t) in the z-direction comes from a vector potential e.A with a 
covariant q-component — A(p, t) such that 


1 8 1 3A 
(5.4.7) eB, 2 — —A,  eE, 
p dp 


(cf. Problem 3). This shows that a circulating electric field is created when B is 
switched on, according to the law of induction. The motion of a particle in extended 
phase space is then controlled by 


1 1 
(5.4.8) n- > (v tpa gP- Ay — E) 


Since this depends explicitly only on p and t (through A), we obtain the 
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(5.4.9) Constants of the Motion 


Pp =P: =0. 


(5.4.10) Remarks 


1. All together, including H we have three constants, one too few to integrate the 
problem completely. The complexity is comparable to that of the restricted three- 
body problem, since only one constant, H, is available for the (p, t) motion. 

2. We do not need to find the most general solution; the betatron is only operated 
when the particles are nearly at rest before it is switched on. For that reason we 
study the 


(5.4.11) Orbits with p, = p; = 0 
In this case, A = 0 > 9 = 0, as 


pg —A 
mp? ` 


(5.4.12) $- 


Therefore p, = 0 means that the particle can have moved at most radially before 
A was switched on. The p coordinate of the motion obeys the equations 


205 n^ a. A 
A. LL Lu, MI PEEL 
QD n m a m 9p 2m? p? 
As long as 
9 A(p,t) 
4.14 I = 
G ) dp 2mp? 


for all t, o = a = const. is a solution. 


(5.4.15) Remarks 


1. Equation (5.4.14) is equivalent to (5.4.5) (Problem 4), showing that the naive 
arguments at the beginning of this section are correct, even relativistically (pro- 
vided Stokes's theorem is applicable). 

2. A question of practical importance is whether the orbits are stable, since the 
initial condition chosen in (5.4.11) will never hold exactly. It is clear that the 
z-component of the motion is free, and therefore unstable. Some z-dependence 
must be introduced into A to prevent this (see [10]), but that will not concern 
us here. Stability in the radial direction depends on the form of A. 


Instead of making a thorough investigation of the stability question, we shall 
rely on the theorist's freedom to leave the construction of suitable fields to the 
experimenter, and look only at a soluble 
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(5.4.16) Example 
(p — ay + vr". 
This satisfies condition (5.4.14) and produces the fields 
LL eo Amo Fu dn 
pv/uX(p — a)? + vir? 


—vt 


Eo =... 
V uXp — ay + vi 
At the orbit p — a, the electric field is constant, and the magnetic field grows 


linearly in t. The angular velocity (using s) then grows linearly with the ordinary 
time t¢ according to (5.4.12) (cf. Problem 1): 


(5.4.17) 


. _ Py — avt 
(5.4.18) 9|. = mo 
If p; = p, = 0, then 
1 
(5.4.19) H= 5:0, — pè + u^(p — ay. + v?r?). 


Except for the sign of på, this brings us back to the two-dimensional harmonic 
oscillator. There are two constants of motion; the o and t contributions to H 
separate, and the equations can be integrated without difficulty (the coefficients 
being determined by 1 = i? — 9? — 6): 


p(s)=atesin=(s— 59), — c- pp(O)/d, 


v 


(5.4.20) 
t(s) — 


oo» 
sinh —s. 
m 


(5.4.21) Remarks 


1. As for stability, the motion is stable if we only look at p, because the set where 
|o — a| < cis invariant for all c € R*. But if we look at both p and t (or p and 
Q), then it is not stable, because an arbitrarily small c can bring about arbitrarily 
large changes in t(s), for s large enough. 

2. Since a discussion of stability for arbitrary A is difficult, it is quite common 
to simply invoke the adiabatic theorem (cf. (3.5.20; 6)), the popular version of 
which goes roughly as follows: if the field is turned on very slowly, so that it 
changes by only a tiny fraction during each period, then it is safe to do calcula- 
tions as if the field were constant. But it is not really possible to formulate the 
theorem in precisely this way, even though in the special example (5.4.16) it did 
turn out that the p and t dependences separated, and the growth-rate v did not 
enter into p(s)—showing up only in the connection between s and t. 
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(5.4.22) Problems 


1. Calculate the speed v — |dx/dt| of a particle following the trajectory (5.4.20) with 
p — a, and verify that |v| « 1. 


2. How do the directions of the forces in the betatron square with the fact mentioned in 
85.1, that antiparallel currents repel? 


3. Calculate the coordinates of B — V x Aand E = —A in cylindrical coordinates, using 
the covariant components A of A (cf. (2.5.4)). 


4. Show that (5.4.5) and (5.4.14) are equivalent. (Recall that B is an orthogonal component, 
while A is a covariant component.) 


(5.4.23) Solutions 
1. 


centrifugal force 


Lorentz force 


FIGURE 5.6. The directions of the forces in the betatron. 


3. In cylindrical coordinates (z, p, p), Bii = (1, 1, p°), so (Az, Ap, Ay) = (A;, Ap, Ay/p). 
To calculate V x A = *(d A), we generalize the * operation of (2.4.33; 1) to get *(dA); = 
£iyj 8g!" (d A)em y8, where g :— det(gi,) = p°. Thus 

A = Adz + A, dp + A, dọ, 
dA = (A, — Ap.) dp ^ dz + (App — Ay,p)do ^ dp + (Ao; — Azp) dz ^ dg, 
1 1 
*(dA) = p e = A5,,)dz + "uL id Ao.) dp t p(A,. = Az p)dọ, 
ee 


—M— ee) (Vx Ay 
(VxA): (VxA)p 


which corresponds to (5.4.7). 
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4. 
_ a 2 
B = — | 2xpdp— = ;; Ala), 
a 
and 

aA A, A B 

=— -| == -| = Ba) - —. 
dp p 0 pj 2 


Since there is still one arbitrary constant in A, we may set A(0) — 0. 


5.5 The Traveling Plane Disturbance 


The rich invariance group of this problem furnishes more constants of 
motion than are required for integrability. Nevertheless, the trajectory 
generally covers a two-dimensional submanifold of space. 


Classical studies of the scattering of light by a charged particle deal with the motion 
of the particle in a plane electromagnetic wave. More recently, laser technology 
has made intense pulses of light available, and the interest in solving the equations 
of motion in the field of a disturbance moving in some direction at the speed of 
light has increased. 


(5.5.1) The Field and the Hamiltonian 


Let x be the direction of propagation, the fields depending only on the combination 
t — x. So that we can use the solutions of Maxwell’s equations in a vacuum, E 
and B are taken perpendicular to each other and to the x-axis. Such a situation is 
described by the vector potential (5.1.7) 


eA = (0,0, f(t — x), g(t — x)). 
This makes the fields 
eE = (0, f’,g’) and eB=(0, —g', f^; 


and the motion of a particle in these fields is governed by 


1 
H= zz lP + fY t (t gy + p? — p. 


(5.5.2) Remarks 


1. Both invariants |E|? — |B|? and (E-B) vanish identically. If f’ and g’ are constant, 
we get the constant field with vanishing invariants. 
2. We can assume that f, g € C™(IR), to be able to work on M, = R^. 
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(5.5.3) The Invariance Group 


The electromagnetic field tensor F for (5.5.1) is invariant under a five-parameter 
subgroup of the Poincaré group. Since f and g depend only on t — x, it is clearly 
unchanged by displacements in the spatial directions y and z or in the "lightlike" 
direction x + t. It turns out (Problem 1) that the combined Lorentz transformations 
and rotations generated by K, + L, and K, — L, also do not affect F. Consequently, 
F is invariant under the group generated by py, pz, Px + pr, K; + Ly, and K, — L; 
(Problem 2). Yet not all of these transformations leave A, and thus H, invariant. 
Since M, is starlike, Remark (5.1.10; 3) applies, and A can at most be regauged. 
In fact, it can be calculated that the two kinds of Lorentz transformations change 
A only by the gauge transformations whose gauge functions are 


t—x t—x 
A, = Í dug(u) and Ay- Í du f(u). 
0 0 
We have thus accounted for all the 


(5.5.4) Constants of the Motion 


Py, Pz, Px + Pr, 


t—x 
ieee Ea ea Í dux Qo. 
0 


and 


t—x 
Kl PA: + p+ f du f(u) 
0 


are constant. 


(5.5.5) Remarks 


1. The group generated by the five constants of the motion is isomorphic to the 
invariance group of the field (Problem 2). 

2. The Poisson brackets of py, pz, and p, + p, vanish; so, counting H, we have 
all four constants necessary for integrability. 

3. Counting #H there are altogether six constants, so one more would be needed to 
determine a trajectory in 7*(M,) completely. As there is no other such constant, 
we have to resort to quadrature. Set the origin of s at the point where the trajectory 
crosses the plane t = x. Then from 


+ 
_ Pı t Px saes O 
m 


d 
a! -x)= 


it follows that 
t(s) — x(s) = as. 
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Using H = —m/2, we find that 


2 2 
Lay joe Mua (i, 832 Sect). 
n m 


t(s) + x(s) = 21(0) +a? es du [ + (Py + FWY + (Pe + BY + fa» + (Pe + d 
0 m? 


If we collect all these results, we obtain the 


(5.5.6) Explicit Solution for the Coordinates as Functions of Proper Time 


1 1 as 
t(s) = (0) + ; G + a) qu Í dul(py + f(u)? + (p. + g(u)?], 
a 2m*a* Jo 
1 1 as 
x(s) = x(0) + = aCe = a) Wm Í dul(py + fu)? + (p. + g(u)?], 
a 2m*a*? Jo 
1 as 
y(s) = 0) +52 + f du roo 
ma Jo 


z(s) = z(0) us + x du g(u). 


Because there is one less than the maximal number of constants, the trajectory 
is generally a Lissajou figure in (x, y). 
(5.5.7) Example 
The superposition of two plane waves: 


f = A) cosa u, g = Az cos(wzu + à), 
E = (0, —A)@ sin wu, — A2% sin(w2u + ó)), 
B = (0, A2% sin(w2u + 5), — A10 sin wu). 


The solution (5.5.6) with x(0) = (0) is computed as 


s F A 
Lo 2s to e ETE). Py sinayers 


x(s) wa2m? 
PA2 |. At + A} A? 
sin(@2,as + 5) — sind — 
iori (eas 3:0) sino) mom 802m?oj 


2 


A 
- sin 2w,as + ——2— (sin 2(a@as + 8) — sin 28), 
8a2m2a 


A 
y(s) = y(0) + sP + —L— sinoas, 
m m 


(5.5.8) 


A 
z(s) = z(0) + — + —-(sin(@nas + ô) — sin ô). 
m awm 
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For w’s with irrational ratios, the trajectory fills a two-dimensional region. 


(5.5.9) Special Cases 


1. Circularly polarized waves. A, = A; = A, @ = €» = o, and ô = 7/2. 
The invariance group of this field has an extra parameter, and there is an 
extra constant, 

(5.5.10) DR ee 
w 


(Problem 3). The solution (for xf (0) = 0) accordingly simplifies to 


2 2 2 
t(s) s 2, 4 * Py - P 
=—([1+ ee 

E A| did m? 


(py sin was + p;(cos was — 1)), 


"E 
mara 


A 
y(s) = sin was + $e. 
m m 
(5.5.11) 


A 
z(s) = mem —1)+ ee 
m 


If p, = p. = 0, then the particle describes a circular orbit in the plane 
perpendicular to the wave, with its velocity in the direction of B and per- 
pendicular to E (Figure 5.7). 


2. Fincony polarized waves. A; = 0. If p, = p, = y(0) = z(0 = t(0) = 
and o? = 1 + A?/2m?, then the orbit is shaped like a bow tie (Figure 5. S 


1) Siig Vy ee RN 
lee EOS ( toc ami + So mio sin2 was, 


(5512). . SG ae. 
wam 
z(s) 20 


(5.5.13) Remark 


To understand this motion, recall the result of $5.2, where the trajectory was as 
shown in Figure 5.9 when E and B were related in the same way but were constant 
fields. For smaller y, this trajectory has a smaller velocity, and thus a smaller 
Larmor radius. In a plane wave, the fields start to change direction as soon as the 
particle goes through the origin. The radius of curvature decreases, and the particle 
returns to the origin, where it encounters fields of the opposite polarity and follows 
a mirror-image path. 
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FIGURE 5.7. A circularly polarized wave. 


>in the x-y plane 


FIGURE 5.8. Motion in a linearly polarized wave. 


(5.5.14) Problems 


1. Calculate the effect of the infinitesimal transformation generated by K, + L, on A, E, 
and B. How do the equations in (5.5.1) change? 


2. Calculate the Poisson brackets of the generators of the Poincaré group that leave F 
invariant, and of the invariance group of H. 
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in the x-y plane 


4 


FIGURE 5.9. Motion in a constant field. 


3. Show that (5.5.10) is a constant for A = (0, 0, cos(t — x), —sin(t — x)) and w = 1. Then 
convince yourself that the Poisson brackets of (5.5.10) with the other constants can all 
be written in terms of the other constants. 


(5.5.15) Solutions 
1. Let £ be the infinitesimal parameter. Then from (5.2.6) and (5.2.7) with the appropriate 


renormalization of the coordinates, we can read off that 
A — (Ao + €A3, A1 — €A3, A2, As + E(Ao + A), 
E — (E; — £(E5 + B2), E2 + €B,, Ej + EE), 
B (Bi + e(E5 = B3), B; T EE, B3 +e€B;). 


For (5.5.1) this means that A — A + edA, where A = L5 du g(u), and E and B 
remain unchanged. 


(K; + Ly, Pz} = Pr + Px = {Ky -L,, Py} ={K,+ Ly + Ag, Pz} = Pi + Px 
= {K, — L: + Ay, py}. 


{(py + cos(t — x))’, 2L, + Px — pr} = Apy + cos(t — x)(— p: + sin(t — x) 
TA {(pz = sin(t = x), 2L, Px — pr}. 


5.6 Relativistic Motion in a Gravitational Field 


In the nonrelativistic limit the equations are very similar to the electro- 
dynamic equations. On the other hand, in their exact form they have a 
simple geometrical interpretation. 
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In order to feel comfortable with the complicated-looking system of equations 
(1.1.6) and (1.1.7) and to see how it compares with its electromagnetic analogue 
(1.1.4), we start with 


(5.6.1) The Nonrelativistic Limit 


By this phrase we mean that |dx/dt| « 1, but that terms of first order in dx/dt are 
to be kept. Moreover, the statement that the gravitational field is weak will mean 
that gag equals the nag of (5.1.2) plus a small quantity. With these approximations, 
gas equals neg minus the same small quantity and s and ¢ can be identified (see 
(5.6.6; 3)). From field theory we shall learn that a "small" mass M moving with 
velocity j, |j| « 1, at the origin produces a gravitational potential 


4AMk .. ; 
(5.6.2) Bap = Nap + — aja + Vp (Ja) Cl Vi, V2, V3) 


at the point x, if |x| = r >> Mx. Substituting (5.1.2) into (1.1.6) and (1.1.7) gives 
the equations of motion 


d?x x A4Mk[dx . 
(5.6.3) p =— KS E S E x [j x J (Problem 1). 


(5.6.4) Remarks 


1. The mass m of the particle moving in the gravitational field does not appear 
in equation (5.6.3); Galileo's discovery that particles of all masses respond 
identically to a gravitational field is a universal law of nature. 

2. A velocity-dependent term of the same form as the Lorentz force (5.1.4; 2) 
is added to the Newtonian force. Both force terms have the opposite effect 
to that of their electrodynamic counterparts. Masses of the same sign attract, 
and mass-currents in the same direction repel. This has been put forth as a 
confirmation of Mach's principle: if, say, a rotating cylinder encloses another 
body that rotates along with it, then the forces between the mass-currents act 
to oppose the centrifugal force in the interior of the cylinder (the H. Thirring 
effect).! If there were nothing else in the Universe, then, according to Mach, 
there could be no centrifugal force when the angular velocities were equal, since 
the statement that the two bodies rotate would be meaningless. 

. We shall see in 85.7 how (5.6.3) is altered ifr < Mx and |dx/dt| ~ 1. 


Ww 


So that we can discuss (1.1.6) and (1.1.7) in the framework of our formalism, 
we next write down 


'In the electrodynamic case, the centrifugal force on the inner current is counterbalanced 
when the outer current flows in the opposite direction, as in the betatron. 
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(5.6.5) The Lagrangian Form of the Equations of Motion 
The Lagrangian 
m.,. 
L- 3^ X gag) 


has equations (1.1.6) and (1.1.7) as its Euler-Lagrange equations ((2.3.20) with s 
in place of t, and i = 0, 1, 2, 3). 


Proof: Problem 2. O 


(5.6.6) Remarks 


1. The factor m/2 is, of course, unimportant, and is there only to reproduce (5.1.11) 
for Sap = Nap. 

2. We are not able to choose the normalization of (5.1.1; b), x% x° Lop = —1, as 
we did in (5.1.3), since these quantities are not independent of s. Moreover, in 
the case at hand L itself is a constant; it is quadratic in x and in fact equals H. 
Hence we shall normalize s by requiring x°x gag = —1. 

3. The argument made in (5.1.20; 2) is no longer valid, and it does not follow 
from the equations of motion that |dx/dt| « 1 (cf. (5.1.19; 3)). If j = 0 in the 
gravitational potential (5.6.2), we get 


; 2M ; 2M 
P(i- E -ee (14) = 1, 
r r 
2 2Mk 2MkN! 

spi- p 
r r 


Thus there still exists a maximum velocity, which depends on x through the gag, 
but in other situations might not be less than 1. This could cause some uneasiness, 
as it sounds as though a gravitational field could accelerate a particle to faster 
than the speed of light. But note that the maximum velocity is a universal bound 
for particles of all masses, and is likewise a maximum for photons. As will later 
be discussed, in this case x and ¢ do not gauge the same lengths and times as 
one would measure with real yardsticks and clocks. As it would actually be 
measured, in units where the speed of light is 1, the maximum velocity is also 1. 

4. In the nonrelativistic limit as xo — 1, L tends to m(goo/2 + x/2), so —goo/2 
plays the role of the gravitational potential. 


so 
dx 


dt 


Using (2.3.22), we can immediately pass from (5.6.5) to 


(5.6.7) The Hamiltonian Form of the Equations of Motion 


The Hamiltonian 


1 a 
H= zp Pepega), 8° Bay = y, 


5.6 Relativistic Motion in a Gravitational Field 245 
generates a locally canonical flow equivalent to (1.1.6) and (1.1.7). 


(5.6.8) Remarks 


1. The g’s ought to be at least C': at the points where they are singular, either the 
chart must be changed, or else extended configuration space must be restricted. 
One may either have a global flow and be able to extend it over the whole 
extended phase space or not, depending on the global structure of the extended 
configuration space as a manifold. 

2. The normalization of (5.6.6; 2) is equivalent to H = —m/2. 

3. The quantity p/m is only loosely connected with the real velocity: 


and dx/dt is again different from the velocity as measured with real yardsticks 
and clocks. 


According to (2.4.14), gag, a symmetric tensor of degree two, gives the ex- 
tended configuration space a pseudo-Riemannian structure—where we assume 
that g invariably has one negative and three positive eigenvalues. The universality 
of gravitation gives a real, physical meaning to the spatial and temporal intervals 
defined formally with g; in Chapter 6 we shall discuss in detail how gravitation 
influences actual yardsticks and clocks just so that the distances and times they 
measure are the same as the ones coming locally from g. Put more concretely, the 
distance between a point (x, x! , x”, x?) and a point (x°, x! + dx!, x?, x?) goes 
as ./gi; dx! rather than as dx! when dx! — 0. In equation (5.6.2) with j = 0, 
800 = —1 +2Mx«/r and gj; = 1 4-2Mk/r, and so the times and distances mea- 
sured with actual clocks at this point are /1 — 2Mx/r dt and VI + 2Mx/r dx!, 
making the limiting velocity (5.6.6; 3) again 1. However, as r — oo, dx! and 
dt approach the real length and time elements as measured out there, giving an 
external observer the impression that yardsticks must contract and clocks run slow 
if they are at small r in a gravitational potential. But there are no such things as 
ideal clocks and yardsticks that could directly measure dt and dx at small r, be- 
cause gravity affects all objects equally. Hence it only makes sense to speak of the 
metric structure determined by g (not n). If ds? = —dx% dx? gap > 0, then the 
points x“ and x^ + dx“ have a timelike separation and ds has the significance of 
a proper time—it is the interval measured by a clock that is itself moving from x“ 
to x” + dx" in such a way that only dx? is nonzero in its rest frame. This is the 
operational meaning of the 


(5.69) Geodetic Form of the Equations of Motion 


Equations (1.1.6) and (1.1.7) are the Euler-Lagrange equations of the variational 


principle 
W= fis-sit, DW =0. 
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Proof: Problem 3. O 


(5.6.10) Remarks 


— 


. To be more precise, W is determined as follows: Let u and v be two points 
in the extended configuration space such that there is a trajectory x(so) — u, 
x(sı) = v, with gag (x (5))x* (s)xP (s) < 0 Vs such that s; < s < sı. For all 
trajectories satisfying these conditions, W is defined as the above integral, i.e., 
Sı — So. The choice of s is immaterial: if s — s(s), where s is monotonic and 
differentiable, then W is unchanged. 

2. The previous comment shows that W is precisely the time interval that would 
be read off a clock that moved along x(s). 

. The condition (5.6.9) that W is stationary actually requires it to be a maximum. 
To see this, consider the case gag = Nag. Let u = (0, 0, 0, 0), and choose the 
coordinate system so that v = (1, 0, 0, 0). Then 


WwW 


Obviously, 0 < W < tı. The maximum is achieved by the trajectory x(s) = 
(s, 0, 0, 0), which satisfies the Euler-Lagrange equation x = 0. The infimum 0 
is not actually achieved, although it is approached arbitrarily nearly by particles 
moving almost as fast as light, whose proper time s = ty 1 — |dx/dt|? runs 
very slowly. At any point it is possible to put g in the form 7 by choosing the 
right coordinates (see (5.6.11)), and so the trajectory that satisfies the Euler- 
Lagrange equations locally maximizes the proper time when the points u and v 
are sufficiently close together. This is not necessarily so if u and v are far apart 
(cf. (5.7.17; 1)). 

4. In mathematical terminology, the trajectories are characterized as the timelike 
geodesics in extended configuration space, given a pseudo-Riemannian structure 
by g. 


If the coordinate system is changed, x — x, then by (2.4.36) g transforms as a 
tensor of degree two, 


2 ax” ax 
8ap(x) > Sop(X) = LUFT PET 


Hence if gag # Nap, then it is possible that gag is merely Nag on some different 
chart, and not a true gravitational field. Then the I''s in the equations of motion 
(1.1.6) are merely fictitious forces, like the ones encountered in an accelerating 
reference frame. In electrodynamics we met with gauge potentials A; = A, 
which do not produce any fields. Now we see that there are g's that produce the 
equations of free motion, written in different coordinates; in the volume on field 
theory we shall learn of criteria for when this happens. Of course, when we talk 
about such a possibility we are considering g throughout the whole manifold, for 
at any individual point there is always the 
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(5.6.11) Principle of Equivalence 


For all x € M,, there are coordinates, the Riemann normal coordinates, such 
that g,5(x) = rag and D$, (x) = 0, where F is defined as in (1.1.7). 


Proof: Problem 4. o 


(5.6.12) Remarks 


— 


. Fictitious forces counterbalance gravity in this coordinate system. This is what 
happens in Einstein's famous free-falling elevator. A passenger does not detect 
any gravity, because it affects all bodies in the elevator equally, irrespective of 
their masses or any other such properties. 

. In (3.2.15; 1) we eliminated a constant gravitational field by transforming to an 
accelerating system. The term in (5.6.3) that resembles the Lorentz force can be 
counterbalanced by the Coriolis force in some rotating system (3.2.15; 2). 

. T does not generally also vanish at nearby points, the principle of equivalence 
holds only in the infinitely small limit. A gradient in the gravitational field, a 
tidal force, would be detectable. 


N 


UJ 


(5.6.13) Problems 

1. Use (1.1.6), (1.1.7), and (5.6.2) to derive (5.6.3). 

2. Calculate the Euler-Lagrange equations of L in (5.6.5). 

3. Show that (1.1.6) and (1.1.7) satisfy the Euler-Lagrange equations of (5.6.9). 
4. Prove (5.6.11). 


(5.6.14) Solutions 
1. Since the derivatives of g are of first order in x, we can set (g^! Jag = Nap to that order, 
and since @ is a spatial index in (5.6.3), 
2Mk 
Pj, = 2 Bop.y + Bar.p — 8pya) = == 7 {Ua jg + Ta)" 
+ Gaj, + iny)x^ zs (Jy T ing") x? — 0. 


In the nonrelativistic limit, we get 


qa Š adx? Mef , dx? . , 
T = Th- Mp = E f- -4T Gens - ipso]. a —1,2,3, 
which is the same as (5.6.3). 
2. 
d aL d,. s B. 
da qy (^ 800) = m{x? gas + x3" 3(gug., + Bay.p)} 


9L m}. 
= Jya 333 8yo 


248 5. Relativistic Motion 


3. In general, a function f (L) gives the Euler-Lagrange equations. 


d (of aL\ 8f ƏL 

ds VOL ax*) — OL axe’ 

By (5.6.8; 2) L, and hence also 8f/8L, are independent of s for the solutions of the 
Euler-Lagrange equations of (5.6.5). Hence (5.6.5) and (5.6.9) are equivalent. 


4. Let us first choose the point in question, x, as the origin of the coordinate system. 
The symmetric matrix g,54(0) is orthogonally diagonable, and its eigenvalues can be 
renormalized to +1 by scaling. From the assumptions on the g's we allow, we thus find 
8ap(0) = Nog. The claim will be proved if we can show that gog(x) = mag + O(x?). If 
we expand g, 

Bag(X) = Nap + Aagy X" t O(x’); 
then a change of charts 
xY =X” + hel etx? 


produces a transformed matrix 


Bap = (Nya + Ayigx MBL + cr, Y85 + 08, 2°) + OG) 
= Nap + X" (Aapo F Chao + Capo) + O(x’). 


If cag, :— NarChg = —$ Aapo» then the linear term goes away because Aago = Apoc. 
Note that the accelerating system used in (3.2.15) to get rid of gravity nonrelativistically 
is a special case of the above quadratic transformation. 


5.7 Motion in the Schwarzschild Field 


Relativistic motion in the gravitational field of a point mass is the same 
as in the analogous electromagnetic field as regards the structure of the 
invariance group. However, what goes on at small r is physically quite 
remarkable. 


Soon after Einstein published his field equations, an exact solution describing the 
field of a point mass was discovered by a young physicist already marked by death. 

This simple situation exhibits the essential peculiarities of the relativistic the- 
ory of gravitation, because of which it is highly significant both physically and 
astronomically. It is generally known as 


(5.7.1) The Schwarzschild Solution 


The fields gag created by a mass M at the origin provide extended configuration 
space with the pseudometric 


-1 
g = dx“ dx? gap = (1 — 2) dr? + rA (d? + sin? 9 do?) 


-(- De 
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where 
ro :— 2Mk, 


in spatial polar coordinates. 


(5.7.2) Remarks 


pæ 


. At the radius ro the gravitational energy of a mass is of the same order as its rest 
energy: Mmk/ro ~ mc? (units with c — 1 were used in (5.7.1)). According to 
(1.1.3), 2m x /c? ~ 1073? in cgs units for a proton, and the Earth contains about 
10°! protons, making ro on the order of millimeters for the Earth. The Sun is a 
million times heavier, and so its ro ~ km. 

2. If r >> ro, then we get (5.6.2), 848 — Nog, and the coordinates are the intervals 
one would actually measure (cf. Problem 4). 

. If r = rg, then goo = 0. This does not necessarily mean that anything special 
happens at such a point. For example, if r = 0, then in polar coordinates gp = 
goo = Os well, but all that has happened is that the chart has become unsuitable 
at that point. 

4. A singularity in g,, at r = ro seems more serious than the one just cited, but it 
need not be so. For instance, if the coordinate x is used on the circle x? 4- y? = 1, 
then the line element ds? = dx? + dy? = dx?/(1 — x?) is singular at x = +1. 
Yet these points are as good as any other points on the circle, and it is only a 
question of the chart failing there. 

5. If instead of (t, r), the coordinates 


Uo 


are introduced, then the metric becomes 
4r3 
g = —2e7"/ (du? — dv?) + r^(d9? + sin? 9 dg?) 
r 


(Problem 3), and the singularity at r = ro magically disappears. The region 
{r > ro, —OO < t < oo] in the old chart is mapped to J = (|v| < u} 
(Figure 5.10). This gives us access to new territory, and the solution can be 
extended to r = 0. By inverting the transformation, 


v r r 
t=2 t: =i; — — —ļ] = 2.9 
To arc an (7) (= 1) exp (<) u^ — v^, 


we see that the territory gained is the region where u? — v? > —1 (Figure 5.11). 
We shall later return to the physical significance of the new territory we have 
opened up. 
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~ 


FIGURE 5.10. Extending the Schwarzschild solution. 


In order to make the comparison with §4.2 and §5.3 easier, we next solve the 
equations of motion in coordinates (t, r, 2, p). The coordinate t can only be used 
in region / of Figure 5.10. But r can also be used in region II until r = 0 (v = 
~u? + 1). Accordingly, we turn our attention to the determination of r(s), 9 (s), 
and g(s). Subtitution of (5.7.1) into (5.6.7) produces 


(5.7.3) TheHamiltonian 


1 To TQ >l 
H= = (tp?-2p?-(1-=) m). 
25 (v o z) Po 
Since the only coordinate used in H other than the momenta is r, 


(5.7.4) The Constants of the Motion 


(in s) are 
L = [x x p], Po and H. 


These are just the same as in the electrical problem of §5.3. The construction of 
action and angle variables requires only a minor modification: In polar coordinates, 


1 ro\ LL pe m 
5.7.5 H = — 2 1- — EL cs eed c. =——, 
SUE 2m (+ ( ta e) 2 


5.7 Motion in the Schwarzschild Field 251 


r, 
; r — rg/2 Í 
r= 2r 
u 
r = 2rg 
r = rg/2 
r=0 o/ r=" 


FIGURE 5.11. Regions where the complete Schwarzschild solution is valid. 


Hence (cf. (5.6.8; 3)) 


Thus we can write 


L? L2 2 
PN 2-z(R- ) = £ = const 


m 
57109 "i En = 
Que aT ami Im 2 


This is the equation of energy conservation in a one-dimensional system with an 


(5.7.7) Effective Potential 


mKk L? L?rg 
Verr) = ——— 2mr? = Omri : 


(5.7.8) Remarks 


1. The first two terms are Newtonian and centrifugal potentials, as in the nonrela- 
tivistic theory (4.2.12). 
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2. The additional attractive term goes as r ^? (r~? in (5.3.8)), so it eventually dom- 
inates the centrifugal term for sufficiently small r. There are repulsive contribu- 
tions to the effective potential for dr/dt = r(1 — ro/r), and ro is only reached at 
t = oo. Thus the vector field generated by (1 — ro/r)^! on ro < r is complete. 

3. Using the dimensionless quantities u :— ro/r and £ :— L/mro, 


2 
— Va = —u + (ui? — u’). 
m 


If £ < 4/3, then this is a monotonic function; if £ = 4/3, a turning point appears; 
and if £ > 4/3, then there are a maximum and minimum at 


(see Figure 5.12). 

4. For sufficiently large £ (i.e., impact parameter x speed/c >> ro), the centrifugal 
barrier is large enough to keep the particle from falling into the black hole. If 
E < Ves (u='), it can no longer do so. 


As in the electrical Kepler problem of §5.3, the elliptic orbits fill up a two- 
dimensional region in the plane of motion, which is perpendicular to L. To calculate 
the difference in the angular coordinate gy between successive maxima of r, it is 
most convenient to start with 


dr Fr me |p ro L2 ro 
5.7.9 Tea E ia 2--—(1-2) 
( ) do @ L \ m? i r mr r 


from which we obtain an elliptic integral for the 


(5.7.10) Precession Angle 


dr L 
Ag := $ noe — 27. 
mr [149 - ds -2) 
Expanding in the 1/r? term to first order gives 
3x /rom\?2 rom \2 
o= n) +e) 
(Problem 5). 


(5.7.11) Remarks 


1. The radius of a nearly circular orbit is R = 2L?/rom?, and if R >> ro, then 
Ag = 3rro/R. 
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Var Va 
l/u 1/u 


Vere 


1/u 


t» 


FIGURE 5.12. The effective potential for the Schwarzschild field. 


2. The a of (5.3.12; 2) corresponds to mro/2, making Ag six times as large as in 
the electrical problem. Again, Ag is caused by an increase in the effective mass 
at small r. An explanation for the increase in Ag in this case can also be made 
in the context of Mach's principle, according to which inertia is due to nearby 
masses, which increase the effective mass of a particle. 

. Since ro/R ^ 1 km/10* km for the motion of Earth around the sun, the pre- 
cession is a tiny effect of a few seconds of arc per century, and much smaller 
than other perturbations of the orbit. However, the effect seems be to confirmed 
for the inner planets, after making every imaginable correction, to within one 
percent accuracy. The predictions of Einstein's theory have also been confirmed 


U2 
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using lunar radar echoes, with such good accuracy that its validity can no longer 
be doubted. 

4. Recently, a double star was discovered, with an orbital period of a few hours 
and R ^ 10? km. For this orbit, the precession should be on the order of degrees 
per year. 


(5.7.12) Unbound Trajectories 


IfO<E< Vere(uz'), then the trajectories do not fall into the origin, but escape 
to infinity. As for the scattering theory of such trajectories, it can be shown that 
the statements of (5.3.13) again hold. All that will be done here is to calculate 
the high-energy behavior of the scattering angle ©, as the difference from the 
nonrelativistic theory of §4.2 and the electrical case of §5.3 is important. In the 
situations already discussed, © approaches 0 as the energy increases while the 
impact parameter is held constant (5.3.15; 3). In this case, (5.7.9) means that the 
angle at r = oo, measured from the minimum radius rpin, taken as ø = 0, is 


1/rmin du 
(5.7.13) e- | 
0 p-m? ET roum? 
L? L? 


In the limit as pp = ym — oo, and L = ymvb — oo, with po/L — 1/b, the 
Newtonian term ro/r becomes negligible, but the correction to the centrifugal term 
remains significant, and 


ee bdu 
9 > SS 
0 1 — b?u?(1 — rou) 


To calculate the scattering angle when ro/b < 1, we introduce o := bul — rou, 
expand the integrand in ro/b, set bu = (1 + roa /2b), and integrate to the point 
o = 1, which corresponds to u = 1/rgig: 


= f ute) 
m 0 Xl-o? 


— u2(1 — rou) 


m ro 
Eo 
As shown in Figure 5.13. 


(5.7.14) The Scattering Angle for pọ >> m and b > ro 


is > 
ro 
O =-—. 

b 


(5.7.15) Remarks 


1. The negative sign means that gravity is attractive. 

2. Light with a wavelength much less that rọ behaves like a particle with y — oo in 
the Schwarzschild field. Formula (5.7.14) has been verified with good accuracy 
for the deflection of light when it passes near the Sun. 
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FIGURE 5.13. The impact parameter and the scattering angle. 


As we have seen, a large enough angular momentum (and hence impact param- 
eter) can keep a particle from falling into the black hole. But radial trajectories are 
not restricted to the region r > ro, so we need to change to the variables u and v 
of Figure 5.11 to discuss them. If a radial line is timelike, then |dv| > |du|, and 
its slope in the diagram is necessarily steeper than 45°. No creature that was once 
inside ro could ever contrive to get to the other side of a pulse of light emitted from 
one of these lines. Bearing these facts in mind, let us imagine an 


(5.7.16) Expedition tor < ro 


1. In region II, every trajectory, whether subject to gravity alone or in combi- 
nation with an electromagnetic force, reaches r = 0. The electromagnetic 
forces cannot prevent the trajectories from being timelike lines. Thus dr is 
a timelike direction, and the fall into the center is as inevitable as aging is 
for us in region I. It is no more possible to stay at a fixed r inside ro than it 
is to make time stand still outside. 


2. The line dividing regions I and II, v = u > 0, is the same as the curve t = oo; 
this only means that signals sent by someone falling into the center appear 
to take an infinitely long time to an observer at r > ro, which corresponds 
to the fact mentioned in §5.6, that clocks appear to run slow in gravitational 
fields. As measured by proper time, the fall is of short duration: ^ ro ~ 
10^? seconds for stars. It is straightforward to figure out that light signals 
decrease in intensity as exp(—t/ro), and so for practical purposes they die 
out immediately. 


3. On the other side of rp there is another world symmetric to ours, region III. 
There is no way to know anything about it, as no trajectory can go from III 
to I. At best, if someone ventured into region II, he might learn about III just 
before it was all over. 
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4. Finally, there is region IV, symmetric in the time coordinate to II. The in- 
habitants of this region have a choice of emigrating from r < ro to either 
region I or III. 


This example shows how puzzling other kinds of manifolds can be to someone 
used to thinking of IR". In Chapter 6 we shall complete the reeducation needed to 
understand these things. 


(5.7.17) Problems 


1. Show that the proper time required for a closed Kepler orbit to return to the initial position 
is not the maximum possible proper time. Compare with the elapsed proper time of an 
observer who remains fixed at the initial point. 


2. For what r(r) does the speed of light in the radial direction equal 1—and thus the metric 
can be written as F(r)(dr^ — dt?) + G(r)dQ?? 


3. With the coordinates 
u -—h(r t t)--g(r -t) and v—h(r-t) — g(r —r), 
the metric of Problem 2 becomes 


1- 
fu, vdu? — dv’) +r?(u, v)dQ’, where ff? = "is 
8 


Find h and g so that the singularity at r = ro goes away, making sure that the answer is 
consistent with (5.7.2; 5) in the old variables. 


4. Find coordinates r(r) such that the metric has the form 
f (dF? + 7? ae?) — g(r) ae. 
Verify that r — oo, g(r) > 1 — ro/r and f > 1+ ro/r, in agreement with (5.6.2). 


5. Expand (5.7.10) to first order in L?ro/ m?r?, and calculate the integral using complex 
integration as in (5.3.16; 1). 


(5.7.18) Solutions 


1. In the variables of (5.7.8; 3) the proper time s and the time ¢ are related by 


1- i 
dod] i nj Ree 
1 +r?ġ? 1+ uy? 
for circular orbits (dr = 0); whereas for the proper time so of a stationary observer 


(dr = dg = 0), ds = dt 1 — u. If the fixed observer and an orbiting one meet again 
at the time t, then their proper times are in the ratio 


- = J/1+ 08 1. 
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2.r = f dr/( — ro/r) =r + roln((r/ro) — 1). The metric becomes 
(1 — r/rY(d?? — dt?) + r° dQ’. 


3. Let | : | = l exp((F + t)/2ro). Then 


72 
f? =(1 —ro/r)4r} exp(—(r + ro In((r/r9) — 1)/ro)  4rg exp(—r/ro)/r. 


4. The form of the metric requires that r? = (dr/dr)"/(1—ro/r)-7?, which can be integrated 
to r = 7(1 + (7o/4r))*. The metric then becomes 


(1 + (ro/4r))* (d? + 7? dQ?) — (1 + (ro/4F (1 — (70/47) a£. 


5. It is only necessary to calculate the residue at r = O: 


f dr =$ dr 
ry —Ar? + Br — € & Dir r4 -Ar? + Br - C 


1 drD 2n 3 DB 
zoe Se D?) = —— 4 2n2- — + 0(D?). 
2 f r?(—Ar? + Br — Cy? D VC P 74 CR eee 


If A = 1 — pi/m*, B = ro, C = L?/m?, and D = roL?/m’, this gives (5.7.10). 


5.8 Motion in a Gravitational Plane Wave 


The invariance group and methods of solution are the same as in the 
electromagnetic problem, but there are also some new aspects to con- 
sider. 


Every reasonable gravitational field theory contains a counterpart to electromag- 
netic waves. An experiment detecting gravity waves would be one of the basic 
foundations of any theory of gravitation, but as yet they have not been convinc- 
ingly detected. In order to observe the effects of these waves, we must first study 
how particles would behave in them. This chapter closes with a short discussion 
of the problem and a comparison with the electromagnetic counterpart of §5.5. 
Shortly after Einstein wrote down the equations for gy, approximate solutions 
were found exhibiting wave properties. But because of the nonlinearity of the prob- 
lem it was not obvious that these approximations closely resembled real solutions. 
Right up to the present day, no-one has succeeded in pushing through the details 
showing how a source produces gravity waves. Nonetheless, exact plane-wave 
solutions of the equations can be found fairly easily. They are as follows: 


(5.8.1) The Field and the Hamiltonian 


The gravitational potential 


-1 0 0 0 
01 0 0 
Sap = 
a 0 s um. 20 
00 0 l 
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satisfies Einstein's equations with no matter, if /!/?( f 712)" + g!/2(g-1/2)" = Q, 
and by (5.6.7) it makes the Hamiltonian 


1 
H= > [-p? + p? + p? f(t x) + prg(t — x). 


2m 
(5.8.2) Remarks 


1. There exist fictitious fields of the form (5.8.1), which are only the fields of free 
motion in an accelerating coordinate system (5.1.11). In the second volume, 
Classical Field Theory, we shall study Einstein’s equations, and when we derive 
the above solutions we shall see that iff (f~'/2)” = (g-!/2)" = 0, then the field 
is necessarily fictitious (Problem 1). 

2. Although f and g were not required to be continuous in §5.5, here we assume 
the existence of (f~!/2)” and (g-!/2)", so that the above condition makes sense. 


If we compare H with (5.5.1), we see that there is the same invariance under 
displacements as before, which ensures that (5.8.1) is integrable. If we slightly 
modify the two new quantities introduced in (5.5.3), we obtain the same number 
of 


(5.8.3) Constants of the Motion 


Py, P: Px + Pr, 


t—x 
p: | du g(u) + z(pi + px), 
0 


and » 
Ps Í E E EEA 


are constant. 


Proof: Follows immediately from 


Z = p:8/m, 
y = Py f/m, 
and 
i—i = —(p, + px)/m. 0 


(5.8.4) Remarks 


1. The invariance group generated by the five constants is isomorphic to the elec- 
tromagnetic invariance group (5.5.3) (Problem 4). 
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2. Just as before, one more constant would be needed to determine the trajectory 
completely. The remaining integration of the equation of motion is accomplished 
exactly as in (5.5.5; 3). We first deduce that 


t(s) — x(s) = as, 
and 


as 2 2 
t(s) + x(s) = t(0) + x(0) + 7? Í du Í + d , 
0 


m? 


where we have again taken u(0) = 0; and from this we arrive at 


(5.8.5) The Explicit Solution for the Coordinates as Functions 
of the Proper Time 


s/l 1 
t(s) = t(0) + 2 (G + a) + zyz P» F(@s) + p?G(as)], 


x(s) = x(0) + ` G = a) + [p? F(as) T p2G(as)], 
2 Xa 


2m?a? 
y(s) = y(0) + 22 F(sa), 

ma 
z(s) = 20) + Po G(so), 

ma 


F(u) = f ufu. oye f a ee 
0 0 


to Pr F Px 
AS 3 


(5.8.6) Remark 


In particular, the solution with a = 1 and p, = p; = O is (t(s), x(s), y(s), z(s)) = 
(s + t(0), x (0), y(0), z(0)). This might lead one to think that gravity waves, unlike 
light waves, have no effect on particles that are initially at rest, and thus are impos- 
sible to detect. But remember that the coordinates (t, x, y, z) are simply not the 
same as actually measured intervals; on the contrary, they are precisely the coordi- 
nates adjusted for the trajectories of initially stationary particles. The displacement 
of particles in the y (or z) direction is actually dy f -!/? (resp. dz g !/2), which 
varies with t — x for fixed dy and dz. Thus a gravity wave causes accelerations 
perpendicular to its direction of propagation. 


(5.8.7) Example 


The condition of (5.8.1), that (f-!/2)" f!/2 + (g-V/2y/g!/2 = 0, is fulfilled, for 
example, by f~!/2(u) = cosku and g~!/*(u) = coshku. in order to construct 
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a pulse with a length t, we can piece it together from solutions of ( /-!?)" = 
(g~!/2)” = 0, such that f and g are twice differentiable: 


fu) g "(u) 
u<0 1 1 
O<u<tT cos ku cosh(ku) 


t«u coskt+k(t —u)sinkt  cosh(kt) — k(t — u)sinh(kr) 


The “5-pulse” would be a limiting case, as t — 0 and k = 1/./t — oo, which 
means that: 


fu) gw) F(u) Gt) 
u <0 1 1 u u 


1 u u 


1 
We) Fa On Tu mu 


(5.8.8) Remarks 


1. For u := t — x > 0, the metric is 
g = dx? + (1 — u dy? + (1 + u dz? — dt? 


showing that the wave causes stationary bodies to be compressed in the y- 
direction and stretched in the z-direction; i.e., it is a quadrupole field. 

2. Since gy, is zero when u = 1, the chart (t, x, y, z) can only be used when 
t — x < 1. However, the singularity at t — x = 1 is only an apparent one, as by 
(5.8.2; 1) the g of Remark 1 is simple ņ written in another coordinate system. 
Specifically, if 


T =t — (l — u)y?’/2 + (1 + u)z?/2, 
X =x — (1 — u)y?/2 + (1 + u)z?/2, 
u=t-x=T-X, 


Y = (1 — u)y, 
Z = (1 +u), 
then 
g =dX? +dY? c aZ? - ar? 
(Problem 1). 


3. The curves (x, y, z) = const. are the trajectories of particles initially at rest. These 
particles get focused in the y-direction when u — 1 so that the y-coordinate of 
their separation is zero. It sounds as if particles must be able to move faster than 
light, if they can be arbitrarily far apart at u = 0 and become focused like this, 
but if we look at what happens in the chart (T, X, Y, Z), which reproduces the 
actually measured distances, times, and velocities when u > 0, then in the new 
coordinates the trajectory (t, x, y, z) = (s, 0, m, 0) becomes 

m? /2 m 


X ——————(- T), y = ———— 
( ) 14 m?/2 


EET 0-T,), Z=0. 
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While it is true that a particle reaches the origin x = 0 at time T = 1 for all m, 
it never moves faster than light: 


dX\? (dY\? mà e m*JA4 

—] +{(—) ————«l 

dT dT (1 + m?/2)? 
Since the gravitational disturbance has reached a given trajectory at the time 
T = —m?/2, particles that have started off farther away have had more time to 
approach the origin. 

4. Remark 3 only appears to single out the x-axis to focus all particles onto. Ac- 

tually, they are focused onto all trajectories (t, x, y, z) = (s, 0, m, 0) for all m. 


Any point can of course be considered the origin, if the coordinates are displaced 
relative to (T, X, Y, Z). 


A gravity wave excites quadrupole oscillations perpendicular to its direction of 
propagation in all objects it passes through. However, the intensities to be expected 
are so small that one should not be disturbed by the lack of evidence for them as 
yet. 


(5.8.9) Problems 
1. Verify (5.8.8; 2). 


2. Check that Bap" X? = —] for the solution (5.8.5). 


3. Integrate f'/2(f-'/7)” + g!/?(g-1/2" = 0 by making the ansatz that f = L~? exp(28) 
and g = L^? exp(—28). 


4. Calculate the Poisson brackets of the constants (5.8.3) and compare with (5.5.14; 2). 


(5.8.10) Solutions 
1. With 
U=u=T-X=t-x, 
V=X4+TH=x4t-(l-wy +(1+u)ąz?, x+t=v, 
we find 
—dU dV +dY? +dZ? = — du[dv — 2y dy(1 — u) + 2zdz(1 + u) + duy? + 2)] 


+ (dy(1 — u) — du yY. + (dz(1 + u) + du z} 
= —dudv +dy?’(1 — uy + dz?’ (1 + uy. 


+2 +2 2 2 2 
: 1/1 J +p: 
-P42 EH EE 
g a om 
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3. The ansatz leads to L” + (8? L = 0, which is solved by 


pu - | du’ J —L"(u^)/ L(u). 
0 


Then we can take L with L"/L « 0 and calculate f. 


4. (p: G(u)-z(po-- Px), p:) = po Px = {pyF(u)+y(pot px), py}, and the other Poisson 
brackets vanish. Therefore the invariance group is isomorphic to the one generated by 
the constants (5.5.4), and thus to the invariance group of the electromagnetic field tensor. 


(G=fgandF =f f.) 


(5.8.11) Some Unsolved Problems 


1. 


The stability criterion (3.4.24) is practically useless, since it is difficult to prove 
that the limits C. exist. There also exist numerous other stability criteria, which, 
however, do not apply to Hamiltonian systems. Can they be put to any use? 


. The K-A-M Theorem (3.6.19) guarantees that there exist invariant surfaces for 


systems of several degrees of freedom only when the perturbations are very small. 
Do bigger perturbations really destroy all invariant surfaces, or is the trouble only 
that the method of proof is poor? For almost optimal estimates in simple cases, see 
R.S. MacKay and I.C. Percival, Converse K-A-M: Theory and Practice, Commun. 
Math. Phys. 98 (1985), 469—512; and A. Celletti and L. Chierchia, Construction of 
Analytic K-A—M Surfaces and Effective Stability Bounds, Commun. Math. Phys. 
118 (1988), 119-161. 


. If the perturbation is large, so that the K-A-M theorem does not hold, under what 


circumstances is a system in fact ergodic; in other words, when is a trajectory dense 
in the surface of constant energy? 


. Suppose that the whole energy surface is not filled densely. When is the trajectory 


dense in a sufficiently representative part of the energy surface so that the time- 
average of an observable equals its average over the energy surface? 


. With the same supposition as in Problem 4, how long is it until the time-average is, 


say, within 1 per mil of its limit for infinitely long times? 


. In the N-body problem there were the following classes of trajectories: 


(a) trajectories with collisions; 
(b) trajectories where one particle escapes; and 


(c) trajectories for which all particles stay in a finite region. 


How large are the parts of phase space comprising each class, or comprising the 
closure of the trajectories in each class, when N > 3? 


One thing that seems to happen in the gravitational N-body problem, N > 3, is 
that small clusters of tightly bound particles form. These have a tendency to become 
more tightly bound and to cause more loosely bound clusters to break up—which 
means that the specific heat is negative: the hot become hotter and the cold colder. 
Can such behavior be derived from the equations of motion? 
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8. In the relativistic case, even the two-body problem is still unsolved, because one 
has to worry about the infinite number of degrees of freedom of the field. The other 
choice, eliminating the infinite number of degrees of freedom, means that the force 
depends not on the position of a particle, but on its whole history. How can one cope 
with this mathematically? The question is not purely academic, since the relativistic 
two-body problem may be realistic for double stars with black holes or neutron stars. 


6 


The Structure of Space and Time 


6.1 The Homogeneous Universe 


In physics, space and time are defined by the way yardsticks and clocks 
behave, which in turn is determined by the equations of motion. It is 
this reasoning that gives a concrete significance to the mathematical 
structure of our formalism. 


The first step toward a theory of relativity was the recognition that space and time 
are homogeneous. Homogeneity is expressed in the invariance of physical laws 
under spatial and temporal displacements, and implies that no point of the manifold 
is special. However, it is compatible with a structure in which certain directions 
are favored over others. 

Mathematically, this is expressed by regarding 


(6.1.1) M, as a Cartesian Product 


M=RxRxRxR 
= time x (up-down) x (east-west) x (north-south). 


In other words, canonical projections are specified onto the four coordinates. Such 
a Situation results in a translation-invariant, not necessarily isotropic, Hamiltonian, 


(6.1.2) H = Y epi) +), Vij(xi — xj). 


N 
i=l i<j 
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where e; are rotation-invariant functions of the momenta. 


(6.1.3) Remarks 


1. M, is still understood as the extended configuration space of a single particle, 
and the potentials are assumed regular enough that M, can be taken as all of R4. 
2. If V is of the form 


/ 2 
V(x)- i x20 + xlo) + xo — a)’, 


then molecules made up of such particles would oscillate at different rates in dif- 
ferent orientations, so the directions of the coordinate axes could be determined 
by experiment. 

3. In order to break the Galilean invariance, under x — x+vt,t — t, the functions 
e must be more complicated than |p|*, for example, 


3 
- Y cos(paka). 


a=] 


4. Hamiltonians like this are not merely to be found in science fiction, but are 
standard for the motion of electrons in anisotropic crystals. 


If the H of (6.1.2) is not dilatation-invariant, then a variety of possible definitions 
of length are compatible with the fundamental laws. For example, if a molecule 
consisting of particles as in (6.1.3; 2) is brought to rest oriented in the i-direction, 
it has a natural length a/w;. It could be used as both a yardstick and a clock, and 
because of the homogeneity of M, it could be used equally well at all places and 
times. It gives M, an additional mathematical structure: 


(6.1.4) M, asa Riemannian Space 


The Hamiltonian of (6.1.2) and Remarks (6.1.3; 2 and 3) provide M, with the 
metric 


;( 9 dx? dx? dx? 
OR e 
27 ay a; 

a 
w = one of the oj, dj = —. 
wi 


(6.1.5) Remarks 


1. This g uses the units defined by the molecule of (6.1.3; 2). After a time ôt = 
27 /w, the molecule has completed one cycle; and, once it is in position, it defines 
the unit lengths ôx; = a; in the various directions. 

2. The metric (6.1.4) is an indisputable choice only if all yardsticks and clocks be- 
have identically. And if that is the case, then we would not say that the molecule 
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has different lengths in different directions, but would prefer to use scaled co- 
ordinates x; /a;. 

3. A pseudo-Riemannian metric, g = —dt?(w/2m)*+- - -, could also be postulated. 
As long as the time axis is distinguished, this g contains the same information 
as the Riemannian one (6.1.4). 

4. Even if H is not dilatation-invariant, it can happen that the equations of motion 
do not naturally define any yardsticks and clocks; invariances of the equations 
of motion do not necessarily correspond to invariances of H. For example, the 
nonrelativistic equations of motion (1.1.1) and (1.1.2) are invariant under 


x— AJx and t£ AH, AER, 


which is not related to a one-parameter group of invariances of H. That matter 
actually does define distances and times is a quantum mechanical fact. The uni- 
versal constants e, m, and/i can be combined to form the Bohr radius? /me? and 
the Rydberg frequency met /2h°. It is only in quantum theory that the solutions 
of the fundamental equations with realistic forces (1.1.2) naturally define the 
distances and times that make the physical M, a Riemannian manifold. 


6.2 The Isotropic Universe 


On the surface of the Earth the vertical direction is apparently more special than the 
compass directions. The isotropy that space would otherwise possess is destroyed 
when the direction up—down is singled out. Supposing that some scientists regarded 
this direction as really fundamental, they might well use the Hamiltonian 


(6.2.1) H = Y elp) + D0 Vx — xj) e? mia 


i>j i 
to describe the laws of nature. 


(6.2.2) Remarks 


1. Since the kinetic and potential energies depend only on the magnitudes of vec- 
tors, there is still a rotational invariance about the z-axis. The invariance group 
is thus extended from R x R x R x R, as in 86.1, to R x R x E». 

2. Accordingly, Me would now be considered as the Cartesian product R x R x R? 
— times x (up-down) x the Earth's surface. (We draw a distinction between 
R x R and R2; by writing the former we presuppose projections onto the two 
particular axes, while in the latter no direction is preferred.) 


Our hypothetical scientists would eventually realize, by the time they invented 
space travel, anyway, that our position relative to the center of the Earth is not 
really so important. They would then get rid of the g in their universal formula 
(6.2.1), and conclude that 


(6.2.3) M, = R x R? = time x space. 
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t (t, x) 


R3 


FIGURE 6.1. Canonical projections of M,. 


x20 x'-0 


FIGURE 6.2. The translations. 


(6.2.4) Remarks 


1. Mathematically, the product structure specifies canonical projections onto R 
and R°, as shown in Figure 6.1. Given any two points, the question whether 
they were at different places at the same time, or whether they were at the same 
place at different times, has a unique answer. All suitable coordinate systems 
differ from each other only by translations and spatial rotations, which do not 
alter these facts (Figure 6.2). 

2. The existence of the projection onto IR? distinguishes a system at rest from 
one that moves at a uniform velocity. One may then ask how bodies that are 
absolutely at rest can be distinguished from moving ones. For instance, in one 
dimension the kinetic energy of two bodies could be —k~?(cos kp; + cos kp), 
distinguishing a particular rest-frame. When rewritten in center-of-mass and 
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relative coordinates, as in (4.2.2), with m, = m2, it becomes 


2 Pemk 
ee k pense Vs. 
Ü cos(p Joos ( 2 ) 
Since V depends only on x; — x2, Pem is a constant, but 


1 k 
Xun = k sin Pa cos pk. 


The momentum p is time-dependent, and Xem is independent of time only if 
Pem = 0. Moving molecules do not have constant center-of-mass velocity. This 
objective criterion would have to be recognized even by observers moving rel- 
ative to the molecules. 

3. As mentioned in the previous section, a Hamiltonian of the form (6.2.1) can 
be used to define distances and times (possibly with the help ofA), and thereby 
give M, a Riemannian structure. The sum of the scalar products in R and IR? 
produces a metric 


(6.2.5) g = v dt? + |dx? 


(and the difference produces a pseudometric), where v is a ratio between dis- 
tances and times defined by (6.1.4). 


Now that we have a picture of space and time as they would appear to a creature 
raised in a crystal, we turn our attention back to the world in which we ourselves 
live, at first as it appears without closer examination. 


6.3 Me According to Galileo 


We now consider the standard laws (1.1.1) and (1.1.2), which are invariant under 
the Galilean group (4.1.9). With this invariance, the words “rest” and “uniform 
motion” have no absolute meaning, since the coordinate systems represented in 
Figure 6.3 are equally valid. There is no chart-independent way to say two events 
(elements of Me) happen at the same place at different times. However, simultaneity 
still has an absolute meaning, unaffected by Galilean transformations. 

Put mathematically (see (2.2.15)), we now consider 


(6.3.1) M, asa Vector Bundle R^, with R (Time) as its Basis, and R? (Space) 
as a Fiber 


(6.3.2) Remarks 


1. There is no canonical projection R^ — R?, onto space, and thus M, 4 R x R?. 
While it is true that on a chart M, has the form of a product, it is trivializable 
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x=0 x'-0 


FIGURE 6.3. A Galilean transformation. 


without being trivial. The physical meaning of this is that observers whose 
coordinate systems are in uniform relative motion can make their decomposition 
of M, into space and time, but the submanifolds where x — 0 determined in 
each system differ—though they are equally valid. 

2. The fiber R? has an affine structure but lacks a distinguished origin x = 0. This 
is similar to the situation in phase space, T*(IR*), where the origin p = 0 of the 
fibers is undetermined, as it can be freely translated by Galilean transformations 
p— pt+mv. 

3. The projection onto the basis is a universal rule for synchronizing clocks. It is 
not difficult for all observers to agree on the rule in practice, because arbitrarily 
fast speeds can be attained: the submanifold t = const. is uniquely characterized 
by the property that no trajectory can pass through two of its points, no matter 
how great the velocity is, a fact that would be perceived the same in all frames 
of reference. 

4. Distances and times can be defined with the aid off so as to give space and 
time a Riemannian structure. Since M, # R x R?, there is no chart-independent 
way for M, to inherit this structure. What M, lacks is an orthogonal coordinate 
system in which the metric could be written as a sum, as in (6.2.5). Although the 
time interval between two points can be defined by using the bundle projection, 
the spatial interval between two points at different times depends on the positions 
of the reference frames at those times, which are not independent of the chart. 
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FIGURE 6.4. A Lorentz transformation. 


6.4 Me as Minkowski Space 


We next investigate what structure the relativistic equations (1.1.3) give to space 
and time, united as Minkowski space. In addition, we suppose that the complete 
system of equations, (1.1.3) along with Maxwell's equations for F, is invariant 
under the Poincaré group (5.1.12). That is, everything looks the same in two ref- 
erence frames after the coordinates have been transformed as in (5.1.12). The 
bundle structure of M, is lost, because, compared with Figure 6.3, the special 
transformation (5.2.6) can be represented as shown in Figure 6.4. 


(6.4.1) Conclusion 


Simultaneity is defined in Minkowski space only with charts, and it is different 
with different charts. 


(6.4.2) Remarks 


1. Arbitrarily fast speeds are no longer available, as in (6.3.2; 3), to synchronize 
clocks with. 

2. The synchronization defined in the charts (t, x) and (t’, x’) is the requirement 
that beams of light, £; and £2, emitted at the points a and b simultaneously in 
one chart meet at the midpoint, and is known as Einstein's synchronization, 
as shown in Figure 6.5. 

3. It would of course be possible simply to decree that the projection onto the t-axis 
defined by Einstein's synchronization in a certain system, the "rest frame of the 
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FIGURE 6.5. Einstein’s synchronization with light beams. 


x 


ether,” shall be used in all systems. This is equivalent to using the transformation, 


Xx t vut 
es e = =x, t" =ty1 -v =t — vx’, 
=U) 


in which case t = 0 coincides with r” = 0. The advantage of x" and t” is 
that they represent distances and times as measured with real meter sticks and 
clocks, but the reasons not to use them are: 


(a) Nature has no preference for any system. 


(b) The users of (t", x") would feel put out for having to use such complicated 
equations. 


(c) These transformations do not form a group. 


Yet this chart cannot be excluded on purely logical grounds; even the most 
peculiar kinds of coordinates are allowed by our definition of a manifold. In this 
way it would be possible to save the notion of absolute simultaneity, but no one 
is willing to make the necessary sacrifices any more; philosophical principles 
are not as persuasive as mathematical elegance. 


We have remarked in (6.3.2; 1) that if there is no canonical projection to IR?, 
then spatial intervals are necessarily chart-dependent, unless the points involved are 
simultaneous. Since now even simultaneity is chart-dependent, so are all spatial 
and temporal intervals—just as the length of a body in the 1-direction lost its 
absolute meaning in the transition from 86.1 to 86.2. But what has happened now 
is more unusual, and requires a more detailed discussion. 

The first point to make clear is that the coordinates (t’, x’) reflect times and 
distances as actually measured just as much as (t, x) do: A yardstick of unit length, 
with one end at (t, x) = (t, 0) and the other at (t, x) = (t, 1), corresponds to 
a certain solution £ of the system of equations. The Lorentz-invariance of the 
equations ensures that there exists a Lorentz-transformed solution Z’ with ends at 
(t^, x^) = (t', 0) and (t, 1). In other words, if the unit yardstick is moving, it is still 
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FIGURE 6.6. The Lorentz contraction. 


a unit yardstick in the primed system. Of course, the acceleration to the primed 
system must not be too violent; the molecules must not be excited to new states, 
etc., or the original solution will not remain valid. Interestingly, both the length of 
L in the unprimed system and of £ in the primed one are equal to /1 — v? < 1. 
The apparent contradiction is resolved if one notes that the length in each system 
is the distance between the ends at the same time, but “at the same time" means 
something different in the two systems (Figure 6.6). 


(6.4.3) Conclusion: The Lorentz Contraction 


In Minkowski space, moving bodies are contracted by the factor v1 — v? in the 
direction of motion. 
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FIGURE 6.7. Demonstration of the Lorentz contraction of moving unit yardsticks. 


(6.4.4) Remarks 


- 


. Einstein's synchronization is essential in this statement. In the coordinates 


(6.4.2; 3), t" — O is a horizontal surface. Then, too, a moving yardstick is short- 
ened, but a yardstick at rest is lengthened, as seen from a moving system. Notice 
that in the primed coordinate system the ends of the unit yardstick also have the 
world-lines x'(t^) = 0 and x'(t") = 1; only the time-convention is different from 
the unprimed one, although, of course, a clock with world-line x'(t") — 0 goes 
around exactly once between t’ = 0 and t' = 1. 

If a picture is taken of a moving body, the time-delay of the light, ~ v/c, is a 
larger effect than the Lorentz contraction, ^ (v/c)*. A picture would not show 
the instantaneous position of an object; instead, particles that are a distance L 
farther away are photographed at where they were at a time L/c earlier, i.e., at a 
position displaced by Lv/c. It can be shown that the net effect is that an object 
does not appear contracted, but rotated. 


. If one accepts that all systems in uniform relative motion are equally valid, then 


the Lorentz contraction can be demonstrated without reference to the synchro- 
nization of clocks. Imagine that two identical yardsticks £, and £? are sent by 
each other with equal but opposite velocities, and that the positions of their ends 
are marked at the instant that they coincide. From symmetry, one concludes that 
both ends get marked at the same time (Figure 6.7). 


The situation concerning the length of time between two events is similar. A 


periodic solution of the equations of motion can be used as a clock, and the Lorentz- 
transformed solution would describe a moving clock. If the two clocks are objects 
with the trajectories x = 0 and, respectively, x’ = 0, and periods t and 1’, then 
what happens is depicted in Figure 6.8. 
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x=0 x’ =0 


FIGURE 6.8. The time-dilatation. 


(6.4.5) Conclusion: Time-Dilatation 
In Minkowski space, moving clocks run slow by the factor v 1 — v?. 


(6.4.6) Remarks 


1. In the coordinate system (6.4.2; 3), moving clocks also run slow, but station- 
ary clocks as seen from a moving frame of reference run fast. The apparent 
contradiction vanishes in the coordinates (t”, x"), too. 

2. The slowing of time for moving bodies can be demonstrated without reference 
to synchronization, for instance for rotational motion. Fast-moving muons in 
a storage ring live much longer than stationary ones. In fact, time-dilatations 
by a factor of 100 or more have been observed in storage rings; but it is also 
possible to measure the miniscule amount of retardation during an airplane's 
flight around the Earth. 

. One might wonder whether a given clock, accelerated to some velocity, would 
actually run slow in consequence of the equations of motion. Let us take the 
Larmor motion as a model ofa clock, and accelerate the particle with an electrical 
field parallel to B. We have already calculated in $4.2 that the frequency in s 


Ww 
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is always eB/m, so the frequency in t works out to be decreased by the factor 
1 — v2. The reason for this is the relativistic mass-increase, which makes a 
fast-moving particle go slower than it would otherwise. Care must be taken, of 
course, not to change the velocity much during one period, so that the motion 
will remain more or less periodic in t, and the whole system can reasonably be 
called a clock— just as in ordinary experience a clock cannot be accelerated too 
fast or it will break down. However, quantum mechanics makes atomic clocks 
so sturdy that hardly any care at all need be taken when they are accelerated. 


In the models of space and time presented earlier, it was possible to use the 
inverse images of the natural divisions of the time axis under a distinguished 
projection to decompose all of M, into past, present, and future with respect to 
any point. As we would like to preserve this decomposition so far as possible, we 
make 


(6.4.7) Definition 


For a and b € Me, a + b, we shall write a > b if there exists a solution to the 
equations of motion that passes first through b and then later through a. If it never 
happens that a > b and b > a, then we say that > includes a causal structure on 
M., or, for short, that M, is a causal space. 


(6.4.8) Remarks 


1. On the bundle of 86.3, we had (t, x) > (t, x") & t » t'. 

2. We assume that arbitrarily strong fields are possible, so that the velocity of any 
solution can be instantaneously turned into the velocity of any other. This means 
thata > bandb>c>a>c. 

. The existence of a closed trajectory in M, would preclude this kind of order 
relation. K. Gódel constructed a solution of Einstein’s equations for the metric 
of space-time for which there exist closed, timelike geodesics. Their existence 
is thus compatible with the laws of nature as we know them. The nature of time 
in such a manifold is radically different from that in Minkowski space. In the 
latter an absolute time can be defined by (6.4.2; 3), but this is not possible in the 
Gódel universe. 

4. The past with respect to a is (b € M,:a > b}, the future is (b € M,:b > a}, 

and the rest of M, could be referred to as the present. What goes on at a can 
influence only its future, and be influenced only by its past. 


Ww 


The causal relationships on a more general manifold can be rather strange; there 
might, for example, be some point in the present for which no trajectory can pass 
through it and ever reach the future (cf. (6.5.5; 2)). The state of affairs is fortunately 
more clear-cut in 


6.5 M, as a Pseudo-Riemannian Space 277 


(6.4.9) Minkowski Space as a Causal Space 
In Minkowski space, 


(t,x, y,z) > xy. wm 
t>t ad Ger’ m(xeay--0-»yxGezy. 


(6.4.10) Remarks 


— 


. Inall the models through 86.3, the present was {(t’, x’, y’, z’): t' = t}, asubmani- 
fold of lower dimensionality. In Minkowski space its interioris a four-dimensional 
submanifold. 

2. Unlike before, it is now possible to have two trajectories such that no point of 

either trajectory lies in the future (or the past) of any point of the other trajectory. 

An example would be the two hyperbolic trajectories 


I = ((sinhs, cosh s, 0, 0): s € R}, 


and 
II = ((sinh s, — cosh s, 0, 0): s € R}, 


of particles responding to the electric field E = (x,/|x,|, 0, 0) coming from a 
surface charge (Figure 6.9). Observers on these trajectories can never see each 
other directly, although people in between could know about both of them. 

. The causal structure defines a topology, in which the open sets are unions of 
Uac := (b € Me:a < b < c), where a and c are any points of Me. This topology 
is identical to the ordinary one. 

4. Zeeman has proved a surprising theorem: every bijection f: R^ — R^ that 

preserves the causal structure of (6.4.9) (i.e. x > y €& f(x) > f(y) is the 
product of a Poincaré transformation and a dilatation. 


U 


6.5 Me as a Pseudo-Riemannian Space 


Our final task is to take the influence of gravitation on space and time into account. 
The principle of equivalence (5.6.11) states that suitable coordinates can be used 
at any point to make g55 = Nag and all the derivatives of gy zero. In other words, 
gravity is not detectable at a single point, and from the discussion of $6.4 we 
conclude that in these coordinates 


(6.5.1) g = dx? + dx? + dx? — dt? 


reproduces distances and times as actually measured, supposing that the mea- 
surement is confined to an infinitesimal neighborhood of the point of space-time. 
Other coordinates could obviously be used, in which the actual metric of (6.5.1) is 
transformed from nag to Bag at the point in question. At any rate, we can consider 
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FIGURE 6.9. The future and past for hyperbolic trajectories. 


(6.5.2) M, as a Space with a Pseudo-Riemannian Metric 


In a gravitational field, gag dx“ dx? gives the metric as actually observed. 


(6.5.3) Remarks 


— 


. This interpretation depends essentially on the universality of gravitation. If dif- 
ferent particles acted differently in a gravitational field, then no single trans- 
formation could make the field vanish at a given point for all the particles. 
Universality also requires that Maxwell’s equations in the coordinate system 
(6.5.1) have the same form as in the absence of gravity. If that is the case, then 
the forces which are at work on the yardsticks and clocks are also unaffected 
by gravity, and everything works as if there were no gravity. In mathematical 
terminology, the tangent space is a Minkowski space. 

2. The attempt to interpret other fields geometrically has always failed from the lack 
of similar universal characteristics. If measuring instruments that have been built 
differently are affected differently by a field, then a geometrical interpretation 
is not convincing. 

3. From time to time someone comes up with a “theory of gravitation in flat space.” 

The established equations (1.1.6) and (1.1.7) are typically used, but in some 

coordinate system nag dx“ dx, rather than gag dx" dx, is interpreted as the 

metric. Then it is explained that yardsticks and clocks fail to measure this met- 
ric because they are influenced by the gravitational potential. But Nature does 
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not select a special coordinate system, and real yardsticks and clocks in fact 
measure gog dx” dx’. Although logically possible, the attempt to save “abso- 
lute Minkowski space” is as artificial as the attempt in (6.4.2; 3) to choose an 
“absolute rest frame” arbitrarily. 

4. Although the gag appear in the equations of motion, they are no more observ- 
able than the electrical potentials. Their influence can be regarded as that of a 
universal scaling transformation, which cannot be perceived locally. 

5. The conformal group might turn out to be more fundamental than the Poincaré 
group, and our units of length would basically be accidental. The Riemannian 
structure of space would then be a mere fleeting apparition, contingent on the 
scope of our current understanding. A causal structure, however, would remain. 


One occasionally encounters the notion that one would need gravitational theory 
to be able to use an accelerating coordinate system. Actually, it goes the other way 
around. An accelerating reference system can always be used to reduce the situation 
in a gravitational field locally to that of Minkowski space. Differences from §6.4 
occur only for nonlocal phenomena. 


(6.5.4) Alterations of the Geometry by Gravitation 


1. Although a universal dilatation could not be perceived infinitesimally, if 
the gag depend on x, then yardsticks at different places will have different 
lengths, and if they could be laid next to each other, the difference could 
be measured. Similarly, any differences between atomic oscillations used as 
clocks can be detected by a comparison of the frequencies of light emitted 
at different points. If we consider the Schwarzschild metric (5.7.1), which is 
time-independent, then electromagnetic waves are solutions of Maxwell's 
equations proportional to exp(iwt). The frequency in t is a constant through- 
out space, and consequently the frequency in s is different at different points 
(this is the origin of the gravitational red-shift). Modern experimental tech- 
niques can measure the red-shift from the change in the Earth's gravitational 
potential due to a difference in altitude of only a few meters. 


2. Variable gag of course destroy the large-scale Euclidean geometry of space. 
In particular, Pythagoras's theorem would no longer hold, as the sides of a 
triangle would be measured by yardsticks contracted by different amounts. 
These effects, however, are mainly of theoretical interest, since space on 
the Earth is flat to within the precision of our measuring instruments; the 
only properties we can measure across greater distances are the direction, 
frequency, and intensity of light rays. 


3. Previously, we always considered M, as IR with some additional structure, 
and thus T(M,) was always a Cartesian product —which we described by 
saying that M, was parallelizable. That is, given two vectors at different 
points, it was possible to say whether they were parallel. In Minkowski 
space this meant that four-velocities at different points could be compared, 
in practice by using light beams. Two observers have the same velocity if and 
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only if they do not appear Doppler-shifted to each other. But if the manifold 
determined by g is not parallelizable, then there is no way to say whether 
two bodies are at rest with respect to each other unless they are at the same 
point. Light signals are no longer useful for determining whether vectors are 
parallel, because they are affected by gravity. 


(6.5.5) Alteration of the Causal Structure 


1. There exist manifolds that are not causal. For example, let 


CEU PNEU ar NUDO RN: 2 
Me = {x € R: x + x3 + x3 — x9 — x4 = or'h, 


and induce a metric on it from R° with g = dx? + dx2 + dx? — dx2 — 
dx. Then (xo, X1, X2, X3, X4) = r(cos s, 0, 0, 0, sin s) is a closed timelike 
geodesic, which, according to (6.4.8; 3), precludes a causal structure. 


. If M, is Minkowski space with some parts removed, then there may exist 


two particles with disjoint futures. For example, in the Schwarzschild field 
there can be observers with trajectories 


I = ((u, v, 9, p) = (1 + cosh s, sinh s, 0,0), s € R} 


and 
II = ((u, v, 9, g) = (—1 — cosh s, sinh s, 0, 0), s € R}. 


Unlike what we saw in (6.4.10; 2), no observer in between can have seen 
both of them (Figure 6.10). 


Our discussion has shown how different laws of nature imprint their structure 
on the space-time manifold. It is clear that it would be presumptuous to try to state 
what the true essence of space and time is. The most we can discover is that facet 
of the essence which is reflected in our present knowledge of the laws of nature. 
Space-time takes on different features, depending on what we choose to regard as 
fundamental or as accidental. 
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future of II future of I 


FIGURE 6.10. The futures of two uniformly accelerated observers. 


Part II 


Classical Field Theory 


7 
Introduction to Classical Field Theory 


7.1 Physical Aspects of Field Dynamics 


Electric and magnetic fields are dynamically interconnected in such a 
way that an electromagnetic disturbance propagates with a universal 
velocity in empty space. By studying this phenomenon we gain a quali- 
tative understanding of field radiation and are led to expect analogous 
gravitational behavior. 


The unification of the theories of electric and magnetic phenomena was one of the 
great scientific events of the nineteenth century. Whereas stationary electric fields 
E have sources at the positions of the charges but are irrotational (V x E — 0), 
changing magnetic fields produce circulating electromotive forces. In contrast, 
magnetic fields B are always sourceless and circulate around currents and places 
where there is a time-dependent electric field. The dynamical interrelation of the 
two fields is described by Maxwell's equations: If we consider empty space (no 
sources or currents), then in units where c — 1 they require that 


(7.1.1) $ 4s-E - - f ds-B, $ ds-B= f as, 
ON N aN N 


for integrals over arbitrary surfaces N with boundaries 3N; and if the surface is 
closed, then 


(7.1.2) f as-£= d as no 
N N 


We shall later recognize these apparently independent relationships as different 
aspects of a single fact, that the field-strength form and its dual form are closed. 
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FIGURE 7.1. The fields in a plane wave. 
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FIGURE 7.2. Illustrating the integral form of Maxwell's equations. 


Before going more fully into this geometrical interpretation, let us try to come to 
an intuitive understanding of the physical consequences of these equations. 


(7.1.3) Electromagnetic Waves 
At a fixed time, a field 


(7.1.4) E, = B, = cos(w(x — t)), all other components 0, 


looks as shown in Figure 7.1. 

This is obviously free of sources, and it satisfies (7.1.1), as is easily seen on the 
surface chosen in Figure 7.2. Since the wave in Figure 7.1 moves to the right, E 
and B have the same sign as E and B in that region, and so for t = 0, 


z/w ; 
$ E-ds = -2L = -Lo | dx sinox =- [ B-as, 
aN 0 N 


We see that unlike in the stationary situation, where the electric field of a point 
source falls off as 1/r?, it is dynamically possible for it to travel through space at 
the speed of light, normalized here to one, without decaying, that is, without the 
pulse losing intensity. 

It can also be seen from the relationships (7.1.1) and (7.1.2), though less di- 
rectly, that any change in the fields propagates at the speed of light. We shall later 
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Eforr > 0 
E for: < 0 


| 


FIGURE 7.3. The field of bremsstrahlung. 


study how this follows from the structure of the characteristics of the equivalent 
differential equation. For the moment let us take this property as given, and use it 
to investigate how an accelerated charge shakes off some of its Coulomb field and 
emits it as radiation. 


(7.1.5) The Production of Electromagnetic Radiation 


A charge e moving with a constant velocity v in the x-direction emits no radiation 
(by Lorentz invariance). However, if it is brought to a stop at the origin during the 
time —t < t < 0, then its Coulomb field at some time t > 0 looks as follows: At 
distancesr > t+ from the origin it is equal to the field of the moving charge, since 
those parts of space have not yet learned of the braking of the particle. The lines 
of force out there point at the spot x — vt rather than at x = 0, where the charge 
remains as t > 0. Thus, the lines of force are displaced by vt ~ vtt compared 
with the field atr < t. Atr < t the field is that of a charge at rest at x = 0, as the 
field has already forgotten that the charge ever moved. In between, in the spherical 
shell t < r < t + x, the lines of force progress continuously and without sources. 
Hence they must bend, and, as shown in Figure 7.3, as r increases they must get 
folded more closely together in the parts of the spherical shell that are at most at 
right angles to v. This causes the field strength to increase by a factor of rv: The 
increase in the density of the field lines is proportional to (displacement of the 
field lines)/(thickness of the spherical shell) ~ vtt/t ~ rv, because atr = t >> t 
one would see the field of a charge at x = tv ~ trv, and thus the lines of force 
are displaced by this amount. The field in the spherical shell is consequently not 
[E| = e/r?, but 


(7.1.6) E~ =, fort<r<t+r and B= dy. 
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(7.1.7) Remarks 


1. The compression factor is only significant when 2 is near 7/2. If 9 = O or x, 
then the lines of force in the spherical shell are not bent at all. A more careful 
calculation produces an overall factor sin? 3 in |E|?. 

2. The sign of the field's augmentation is clearly such that its direction is opposite 
to that of the acceleration. 


An electric field ~ 1/r rather than ~ 1/7? as with the static Coulomb field leads 
immediately to the radiation of energy. The field energy contained in the spherical 
shell, 


~ Í d’x JE ~ JE r?t ~ e?|v?c 
t<r<t+rt 


is conserved during the expansion, so that at large r the radiated field still has just 
as much energy, while the Coulomb energy decreases to zero. The radiated energy 
is evidently imparted to the field during the braking in the time t, and then it travels 
off to infinity at the speed of light within the spherical shell t < r < t + t. In this 
way we obtain the basic formula of radiation. 


(7.1.8) Larmor’s Formula 


2 
Radiated energy per unit time = 3 


(7.1.9) Remarks 


1. In order to get a feel for the order of magnitude of the radiated energy, it is most 
convenient to use the fundamental length of electrodynamics, the classical radius 
of an electron, i.e., the radius at which the Coulombic potential energy equals 
the rest energy of an electron: re = e?/4mmc? ~ 107? cm. (As we set c = 1 
this is equivalent to about 107% s.) If an electron at almost the speed of light is 
stopped in a time t ~ r, over a distance b ~ v, then ù ~ v/t ~ 1/t ~ 1/b, 
so the braking releases a radiation energy ^ te?” ~ e?/b, which is roughly 
the rest energy of an electron (~ 1 MeV) if b ~ re. Modern accelerators have 
made such breakneck occurrences commonplace. 

2. Electrons are most easily braked with an electric field E, and it is natural to ask 
what the connection between the radiated energy and the energy of the field E is. 
Because mv = eE, an electron radiates E?(e?/m)*t, which is the fraction of the 
energy of the field E contained in a volume t x (the classical electron radius). 
If the electron is not subjected to a single braking, but is moved periodically, 
as in a light wave, then we are interested in the cross-section, defined as (the 
radiated energy per unit time)/(the incident energy per unit time and surface 
area). Since the energy density of a light wave is E?, the energy incident in 
a time t and a unit of surface area is E?r, and the scattering cross-section is 
about r2. This means that the electron is about 107? cm across, in the sense 
that it blocks a surface area r? ~ 10-6 cm? from a beam of light. However, 
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FIGURE 7.4. The electric field of an oscillating dipole. 


quantum effects often make an electron act more as if it were 107}! cm across. 
An electron is best pictured as about 107!! cm across but fairly transparent, so 
that it scatters light only weakly. The explanation for why matter is so often 
opaque, though the field is predominantly influenced by the rather transparent 
electrons it contains, will be discussed later. 

3. The precise numerical factor given in (7.1.8) comes about because: 


(a) We use units in which the Coulomb field is e/4z7?, giving an extra (4x) ?. 


(b) According to (7.1.7; 1) the energy has an angular distribution ~ sin? 9. 
Integrated over a spherical surface, this gives 2 - 4r. 


(c) The energy density is actually (|E|* + |B|*)/2, but the contribution from B 
equals that from E. 


The source of light is ordinarily atoms, in which negative charges orbit positive 
ones, while the total charge is neutral. If a single charge oscillates, then the pattern 
of field lines produced is that of a repetition of one-time brakings (Figure 7.4, 
left). If two charges oscillate around each other, then this field must be superposed 
on one that is oppositely directed and has a phase-lag (Figure 7.4). As we see, 
oscillating dipoles emit circulating electric fields, in which |E| is again given by 
(7.1.6). If w is the frequency and L the amplitude of oscillation, then c? L replaces 
v in (7.1.6). This produces the formula for 


(7.1.10) Dipole Radiation 


Radiated energy per cycle ~ e?L?a’. 
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FIGURE 7.5. The typical lengths connected with the emission of light by an atom. 


(7.1.11) Application to Atoms 

For an atom, one would set L equal to the Bohr radius r, :=h?/me? = (ic/e?)’r, = 
(137Y?r, ~ 107? cm. The electron velocity wL is roughly (137)~', so the period 
is ~ (137)r, ~ (137r, ^ 107? s. Then from (7.1.10) the energy loss per cycle 
is ~ (137) 2e? /r,, and an electron has to orbit (137)? times to radiate an energy 
e? | ry. The available energies of excitation are on the order of e?/r, ~ 10eV, so 
we expect the lifetime of an excited state to be about (137)? - 107? s ~ 107? s. 
Of course, a more exact analysis of what goes on requires a quantum-theoretical 
analysis of the process, but the only quantum-mechanical quantity needed for a 
preliminary orientation is r,. The creation of light may be typically outlined in 
this way: An atom emits (137)? waves in 107? s. Since the wavelength is about 
1/o ^ 137r,, the resultant wave-packet is (137)*r, ~ 10 cm long (Figure 7.5). 
These figures also show up in the widths of the emitted spectral lines and in the 
coherence length of the radiation. 

The original estimate of bremsstrahlung in (7.1.8) used only the electric field's 
form ^ x/r?. It is tempting to reason the same way with gravitation, replacing 
e? with the formally analogous quantity km? Before spending too much time on 
the details of this analogy, one would likely note that the numbers involved are 
discouragingly large. As discussed in (1.1.1), the coupling constants differ by a 
factor of 1096. Whereas an atom takes 107? s to emit a photon, it would require 
1036 . 10-8 s ~ 10% s to bring a graviton into being. This is 10!? times the age 
of the Universe, and it seems idle to speculate more about such questions. But 
masses, unlike charges, all have the same sign, and therefore large bodies benefit 
from tremendous coherence effects. We shall shortly see that collapsing stars ought 
to release gigantic energies through gravitational radiation. 


(7.1.12) The Production of Gravitational Radiation 


The points to reconsider in the derivation of (7.1.5) are: 
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(++) 
FIGURE 7.6. The gravitational field of two oscillating masses. 


(a) One of the facts used was that E = ex/r?. The potential energy e?/r of two 
charges e corresponds to the gravitational energy x M?/r of two masses M. 
Hence the analogue of the Coulomb field is /k Mx/r?, the square of which 
is the energy density. 


(b) The second fact used was that the electric field propagates at the speed of 
light. We shall later learn that this is also a property of the gravitational field, 
as a consequence of Einstein's equations. However, the gravitational field 
in turn influences the speed of light, which complicates the details of the 
radiation problem, though the orders of magnitude should not be affected. 


(c) Intheelectromagnetic case the center of charge was accelerated, but the anal- 
ogy fails at this point. Since the gravitational field is coupled to all masses, 
and the center of mass moves uniformly, this kind of radiation never occurs. 
This is apparent, for instance, if two masses oscillate around each other, for 
which two equal fields with a phase shift must be superposed, but this time 
with the same sign. Then in directions perpendicular to the oscillation, the 
large component in the direction of v cancels out (see Figure 7.6), leaving a 
field ~ 1/r?. 


(d) There can be electromagnetic quadrupole radiation even with a stationary 
center of charge; and in the situation of (c), the asymptotic fields do not 
quite cancel out at 45?. A more careful calculation shows that they are only 
reduced by a factor v ~ wL. The same thing is true for gravitational waves, 
leading to 


(7.1.13) Graviational Radiation of Rotating Masses 
kM? 
Radiated energy per unit time ~ «M7w°L* ~ se, 
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or 


Radiated energy per period ~ v? - the gravitational energy of the system. 


(7.1.14) Remarks 


— 


. We shall later encounter an apparently different reason for the additional factor 


v? = o? L?: whereas the electric field is coupled to the current, the gravitational 


field interacts with the energy-momentum tensor, which is quadratic in the ve- 
locity. An additional v in the coupling produces an additional v? in the radiated 
energy. 


2. By interpreting x M?/L as the gravitational energy of the system we obtain a 


Uo 


relationship in which the miniscule coupling constant no longer appears, or, 
more precisely, is hidden within the gravitational energy. 


. We have not taken the trouble to puzzle out the exact numerical factor in (7.1.13). 


Moreover, it only applies in the context of the linear approximation to the Ein- 
steinian theory. No exact solutions, showing how gravitational waves are created, 
have yet been found. 


In 81.1 we have discussed the qualitative features of cosmic phenomena. Let us 


use these rough numbers to calculate 


(7.1.15) The Order of Magnitude of Gravitational Radiation 


(a) Planets: Using Earth as an example, v ~ 1074, giving us a factor 107% in 
(7.1.13). That means that in Earth's 10'°-year long history it has lost only 
one 10! *th of its potential energy through radiation, causing it to draw closer 
to the Sun by 107? times the radius of its orbit, which is ~ 107}? -108 km ~ 
10 m. 


(b) Double stars: For double stars v ~ 1073, and the orbital period is often only 
107? years. Each year they radiate 107? of their gravitational energy which 
was too little to be measured until quite recently. 


(c) Black holes: If a star collapses under its own weight, then its contents are 
compressed into nuclear matter, and it turns into a neutron star with a radius 
of perhaps 10 km (cf. §10.5). If further compressed, it produces such a 
strong gravitational field that the gravitational energy is comparable to the 
rest energy, and relativistic effects appear. The gravitational analogue of the 
classical radius of an electron is the Schwarzschild radius x M, which is 
on the order of a kilometer for stars. Kepler orbits at this distance become 
relativistic, as the potential energy approaches the rest energy. The implosion 
of a neutron star can lead to a situation where v ~ 1 and k M?/L ~ M, and 
then, by (7.1.13), the radiated energy becomes equal to the rest energy of a 
star. Even if a more exact calculation would show that the true figure was a 
few percent, the energies involved are certainly huge. 
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Unfortunately, not much is known about gravitational radiation experimentally. 
It is predicted by all sensible theories, however, since our derivation has only 
posited a finite propagation speed for the gravitational field. 

In all of the above discussion the motion of the sources of the fields has been 
assumed given. In fact the fields also affect the sources, and one really ought to 
solve the equations for the coupled system. We encountered a simple example 
of such a problem in the scattering of light, where an electron was accelerated 
by a light wave, which in turn caused the light impinging on a surface ~ r? to 
be scattered. That derivation, though, was for a free electron, and certainly does 
not hold for electrons in matter. Such a small cross-section would render normal 
matter, with interatomic distances ~ (137)?r,., highly transparent. The reason this 
is not the case is that bound electrons exhibit resonance behavior, increasing v 
compared with (7.1.9; 2). 


(7.1.16) The Scattering of Light by Bound Electrons 


The electrons sit in the electric field E of the binding force as well as the light wave. 
Idealizing the binding as a harmonic force with strength moy, making the frequency 
of atomic electron oscillations wo, would lead one to expect m(X + wx) = eE for 
the equation of motion of the electrons. A periodic electric field then gives rise to 
an acceleration 


which increases the scattering cross-section by (1 —w)/w*)~*. Since the frequency 
w of visible light, which is emitted by other atoms, may be near wo, the resonance 
denominator can be very small, and light will not penetrate far. Of course, realistic 
matter has several different resonance frequencies, which is why it is colorful. 

Because of the situation just sketched, it is tempting to simplify the coupled 
system of matter and an electromagnetic field by replacing the matter with the 
boundary condition that the field does not penetrate it. This is the approach usually 
taken in optical problems like diffraction. We shall find that even with this simpli- 
fication such problems can only be solved with difficulty, if any value is placed on 
precision. 

If one wants to undertake a serious analysis of the coupled system of matter plus 
field, then it must be clearly understood that the dangers of the electric and gravita- 
tional cases lie in opposite quarters: Since like charges repel, but all masses attract, 
the Coulomb force tends to make a system explode, while gravity tends to make it 
collapse. These tendencies of the static forces are preserved in the relativistic gen- 
eralizations of the equations, and cannot be abolished by any mathematical sleight 
of hand. We shall not be able to answer the question of what holds the electronic 
charge together, and classical electrodynamics will remain an incomplete theory. 
It is replaced by quantum electrodynamics at short distances, of course, but even 
that theory cannot explain why the electrical energy of a point charge is finite. On 
the other hand, the most refined mathematics only confirms the naive expectation 
that, with gravity, a sufficiently massive object collapses under its own weight. It 
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seems exceedingly difficult to get around these singularity theorems; at the very 
least, we can say that the prognosis of disaster is likely to be true. 


7.2 The Mathematical Formalism 


The central concepts of classical field theory are the algebra (Ej) of 
forms and their exterior derivatives. With the *-mapping E, > E, 
defined by the metric, they allow Maxwell's and Einstein's equations to 
be written in analogous ways. 


The calculus of É. Cartan is especially useful in classical field theory, because it 
formalizes the mathematica: constructions used in the field equations. The most 
important rules of calculation will be briefly summarized here; the reader is referred 
to Chapter 2 or to the mathematics books cited in the Bibliography for more precise 
definitions of the concepts. 

The space of tensor fields over a manifold M! has a linear structure;? every 
element can be written as a linear combination of certain basis elements, where 
the coefficients are the tensor components. In the example of the covariant vector 
fields, any m (= the dimension of M here and henceforth) linearly independent 
vector fields e'(x), i = 1,...,m, x € M, can be used; any vector field V can be 
written as 


V= Y V;(x)e! (x). 


i=l 


(7.2.1) Remarks 


1. Independence means that the e! (x) are independent vectors for all x. 

2. A basis is occasionally called an m-frame, or tetrad for m = 4. For any i, e' is 
a vector, and not a component of a vector, or any such thing. 

3. There does not generally exist a global basis, as a linearly independent set of e' 
cannot normally be continuously extended to all of M. (According to (2.6.17; 6), 
on the surface of a sphere there does not exist any continuous, nowhere vanishing 
vector field.) However, on the domain U of a chart there is always a natural basis, 
as discussed below. Therefore, for local processes like differentiation there is 
no danger in assuming the existence of a basis. 

4. A new basis can always be formed from an old one by e(x) > é(x) = 
A! j(x)e (x), where det A! ;(x) is different from zero for all x. No basis is dis- 
tinguished from the others in the absence of more structure. 


! As in the first volume, a sufficiently differentiable manifold with a boundary will be 
referred to simply as a manifold and differentiability will likewise be implicitly assumed 
for tensor fields. 

More precisely, a module structure. The coefficients are functions of M and not simply 
real numbers. 
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With the formation of the tensor product ®, the e! also provide a basis for the 
p-fold contravariant tensor fields. On U any tensor field can be written 


(7.2.2) ty nag (xe! Se^ ee. 
Jk 


Among tensor fields, the totally antisymmetric ones (= p-forms) are especially 
important, because they define p-dimensional volume elements. An antisymmetric 
tensor product A (the wedge, or exterior, product) can be introduced on them. Like 
the (finite) tensor product, it is associative and distributive, but e! Ae/ = —e/ Ae! :— 
el & ei — ei Q el. Since we shall frequently use the product bases, we introduce 
the abbreviation 


(7.2.3) elllatp i e Ae A... A elo, 


With (7.2.3) any p-form can be written 


PII 

(7.2.4) w= ) jou, 
lk 

(7.2.5) Remarks 


1. The basis e^» has only C) independent elements, due to antisymmetry. If 
p = 0, then p-forms are ordinary functions, and if p > m they are defined as 
zero, as otherwise antisymmetry would be impossible. 

2. The p-forms on a manifold are a linear space (in fact a module), denoted by 
E,(M). 

3. The wedge product 


gh» A gio ipta = PL = (—1)P4 eir ipta ^ g^» 


creates an obviously associative mapping E, x E, E,4,, and imparts the 
structure of a (graded) algebra to the space | ) " E, of forms. 


(7.2.6) The Exterior Differential 


The elementary differential operations, gradient, divergence, and curl, generalize 
to a linear mapping d: E,(M) — E,41(M), obeying the rules: 


(a) d(w, + e) = do + dan, w; € Ey; 
(b) d(@ ^ œ) = (dwi) ^ @ + (—1)?a, ^ da, w € Ep, œ € E,; and 
(c) d(do) = 0,» € Ep; 


for all p,q — 0,1,...,m. 
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(7.2.7) Remarks 


1. Rules (a) and (b) describe how d acts with respect to the algebraic operations, 
by which Leibniz's rule gets an additional (—1)? from antisymmetry. 

2. The coordinates x', i = 1,..., m, of a point of M may be thought of as a 
mapping U — R, M D U = the domain of the chart. That is, they are an element 
of Eo(U). The dx! are thus m 1-forms, known as the natural basis of E; (U). 
If p = 0, then (a) and (b) are the usual rules of differentiation, so the exterior 
differential of a function U > R:x — f(x) becomes df = dx! df/dx'. If 
p = 0, then d is the gradient, and f; are its components in the natural basis. 
Because of (c), in the natural basis 


de" —0, O<p<m, 
and the exterior differential of a p-form 
e^ Jp 
W = Wj)... jp ETE 
(with the summation convention) becomes 


e» oki dp 

do = (dw;,...;,) A REUS = Oi ipk np 
3. Local coordinates can be introduced on any n-dimensional submanifold N so 
that Xn41 = Xn42 = +++ = Xm = 0. The restriction cy of a form is defined 
by setting dxn41)n = dXn421v = +++ = dXmyw = O, and letting the restriction 


commute with + and ^. It is then easy to see that dwn = d(wyy). 

4. Forms with vanishing exterior differentials are called closed, and forms that can 
be written as exterior differentials are called exact. Rule (c) means that exact > 
closed. The opposite implication holds on starlike manifolds but not in general. 
It always holds locally. 


(7.2.8) The Integral 
Under a coordinate transformation 
A ax! . 
x—3Q) — dx = — di, 
ax! 


the natural basis of E,,(U) transforms as an m-dimensional volume element: 


9 i 
gi" = det (5) gom, 
ax! 


and it is possible to define a coordinate-independent integral over w by 


(7.2.9) fox [4 0...m (X), 
U 


wE E? (U) := the m-forms with compact support. 
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As œ € E? (M) can be written as a finite sum ) "; w; of m-forms each supported 
in the domain of a chart, its integral is defined by (7.2.9) and f X; œ; = J; f œi. 
More generally, the integral of o € E°(M) over an n-dimensional submanifold N 
is defined as the integral of the restriction of w to N: 


(7.2.10) f o= f ow. 
N N 


Integration is the inverse of differentiation d in the sense that Gauss’s and Stokes’s 
theorems generalize to 


(7.2.11) f dw = Í o,  weE?_ (M) 
N an 
where ðN is the boundary of N.° 


(7.2.12) Riemannian Structure 
A symmetric, covariant tensor field of the second degree 
(7.2.13) g—gue Ge, with det(g,z(x)) ZO Vx 


creates an isomorphism between the covariant and contravariant vector fields and 
lets the spaces of the two types of vector fields be identified. A scalar product is 
defined by 


(7.2.14) (e'(xyle“(a)) — 8"), ggj = 9. 


If the matrix g;x is positive, then the space is said to be Riemannian, and otherwise 

pseudo-Riemannian. The e; :— g;,e* form a dual basis, with (e/|e;) = 57;; and 

v* := g" v are called contravariant components of a vector v = vje = v'ej. 
The scalar product as map E; x E? — Eo can be generalized in two ways. 


(7.2.15) The Scalar Product Between p-Forms 


The pseudo-Riemannian structure also induces a bilinear map E, x E, L Eo. 


Expressed in components it reads 
(o@|v) = a » Oj. jp Vii g" g^" es (vlo). 
“OU 


In a Riemannian space (w|w)!/? measures the p-dimensional volume defined by 
c, if it is the product of 1-forms. 


(7.2.16) The Interior Product of a q-Form and a p-Form 
A bilinear map Ep x E, — Ep. 4, p 2 q: (œw, v) — i,o can be defined by the 
rules: 


3We shall occasionally use this theorem when àN is not actually a manifold, but has 
corners or some other harmless handicap. 
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(i) ixw = (w|v) for p =q; 
(ii) i (1 ^ @2) = (ixw) ^ œ + (71)? w ^ iva for v € Ej, wi € Ej; and 
Gii) inan = in O iv- 


By (|) the E, are identified with their dual spaces and the interior product is the 
transpose of the exterior product: 


(v ^ol|u) = lop = ioliyu) = (liu). 


In an m-dimensional manifold the space E,, is one-dimensional and a pseudo- 
Riemannian structure distinguishes the € € Em which are normalized: (c|e) = 
(—1) = detg/|det g|. If such an € exists globally the manifold is called ori- 
entable. We shall assume from now on that there is globally given an orientation 
e. In this case E, can be identified with Em-p.- 


(7.2.17) The Hodge Duality Map 
The isomorphism E, 5 Em- p is defined by *w = i£. It has the properties: 
(i) e=*1,*e = (715 

(ii) * o* = (- 9n; 

(iii) i*w = *(@ ^ v) = (C 1)" i,*v for w € Ep, v € Eq; and 

(iv) for v, w € Ep, 

VA*w = giw = w A *v = £(—lyi,,"vi*v*o. 

One should notice: 


ad (i). Eo and E,, are one-dimensional and, at a point, isomorphic to R. € is the 
*-image of the number 1. 


ad (ii). Except for a sign the map * is its own inverse. Unfortunately, one cannot 
get rid of these signs by using another €. 


ad (iii). Duality changes the interior product into the exterior product. 


ad (iv). The word duality has its root in the fact that E,,_p is the dual space for 
E, if we define a scalar product ( , } by v Aw = &(v, a}. It is related to 
i by 
(v, o) = (71) "7 P5i,*g. 


So far the scalar product and other algebraic operations have been understood 
pointwise, that is (w|v) € Eo := C(M) assigns a number to each point at a 
manifold. In an orientable Riemannian manifold f *(w|v) maps E, x E, into R 
and is a scalar product in the sense of a Hilbert space. 
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In terms of a basis the definitions imply the 


(7.2.18) Rules 


id ij PES ae NS] ~J det 
(a) *en p — gil ES -g'ir elpt! bei, REL 


p 
(b) ej ^ *e^ > = Yat) ehe = (- ?*!*i, eil»; and 
r=] 
(c) isteir i = teh, 
The codifferential 


(7.2.19) 8 :— *d*(—1)" Pt 45 d = *8*(—1)"P+D++s, 


is a generalization of the divergence. It is a linear mapping E, — Ep-1, and can 
be coupled with d to construct the generalization A of the Laplace operator for 
E, > Ep 


(7.2.20) A -ód-dó (the Laplace-Beltrami operator). 


With a natural basis e?» of E, (R"), where g = dx! @ dx* nix, nix = +1 if 
i = k and otherwise 0, 


p 
(fei) = Y fugere 71, — f e ER), 
(7.2.21) j=l 
A( fei) = fiber’, fini =: fis 


(Problem 6). If, in particular, p = 1 and f; are the components of a vector field, 
then à is the ordinary divergence f* , and A is the operator (n^!) = 8?/8x! ax* 
as applied to the individual components. (If m = 3 and p = 1, then A = —V x 
Vx-4c4VV .). 

Problem 7 is to derive the following set of 


(7.2.22) Rules 
(a) dd = 65 = 0, dA = Ad, 5A = Aé; 
(b) à* = (—1)?*d, *5 = (—1)?*!q*; and 
(c) dó* = *ód,*dó = 5d*,*A = ^*. 
In Chapter 2 we learned moreover that if a vector field v is specified, then 


(7.2.23) The Lie Derivative 


Ly =ijod+doi,:E, > Ey: 
L,(@ + @2) = Luwi + Lra, 
Ly(@ ^ @2) = (Luwi) ^ 92 + @ A Lye, 
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gives the rate of change of a form under the action of the flow generated by the 
contravariant components of v. (If v = v; dx! and f € Ep(R"), then L, f. = 
v! af /àx!.) 

To calculate the derivative in a different coordinate system (Problems 1 and 2) it 
is convenient to use a so-called orthogonal basis. Since g;; is a symmetric matrix, 
it can be transformed into a diagonal matrix n;, with only +1 as eigenvalues, by 
some change of basis. This determines the e! up to a local Lorentz transformation: 


e' (x) > A'g(x)e (x), 


(7.224) 
ma A m (x) A‘ n(x) = Nmn Vx. 


An orthogonal basis is not necessarily natural, and the exterior differentials of 
the orthogonal e' may not vanish. To handle the general case we define 


(7.2.25) The Affine Connections o», € E\(M) 


de = -w Are, gig = Wik + Wi, 


Wik = Bij" k. 


(7.2.26) Remarks 
1. In §10.1 we shall show that these properties determine the c, uniquely. 
2. It follows from (7.2.25) for the differentials of the bases in E, that 

de^ Je = = o ; ^ el dp E w’; ^ ebi ip TREA 


AE, o" ; ^ eli ded 
and likewise 


del Sp = — w"; A telo gh a tehi —... 


re Eme c? j ^ * od Spd 


(Problem 8). 

3. The w’s generalize the T ’s of (1.1.7), and hence play the role of the field strength 
in gravitational theory. They transform inhomogeneously under a change of basis 
(Problem 9): 

wk, > A o (Ay, — (Ay. dA. 
This means in particular that there is always a basis for which all the w*, vanish 
at a point (see (5.6.11)). 


(7.2.27) Partial Differential Equations 


All of the equations that will interest us are generally covariant (i.e., chart-inde- 
pendent), and hence the only kind of differentiation they contain is the exterior 
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* 
G+ F 


N, 


FIGURE 7.8. The hypersurface N, and its normals n4. 


differential. Orientability and the pseudo-Riemannian structure of the world enter 
only through the *-mapping. The prototype of this kind of equation for a vector 
field is the specification of the divergence and curl of the field, or more generally 
of ôF and dF for F € Ep. 

Partial differential equations determine the derivatives in certain directions, 
while in others they may allow the fields to vary freely, and even have discon- 
tinuities. These directions, known as the characteristics, are the key to an under- 
standing of the implications of the equations. To exhibit this fact in its germinal 
form, we discuss the simplest nontrivial 


(7.2.28) Example 


M = R? with the metrics g4 = dx? +dt?. According to (7.2.17; 2), if p = 1, then 
*o* = +1, and so * is a linear transformation of vectors, and has eigenvalues +i for 
g+ and +1 for g_. More specifically, if F = E dt +B dx, then*F = —B dt +E dx; 
for g+, * is arotation through 90°, and for g_ it is a reflection about the axis x = —t 
(Figure 7.7). 

Let us therefore consider the system of equations for F, 


dF = M, ôF =J, 
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with specified M and J. For g_ it is possible to decouple the equations using the 
diagonalization of *: 


F; := (1 F *)F: dF; =M F *J. 


The F+ = (E + B)(dt + dx) are independent of each other in this case, and we 
need only to work with a single equation. For g, the same method leads to the 
equations F4 = (1 F i*)F = (E + iB)(dt F i dx), in which case F+ are complex 
conjugates. 

If ng = dx X dt and N4 are lines parallel to x = Ft, so that n+ıy, = 0, then 
for g_ we get ij, n, = i, n.. = 0 and therefore 


(a) n A F+ = 0; 
(b) Fay, = 0; and 
(c) i, F« = 0. 


(7.2.29) Conclusions 


(a) If E +B depends only ont +x, then dF, becomes (E+B)'nz Ans = 0. The 
system of equations accordingly allows F+ to vary freely in those directions; 
it is even possible for E+ B to be discontinuous in the direction of n4. There 
is no other direction n € E; such that n A F} = O orn ^ F_ = 0; the 
equations dictate how F varies in all the remaining directions. This state 
of affairs does not carry over to g+, for which there are no real directions 
where n AF, — 0orn AF. — 0. 


(b) The initial-value problem would be formulated by specifying as the initial 
data the restriction of F+ to some (m — 1)-dimensional submanifold N, in the 
hope that this might determine F. If ny = 0 at any point of N, then Fiyy 
also vanishes at that point, making it impossible to choose the initial data at 
will. It is possible that they even leave F indeterminate. By fact (b) there exist 
F, 4 0 for which F,jy = 0 and dF, = 0. If ny 4 0, the only condition 
on the initial data is d(F,\y) = dF4jy = (M — *J)iw, which automatically 
vanishes (because there exists no 2-form on a one-dimensional N). 


By (7.2.23) the Lie derivative L,, in the direction x* is given by i od -- doi,, 
with e, = gi dx? . Thus Le, withe, = gn, = nz is the Lie derivative in the 
direction n4 (parallel tox = +t), and because L, Fi = i, dFi+di, Fy = 
i, dF, = i, (M — *J), the rate of change of F, in the direction n_ is 
determined. As we shall see later from the explicit solution, F is determined 
by an arbitrary set of initial data on N when: 


~ 
e 
— 


(i) nav is different from zero at all points of N; and 


(ii) every line t + x = const. intersects N at exactly one point. 
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t 


F , can vary in an arbitrary way 
in the direction of n, 


The variation of F, 
is determined in the 
direction of n. 


FIGURE 7.9. Determination of F, from its restrictions to the Cauchy surface N. 


An (m — 1)-dimensional hypersurface N (in other words, in two dimensions, a 
curve) that satisfies (1) and (ii) is called a Cauchy surface. It is nowhere tangent to 
the characteristics n+, and it must be large enough to determine E+ B everywhere. 
(See Figure 7.9.) 


(7.2.30) Remarks 


1. Not all surfaces that are everywhere spacelike and extend to infinity are Cauchy 
surfaces. (See Figure 7.10.) 

2. Observations like the foregoing can normally answer only local questions. 
Global questions are more difficult to treat effectively. Some seemingly innocu- 
ous manifolds, which are dear to the hearts of cosmologists, have no Cauchy 
surfaces at all. 

. Since E + B can be an arbitrary function of t + x, one might want to risk using 
discontinuous functions, for which M+: n| Ma = 0 are surfaces where E + B 
has jump discontinuities. If such functions are admitted, the classical notion of 
differentiation is fraught with unnecessary difficulties. For instance, the equation 
(8/9u)(8/8v) = 0 has the solution  — q(u) + (v), where q is arbitrary 
and y is differentiable, but this solution does not satisfy (0/dv)(0/du)® = 0. 


w 


To avoid these inconveniences it is natural to try to use distributions g, defined 
by their integrals against suitable test-functions. It is then always permissible to 
differentiate, as defined through integration by parts: f fg := (—1)" f fg. 

A strict formulation of the problem requires the theory of locally convex topo- 
logical vector spaces. As we shall not need the more profound theorems, we content 
ourselves with making the 


(7.2.31) Definition 


o= [1 ifx20 


0 ifx<0 (Heaviside's step function), 
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u v 
N v ttx 
x Cauchy surface, | =— 
u J 
t 
u v 
not a Cauchy surface, 
N * because (i) is violated 
t 
u v 
not a Cauchy surface, 
* because (ii) is violated 
N 


FIGURE 7.10. 
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d0 
ó(x) = S: (Dirac's delta function), 
x 


and the 


(7.2.32) Warning 


Distributions form a vector space but not an algebra; they can be added but not 
always multiplied [41], [56]. 

A special distribution, the Green function,’ is particularly useful for solving the 
equations we have to deal with. This lets one exploit the linearity of the equations, 
the consequence of which is that the sum of the solutions for several individual 
sources is a solution of the equation with the sum of the sources. If the solution for 
a point source is known, then it can be used to construct the solution for an arbitrary 
inhomogeneity by superposition. Putting these ideas into practice as applied to E, 
requires a bit more algebra and replacing the sums with integrals. 

The first thing to do is to generalize the delta function so that when it is multiplied 
by a p-form and integrated it reproduces the value of the p-form at a point x € M 
(the set of all such values is denoted by E,)z). Since we are only able to integrate 
m-forms, and the result ought to be in E piz, we need ad; € Ej; & E, (M) such 
that? 


(7.2.33) IE ^F = F(x) for all F € E,(M). 


The distribution 5; vanishes away from x and has the form (Problem 10) 


(—1)9m-p») 
! 


(7.2.34) 8; = é,..1, Q *e^ &(x! — ¥')8(x? — x?)---8(x" — x"), 


in a natural basis e'''» of a neighborhood of x, and where @;,..;, is the basis in 
Ep; and x' are the coordinates to be integrated over. The Green function Gz € 
Ep; & Em—p(M) satisfies the equation 


(7.2.35) AG; = —6;, 


where A = dô + ôd acts on x! with x fixed. In the cases we are interested in, we 
shall verify the existence of a Green function by explicit construction. Equation 
(7.2.35) determines G; only up to a solution of the homogeneous equation. Using 


4We follow Jackson’s [20] lead and abandon the ungrammatical phrase “the Green’s 
function.” 

5In de Rham’s terminology, 6; would be called a p-form-valued current. In the older 
literature one often encounters the term Green’s dyadic for the three-dimensional case. We 
shall write E,(M) even when the components are distributions rather than differentiable 
functions. 
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G;, Green's formula generalizes as 


F(z) = (-1?*" | [dG; A 8F — 8G; AdF] 
(7.2.36) 2i 
— [BGz; ^ F + (—1)"? *P***qG: A*F], 
ON 


which expresses F € E,(M) at the point x in terms of dF and ôF on some m- 
dimensional submanifold N > x and the values of the restrictions of F and * F to 
ON. (For the derivation of (7.2.36), see Problem 11.) 


(7.2.37) Example 


We return to (7.2.28). M = R?, p = 1, g = g_, and (—1) = —1. Using the 

*Jightlike" coordinates that diagonalize *, 
t+ 

V IZX  forwhich g_ = | 


u 2 


0 -1 
-1 0 
*du = du, *dv = —dv, *(du ^ dv) = —0, 


| and (—1) = —1, 


and (omitting the & sign) 


8; = (dx dt — dt dx)5(x — x)d(t — t) 
= (dv du — du dv)é(u — u)é(v — v). 


The Green function can be written with the aid of the step function (7.2.31) as 
G; = (dvdu — dü dv)18(à — u)8(v — v), 
because 


dG; — 5[5(v — v)G(u — u) dv + O(v — v)ó(u — u) du] du ^ dv 
ôG: = $[5(v — v)O(u — u) dv — O(v — v)ó(u — u) du], 


with which it is easy to verify that 
AG; = (dudv — dv du)ô(u — u)6(v — v) = —&;. 
If F = edu + y dv, then the field equations dF = M,5F = J, explicitly read: 


dF =dundv(Wy—- 9.) - M := du^dvm(u, v), 
ôF = —WYu— ev =Ju, v). 


Now the integral over N of (7.2.36) contributes 


- [acs [som = = fa ^ dv(ô(v — v)O(ù — u) dv 
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(u, 6) 


(a, v(u)) 
(u(2), v) 
FIGURE 7.11. Variables for the fields at a boundary. 


+ G(v — v)d(u — u) du)J(u, v) 
T ;j^ ^dv(ó(v — v)G(u — u) dv 
— O(v — v)é(u — u) du)ym(u, v) 


- [ du 5(m(u, v) — J(u, v)) dv 
u(v) 


v 
- Í dv 5(m(à, v) + JG, v))dū, 
v(ü) 
if the submanifold əN is defined as {u = u(v)} = (v = v(u)). 

This contribution clearly satisfies 2y „ = m — J and 29, = —m — J, and 
approaches zero as (ü, v) approaches 3N. To calculate the boundary term Fy := 


fw: note that 3N has the orientation of —dx for this boundary integral (see 
(2.6.6; 1)): 


f 6GAF= Zf (y du + y dv)é(v — v)8(u — u) 
aN 2 Jan 
di ROM 
- — f (p du + v dv)ô(u — u)8(v — v), 
2 Jan 
di 
f *dG A *F = zl (—ọ du + y dv)ó(v — vO — u) 
aN 2 Jan 
du MS 
+ — Í (—ọ du + y dv)ó(u — u)8(v — v); 
2 Jan 
since dv contributes positively and du negatively, the net result is that 


Fan = dv y(u(v), v)8(u — u(v)) + du e(u, v(u))G(v — v(u)). 


As long as x € N, so that O(u — u(v))OG(v — v(à)) = 1, this solves the 
homogeneous equation, because y is independent of 4 and q is independent of v. 
It also clearly satisfies the boundary conditions. 
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(7.2.38) Remarks 


p 


. It was not apparent in (7.2.36) that 3N was required to be a Cauchy surface. 
However, the example shows that dG; cannot be used as a distribution on 3N 
if dN contains parts of the light-cone of x, which would contribute 5(0). 

2. The derivation relies on Stokes's theorem, which we only know for forms of 
compact support. Since the support of G; remains on a light-cone, Stokes's 
theorem may also be used for noncompact N. 

3. At this point (7.2.36) appears as an identity for a solution of the field equa- 
tions. It may be used to construct a solution from its initial data, but gives no 
information about how arbitrarily the initial data may be chosen. In the exam- 
ple, if 3N is a Cauchy surface, then the solution meets all requirements with 
arbitrary y (u(v), v) and g(u, v(u)) on ON. The initial values can be specified 
independently, since əN never contains two points of the same light-cone, while 
information about an initial condition only propagates along its characteristics. 
If the metric were g,, then the situation would be quite different. The solutions 
would be analytic functions of x + it, and would be determined everywhere by 
their values on an arbitrarily small curve segment. 

4. The equations of constraint mentioned in (7.2.29(b)) arise in four dimensions. 


In particular, formula (7.2.36) solves Maxwell's equations, and electrodynamics 
consists largely in working out special cases of it. The normal detour via the 
introduction of potentials is inconvenient as well as unnecessary, as one really 
wants to express F in terms of the boundary values on F and * F, and not of the 
potentials. Unfortunately, the canonical formulation of the equations of motion, 
and hence also quantum mechanics, use potentials. Yet even the potentials can be 
obtained from (7.2.36). On the other hand, the currents analogous to J and M 
appearing in Einstein's equations depend nonlinearly on the fields, so in that case 
(7.2.36) is useful only in the linear approximation. 


(7.2.39) Problems 


1. The metric g = dp? + p? dg? + dz? in cylindrical coordinates for R?\{0 x IR). Calculate 
wir for the orthogonal basis e! = dz, €? = dp, e? = p dg. Write V x A and V- A inthe 
components of this basis and of the natural basis. What is the connection between them? 


2. The same question for spherical coordinates and R? XV (0 x R}, for which g = dr? + 
r? di? 4 r? si? 9 dg?. 

3. Calculate A from (7.2.20) for p = 0 in the natural basis, and specialize to the cases of 
cylindrical and spherical coordinates on R?\ (0 x R}. 

4. Prove the normalization * o * = (—1)?"-?)*5 1, Using (7.2.16). 


5. Derive the rules (7.2.18): 
MA 


(m — p)! 
ej ^ *ei ip — S (Cy teg fel de eun. 
r 


+i ip — ghi ipjp pip tli 
e P=g erp PeP "Ei im 
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fo ted dh = teih, 


6. Verify (7.2.21). 

7. Verify (7.2.22). 

8. Check (7.2.26; 2). 

9. Derive the transformation law for the w’s (7.2.26; 3). 


10. Show that 8; from (7.2.34) has the property (7.2.33). 
11. Prove (7.2.36). 


12. Find a manifold M and a J € E,(M) for which the equation dF = J has no (global) 
solution, although dJ = 0. 


(7.2.40) Solutions 


1. Orthogonal basis: nj, = 844,0 = de! = de’, de = e? /p. Hence only (3 = —03 = 
e?/p #0, and de? = de? = 0, de! = —w™ ^ e?!. Letting A = aje' 


dA = (a15 — a2,)e”' + (a25/p — a5 — a3/p)e” + (a31 — a13/p)e”, 
*dA = (a32 t as/p — a3/p)e! + (ai3/p — a3,:)e? + (a21 — a13)e), 
*A — aye? + aye"! + ase", *d* A =a) d22 +033/p 9 a2/ p. 


Natural basis: J/|g| = p. Let A = A, dz + A, dp + A; dg. Then 


*A = p[A.dp ^ de + A, de ^ dz + p ^ A, dz ^ dp], 
*d*A = p A). + (PAp).p + (p'Ay).ol, 
"dA = p (Apo g Ap.) dz + (Ary — A,.:) dp + p" (Ap. — Az») de]. 


The connection is that (A,, Ap, Ay) = (a1, a2, pa3). 


2. Orthogonal basis: e! = dr, e = rdt, e? = rsind dg, de! = 0, de? = dr Add, 
de = rcosd dd ^ do +sinddr ^ dg > oy = e?/r, wz = 


= sin? dg, w3. = 
cos 9 dy > de”? = 0, de? = —e*/r tan 9, de? = 2e/r. Let A = aje’. Then 


"d'A-a a +a yey 
i : "t TT rsind’ 


a a a a a 
PECHINO 2 ade 
r rtanü rsind 


r sin Ù r 
a a 
( T 2 a2) 3 


Natural basis: /|g| = r?° sin 2. Let A = A, dr + Ay d? + A; dg. Then 
*A =r" sind[A, dð ^A dg -- r 2A, dy ^ dr 4 r^? sin? 8A, dr Add), 


dr dv 
*dA = ———— E RES — i d 
Zend (Ay.» Ayo) + sin? (Are Agr) + dg sind(Ay, Aro), 


1 A 
A = ——— | (r? sin ðA, ), + (sind As) o + | —— : 
r? sind sin? P 


* J* 
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The connection is that (A,, Ay, Ay) = (ai, raz, r sin 2a3). 


ð 


Af = Te axe 


VT UNI) 


Cylindrical coordinates: 


pees E ND ECS 
p Paz ap” ap p dg? |" 


Spherical coordinates: 


i--r3 0 0 a 93 1 8 
Acc up pco ap eee, 
suas dtu ata 


4. From (7.2.16) we infer 
olw) = olive) = (w A “ole) 
= (—-1)"7P(*o A le) = (-1) "Poli, e) = (—1)"7P wlw). 


The fact that **w can differ from w only by a sign is a general property of duality. 
Therefore **w = (—1)?"-?)*+5@ is equivalent to (wlw) = (—1)*(*w|*w). It is obviously 
enough to show this for a basis 
et» — e, € E, 
such that £ = €p A &m—p With ie, Em-p = 0. Then 
(*epl*Ep) = (Em-plEm-p)}(EplEp)(EplEp) 
= (ele) (E€plEp) = (—1)" (eple;). 


5. In a basis we have 


EM 


e 
e= Ta 8v] I, 


where 
g = det gi, = (det(e'|e")) . 


Then (a) follows from the definition *w = i,& and the rules (7.2.16) for i. Parts (b) and 
(c) are a consequence of (7.2.17 (iii)). 


ôl f en) DIE *[(—1)7(*!*s f e ^ *eliip] 


p 
BE neon » eiit yim] 


j=l 


f eitiiersip yl 


I 
Ms 


J 


dël fei) = V^ fri doti perio ( 171, 


j=l 


"od 


7.2 The Mathematical Formalism 311 
p 


sq fec) y fies ae rely, 


j=l 


=> Alfe) = Y fhe. 
k=1 


7. (a) d^ = dôd = Ad, A = 6dó = AS; 
(b) & = *d**(—1)" 0 -p+D+s = (—1Y*d, d= “grec ymn—p)tits = (—1)?*"*6; and 
(c) dd* = (—1)?d*d = *8d, 6d* = (—1)^*!8*8 = *dó. 


8. Letting v^ = n'/a,;, we start with the identity 


i i i 
Ok, Eikz--km nav) £k i ky Tec Ok, £k ki = 0 


Vk, = 1,..., mM; ...; km = 1,...,m. To verify this, consider the three cases: 


(i) All k; are different. Then i must equal the k that is missing in £, and y; = —@jx; 
since is diagonal, œi = O if i =k. 


(ii) Two of the k; are equal, say kı = k2. There remains 
Wk, Eik, + Ox, Egi. = 0. 
(iii) Three k; are equal. Then all the e’s vanish. 
If the identity is multiplied by e'»*!*" and the indices are relabeled, then 
Digg! Eby tpi a s +n = =o! Ley kg gioi 
in the orthogonal basis. In general, because of (7.2.18(a)), 
(m — p)! d*e? Je = gh... gpirkog, kp dert Em 


jik jpk k ik p 42k km kp kai 
= — n” d s p? P Ek s (00 p+ et prm p...) mie p+ Km Wy 
— niiki ... pipkp i . i : — 
=n NPP Lk na Ekikpikppi km T Ok par Eki kppiikps3 km F 

i eke ikp+2-km 

ToO. Eby en uie I 


jk jpk i i kp ick, 
— ni"... go P ey, Sk. ro + Ox, Eky--kp—rikp4i--km Je'o* ^n 


M qp ,* elt dp "ec EO ql? ehizi- (m NA p). 
9. Let 
e = Ae: dë = dA (A7! y ,& — A of (A My E = —ol,e 
= @ = Ala’ (ANY, - (A) d Al, 
because this also satisfies the second defining equation: 


g=A“gA| => dg-A'""(dg)A^! — A" "gA" (dA)4"! 
— A""(dA^)A""gA^! = gà + (gà 
= A" "gaA"! — A "gA" (44)4"! + A (gw) A"! — A""(gA"  dAYA'!. 


312 7. Introduction to Classical Field Theory 
10. According to (7.2.18), 
pio ^ tei igini = qvnipt], 


Thus 
Oe o (=e) o 0. 
= * ded ios FIBI * 
&i.i, O EUP ^ ej ij ^ ES = EP Oii L, 


Integrating this f dx; - - - dx,, yields 
fs ^ egy = egy, (X). 


11. 


6G; AdF = (-1)?t™*![d(6G; ^ F) — (d5G;) ^ F), 
dG; ASF = (-1)?*"*g* F A*qG; 
= (—-1)?*"[g(* F A *dG; — (-1)?*F ^ d* dG;] 
= (-1)*" 5d" F A *dGz) + (-1)totstl*g* dG; AF 
= (-1)*™ dt F A *dGz) + (-1)"+! +8 dG; AF 
=> (-1)?*"[dG; A ôF — 8G; AdF) 
= —(ôd + d8)G; AF + d(8Gg ^ F + (—1)*?*5*F A *dG;), 
aia ei 


=ô; 


and when this is integrated over N, we get (7.2.36). 


12. M — T! and J = dg € E,(T'), where g is the angle on the torus. If F € Eo(T!), then 
it would be g + constant, which cannot be defined continuously over all of T!, even 
though dọ exists on all of T!. 


7.3 Maxwell’s and Einstein's Equations 


Field strengths are described by 2-forms, the exterior differentials of 
which in the electric (resp. gravitational) case are the 3-forms of charge 
(resp. energy and momentum). These 3-forms, which function as the 
sources ofthe fields, are exact, a fact that implies differential and integral 
conservation theorems. 


Maxwell wrote Faraday's discoveries in the form of the equations that now bear 
his name (Table 7.1), and which describe all electromagnetic phenomena. The 
way they fuse space and time, and the electric and magnetic fields, is so awe- 
inspiring that Boltzmann, quoting Goethe, exclaimed, “Was it a god who traced 
these signs?"Ó It is regrettable that Cartan’s calculus did not exist at that time, 


SFaust, Part I, Dr. Faust's first soliloquy. 
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as it has perfected the notation in which all the facts of electromagnetism are so 
concisely formulated. 


As discussed in detail in (85.1), the electric and magnetic fields E and B are 
combined in a single 2-form F, which is written in the natural basis of R^, with 
coordinates x? = t, x = (x!, x?, x?) and in vector notation, as 
(1.3.1) F = 4Fygdx® A dx’ = dt ^(dx-E) — dx! A dx? B 

— dx? dx! B— dx? ^ dx? B,. 
TABLE 7.1. Maxwell’s Equations in the Course of History 


The constants c, 4o, and &o are set to 1, and modern notation is used for the 
components. 


The Homogeneous Equation The Inhomogeneous Equation 


Earliest Form Earliest Form 
OB, OB, OB, LA OE, 5 QE, OE, _ 
ax dy az ox ay az 
dE, OE . 9B, ƏB : 
—- *=-B, — "= j tË, 
dy az dy 0z 
OE, OE, _ B OB, OB, , LE 
dg - dx. 9 a ax 77500 
OE, dE, . 9B, 0B. . , 
ax Oy z ox oy EUM 
At the End of Last Century At the End of Last Century 
VxE--B VxB=j+E 
At the Beginning of This Century At the Beginning of This Century 
*F a =0 F” a = jÊ 
Mid-Twentieth Century Mid-Twentieth Century 
dF=0 ôF =J 


(7.3.2) The Homogeneous Maxwell Equations 
These are the basis-free statement that F is closed: 
(7.3.3) dF — 0. 

By (7.2.11) this is equivalent to 


(7.3.4) 0= Í F, 
ON; 
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êN 


AX 


FIGURE 7.12. N; of (7.3.5; 1). 


ds 


if Fin, € E3(N3), and N; is three-dimensional. To illustrate this concentrated 
notation, let us examine some 
(7.3.5) Special Cases 


1. N3 = ((t, x) € R*:t = to € R, |x| < R} (a spherical ball). 
aN = ((t, x) € R*:t = to, |x| = R} (aspherical surface). (See Figure 7.12.) 
Then (7.3.4) says that there are no magnetic charges: 


f B -dS —0. 
Ixi- R 


The differential version of this statement, V -B = 0, amounts to d(Fiy,) = 0, 
which follows from (7.3.3) because d commutes with restrictions. 


2. N3 = ((t, x) € R4: tọ < t € tj, x? = 0, |x| < R} (a cylinder). 
ƏN = {(t,x) € R:t < t < t,x? = 0, |x| = R} U {(t,x) e R^ = 
to, x? = 0, |x| € R}U{(t, x): t = t, x? = 0, |x| < R} (the outer cylindrical 
surface plus top and bottom). (See Figure 7.13.) 
Then (7.3.4) is the integral form of the law of induction: 


The vanishing of the differential of Fiy, means that 


0=d(Fn) & B3+(V+E)3=0. 


As already mentioned, closure is equivalent to exactness on starlike manifolds, 
and specifically on R^. This implies that there exists a 


(7.3.6) Vector Potential A € E, (IR^) 


(7.3.7) F — dA. 
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FIGURE 7.13. N3 of (723.5; 2). 


In integrated form, 


(7.3.8) Í r-[ A, 
N2 ON2 


if F € E(N). 


(7.3.9) Special Cases 


1. N2 = {(t, x) e Rt: t = x? = 0, |x| < R} (a disk). 
8N, = ((t, x) e Rt: t = x? = 0, |x| = R} (a circle). 
Then (7.3.8) expresses the magnetic flux as a line integral over the spatial 
part of the vector potential. Writing A = A dt — Adx, 


dx! ^ dx? B3 = J ds- A. 


IxI<R Ixi- R 
x00 xx 


2. No = {(t,x) € Rf: to < t < f, x! =x? =0}. 
ON = {(t, x) e Rt: t = tọ, x! = x? = 0} U {(t, x) e Rf: t = t, x! = x? = 
0}. 
We have been looking only at compact submanifolds, thereby trivially fulfill- 
ing the requirement of compact support. If F vanishes outside some compact 


region, or at least goes to zero fast enough at infinity, then (7.3.8) still holds, 
and implies 


h 
Í dt ^ dx? E3 = dx? A3 = dx? As. 


m t=to t=t 
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(7.3.10) Remarks 


l. 


2. 


U 


Equation (7.3.7) determines A only up to a gauge transformation A > A+dA, 
where A € Eo(R^). Because 3(3 N2) = Ø, there is no contribution from A to 
the integral (7.3.8). 

The statement (7.3.8) is on the whole stronger than (7.3.4). There exist man- 
ifolds M2, without boundaries, that are not themselves boundaries of compact 
submanifolds N3. For instance, the field of a magnetic monopole, 


e x 


E — 0, E 
4z |x}? 

satisfies (7.3.3) on M = ((t, x) € R*x # 0], but gives rise to no vector 

potential: If M2 = ((t, x) € Rt = 0, ||x| = R}, which is compact and has no 

boundary, then (7.3.2) would lead to the contradiction 


o= f r-- [aae 
N2 |x|=R 


N3 is in fact the boundary of N3 = ((t, x) e R*:t = 0,0 < |x| < R}, but since 
N35 is not compact, one cannot conclude that 0 = f y dF = f y, F: for (7.3.4) to 
be applicable, F must have compact support on N3. The physical significance 
of this is that any magnetic sources have been removed from M, whereas the 
field in M is that of a magnetic monopole. There are theories that also claim 
there are no electric charges either, but that some complicated structure of M 
makes it appear that there are electrical sources. 


. M = R‘\{(t,x) € Rx! = x? = 0, x? < 0) is starlike with respect to every 


point of the positive z-axis, and is contained in the M of Remark 2. Therefore 
the field of a magnetic monopole satisfies dF = 0 on M, and there ought to be 
a vector potential. In fact, 


e z xdy — ydx 
iy ar i Se oem 
4x Vetty+e2} x+y? 


reproduces the field of Remark 2 and is differentiable on M (Problem 6). Equa- 
tion (7.3.8) does not lead to a contradiction if N, = {(t, x) € R^ t = 0, |x| = 
R} N M, since N is not compact. Physically, A is the potential of an infinitely 
thin solenoid along the negative z-axis, which has been removed from M. We 
conclude that the empirical absence of magnetic monopoles indicates that the 
manifold in which we live has none of the pathologies described here, at least 
on the small scale. 


The inhomogeneous equation describes how F is produced by the sources, 


which are the charges or, more correctly, the charge densities. Since the charge 
density ought to yield the charge present in some three-dimensional region, when 
it is integrated over that region, we describe it as a 3-form * J. The corresponding 
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1-form J consists of a temporal part, the charge density p, and a spatial part, the 
current density J: J = —p dt + J dx. In terms of J we may write down the 


(7.3.11) Inhomogeneous Maxwell Equations 


(7.3.12) 6F=J or d*F = —*J; 


and in integrated form, 


(1.3.13) -f F=f *J,  F € EXN). 
ð N3 N3 


(7.3.14) Remarks 


1. The formulation of these equations requires a manifold with some additional 
structure, which defines the *-mapping. We do not require the concept of a 
covariant derivative, which will come up later. 

2. Since none of these equations make reference to a chart, we are not restricted 
to the use of Cartesian coordinates. We shall even postulate the same form of 
Maxwell’s equations for use on more general manifolds than R^. This will cause 
the interaction with the gravitational field, and will make the equations describe 
such things as the bending of light by the Sun. 

3. The Poincaré transformations of R^ are the ones that leave the form of the metric 
Nik, and consequently also * and Maxwell’s equations, invariant. 


The equations of (7.3.11) do not have solutions for an arbitrary 1-form J. On 
the contrary, because of (7.2.6(c)), their first corollary is 


(7.3.15) Conservation of Charge 


(7.3.16) 6J —0 or d*J =0. 


When integrated, this is 


(7.3.17) f *J=0 if  "JeEY(N,). 
ON4 


(7.3.18) Special Cases 


1. Na = (( x): fo < t € tj, |x| < R}. Then (7.3.17) implies that the charge 
that flows out through the surface equals the change of the charge contained 
in the sphere between the time 19 and 1i: 


ti 
f o- J dxp= | ar f dS -J. 
to |x|=R 


Ix|<R |x|<R 
t=to t=ti 
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FIGURE 7.14. The Lorentz invariance of the total charge. 


2. Let ƏN, = ((t, x t = 0} U {((t,x):f := (t — vx!)/V1 — v? = 0} =: 


A UB. This fails to be the boundary of a submanifold, because it has sharp 
bends (see Figure 7.14), although, as already mentioned, the bends could be 
smoothed out without changing the value of the integral much. It also fails 
to be compact, so let us assume that J has spatially compact support. Then 
(recalling that *dx° = —dx! A dx? ^dx?,sothat f oong. *J = fax J? = 


fax p), 
[| =: Q. 


If we calculate the integral over B in Lorentz-transformed coordinates, 


1 1 


z x — vt x A - t—ux 
Tuas ig 2- x, Pw, ee es, 
V1 —v? v1 — v2 
then we find that 


Q:- gne] Pit, P= 
t=0 t=0 


since (J°, J!), the components of J, transform as (x^, x!). The total charge 
Q is therefore a Lorentz invariant; the increase in the charge density by 
«1 — v? is compensated for by the Lorentz contraction of the volume ele- 
ment. One must bear in mind, however, that such concepts as scalar, vector, 
etc., are not defined for integrated quantities, because the transformation 
coefficients in general depend on the position. 


(7.3.19) Remarks 


1. The equations (7.3.11) imply more than (7.3.16); conservation of charge nec- 
essarily implies the existence of a 2-form *F such that *J = —d*F only if 
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the manifold is starlike, or has some similar property (cf. (7.2.39; 12)). If t is 
defined globally on M, and the submanifold N3 = (t = 0} is compact and has 
no boundary, then it follows from (7.3.11) that 


Q= u--| *F=0, 
N3 aN; 


since QN4 = Ø. Hence a closed universe must have zero total charge, a con- 
clusion that goes beyond mere charge conservation. The underlying reason is 
that in this case the lines of force emanating from a charge cannot go to infinity, 
but must terminate in some opposite charge. The fact is that matter appears to 
be neutral to a remarkable degree. If the charge on the proton were increased 
relative to the electron charge, then the 1/r? gravitational force would in effect 
be weakened for protons and strengthened for electrons. Since it is empirically 
known that the two forces are proportional to the masses and are weaker than 
the Coulomb force by a factor 10736, matter is neutral to at least this accuracy. 

2. If F is a periodic 2-form and N; the periodicity volume then the contributions 
from the opposite boundaries to f, w, F cancel and Q — 0. We shall meet pe- 
riodic F's in plane wave solutions and thus the total charge in the periodicity 
volume has to vanish. The usual plane wave solutions actually solve Maxwell's 
equations for J = 0. But there are many wave-type solutions of a plasma cou- 
pled to the electromagnetic field and we see that one can get strict periodicity 
in this case only if particles of both signs of charge are present. 


The physical manifestation of the field tensor F is the electromagnetic force, 
i.e., the exchange of energy and momentum between the field and the charge- 
carriers. In field theory even the energy and momentum are introduced as local 
observables, and described by vector fields 7", where T° is the energy-current 
and 7?, j = 1, 2, 3, are the momentum-currents. The components in a basis define 
the energy-momentum tensor 7" g: 


(7.3.20) TU Tae. 


If the corresponding dual 3-forms are integrated over a spacelike’ submanifold 
N3, the result is the energy P? and the momentum P/ contained in N3: 


(7.3.21) P? -f A. 
N3 


As in classical mechanics, the Lagrangian formulation of the field equations 
makes it possible to construct a field energy. 

In fact, there will be some close analogies the expressions we met with for 
classical dynamics, except that field theory is richer in components. The coordinate 
q is replaced by the vector potential A and ġ by dA = F. The Lagrangian ig? 


7A submanifold is called spacelike (timelike, lightlike) if g is positive (negative, zero) 
when restricted to it. 
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becomes the 4-form —}F A *F and the dual —*F = 8/£/8 dA plays the role of 
p = 0L/8q. The sign is dictated by the requirement that the energy density Too 
be positive. The counterpart to the energy H = qp — L is 

*T* = - dA^i"*F —i°L, 
(7.3.22) T* = 3*(i°F) A*F — (iF) ^ F) 
— (F*,F'g + 48" 5F,, F"?) dxP, 


where i“ stands for the interior product (7.2.15) with dx“: i“ F = F*5 dx’. It 
has the job to pick out the components. We shall derive (7.3.22) in two ways: 
First by a consideration similar to classical mechanics where the invariance of the 
Lagrangian under translations produces a conservation law; later, we shall see that 
it also equals 9 £/8e". This shows that change e” — L" ge of the basis produces 
the homogeneous transformation law 7* — L"5T? for the energy-momentum 
currents of matter and of the electromagnetic field. Only the Lagrangian of gravity 
contains de, which produces an inhomogeneous transformation. 

As with charge-conservation, the change in the energy-momentum is determined 
by the codifferential of the currents, 7 ^. The rate of change in time of P^ equals a 
four-dimensional integral over d*7 ^ and a surface integral over the spatial parts of 
the energy-momentum currents. For example, if N3 = ((t, x: t = +T, |x| < R}, 
then 


(7.323) P*(T) - P*(-T) = J gga J ca 
-T<t<T -T <t<T 
Ix|<R |x|=R 


If F is coupled to a current, then energy and momentum are exchanged between 
the field and the current in amounts determined by the codifferential of the energy- 
momentum currents of the field. This codifferential is determined by Maxwell’s 
equations and is known as the 
(7.3.24) Lorentz Force 

6T* = (i* F|J) 
or, in components, 

TP g = F” Jp. 
Derivation of the Equation for the Lorentz Force 
In the natural basis of R”, 


oo (uk +k hej — Kk jeej 
Law :— (i od c doi')oj.j e") — wj ..j eo, 
and hence La*w = "Lao. Defining L” :— Le, this means that 


L*(F A*F) - (LF) A*F +F AL**F 
—(L*F) A*F + F A'L*F = L" F) A*F 
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(cf. (7.2.18)(a) and (7.2.23)). Therefore, using (7.2.6) and (7.3.23), 


d*T* = —d[Si*(F A*F) - (iF) A*F] 
= —4L(FA*F)+(L°F)A*F - i*F Ad*F zi" F A*J. 


According to (7.2.18)(b) and (c), vA*w = *i,@(—1)?*, for v € E; ando € Ep. 
Hence 


8T* = —*d*T" = —"(^ F A*J) = (i" F|J). 


(7.3.25) Remarks 


p 


. It is important that the i“ in (7.3.23) be an interior product with a natural basis 


e“. The *-mapping does not commute with L* in an arbitrary basis, which spoils 
the above proof. It is also not possible for (7.3.24) to hold in every basis, because 
if e” — A" 5(x)eP, then the right side would transform linearly with A, while 
the left side would gain a term containing dA. A physical consequence of this 
is that fictitious forces must be added to the Lorentz force in an accelerated 
reference system. 


2. If z(s) is the world-line of a particle (see $5.1), then its current is 


Jg(x) = ef ds ôt(x — 2(s))za(s), 
where 54(x) := 5(x°)5(x!)8(x?)5(x3) (cf. Problem 7). The Lorentz force with 
this J, 

ef ds 54(x — z(s)) FP (z(s))zg(s), 


equals —ó1t^, if we choose the energy-momentum currents of a particle so that 
the energy becomes f *t? = mz? > 0: 


oo 
pe + mf ds i? 25(s)8^(x — z) dx*: 


oo 


oo 
a 
ôt = +m f ds 22? —— 5*(x — 2(s)) 
—oo üx? 


= -m T ds z* E — z(s)) =m T ds z*8^(x — z(s)) 


=00 


= ef ds zp FP (z(s))à^(x — z(s)). 


oo 


Thus the total energy and momentum are formally conserved. Yet the singu- 
larity of the field of a point-particle at z(s) results in inconsistencies (cf. $8.4), 
which are resolved only for continuous matter in $9.1. Note that the Lorentz 
force is concentrated on the world-line of the particle, and that the equation 
5(T* + 1*) = 0, with the replacement of à^(x — z(s)) by p(x — 2(s)) for 
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some continuous function p, is no longer true. Hence there is no local energy- 
momentum conservation for an extended charged particle, unless other forces 
hold it together. 


If T” is defined in an arbitrary basis by (7.3.23), then it transforms as e“ under 
a change of basis: 


(7.3.26) e — = Agh, TX = ATP. 


The energy and momentum are combined into a vector-valued 1-form. Thus, if 
ó(T? + t”) = 0, then a global Lorentz transformation treats P^ as a vector (Prob- 
lem 5). If the A^; are allowed to depend on x, then this statement becomes mean- 
ingless, however, and the conservation equation 9(7* + 7”) = 0 is false. In fact, 
in this case 

d*(T* +7") =dA%g AA '8,*(T" +7). 


Choosing e" as the Cartesian dx“ of IR^, i.e., setting the w%g of (7.2.25) to zero, 
makes 


(7.3.27) à*, = —(dA*g(A ^y, 
according to (7.2.26; 3), and therefore 


(7.3.28) &(T? i") = — (o ,|TY +7). 


(7.3.29) Remarks 


-— 


. It seems odd at first that with general bases there are only nonconservation theo- 
rems; they are due to fictitious forces in accelerated reference frames and hence 
are to be expected on physical grounds. They provide a clue to an understanding 
of the structure of Einstein's equations. 

2. If (7.3.28) is compared with (7.3.24), one sees that w plays the same role for 

fictitious forces as F plays for the Lorentz force. w acts on T + t as F acts on J. 


(7.3.30) Example 
A rotating basis. Let 


& — gt, 

e = dx cos vt + dy sin vt, 

& = —dxsinvt + dycos vt, 
e = dz. 


This basis is orthogonal but not natural: 


de! = vdt ^£, d£ = —vdt ^ ë: öl, = —vdt = —à. 
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It makes 


d(*T; -*tj) 2 vdt ACT +*h), 
dh t*'5)- —vdt ACT, +*h); 


or, if P,(t) = f 


x= 


(*7, + *t,), then it follows from Stokes’s theorem that 


Py) — Pf) = v Í di PX(), 


fo 


Py) — P) = -v Í dt Py). 


to 


These are just like the equations P, = vP, P; = —vP, ofthe mechanics of point 
particles (cf. (3.2.15; 2)) in a rotating system. 

Einstein's theory introduces gravity in (7.3.28) via the principle of equivalence. 
The gravitational potential is represented by the metric g. In other words, if we 
use orthogonal bases,® so that g = e“ & e* nag, then the 1-forms e” are analogous 
to the A of (7.3.7). Formula (7.3.28) replaces the Lorentz force (7.3.24), and is 
assumed to hold not only in Minkowski space, but also in the pseudo-Riemannian 
space determined by g. 


(7.3.31) Remarks 


1. As there are four 1-forms e^ representing gravitational potentials, there is not 
just one current, but four entering into the force. 

2. The w’s are the new field strength, although they do not transform linearly under 
achange of basis, as F does, but inhomogeneously according to (7.2.26; 3). Asa 
result, they can always be transformed to zero at a point. A physical realization of 
such a system would be a freely falling elevator, in which there is no gravitational 
force. 

3. Theories have recently been proposed [35] in which the w’s are analogous to A; 
we shall come back to that in §10.2. 


If w plays the role of F, then 
de“ = —w" g A ef, Wap = —OfBa ; 


can be viewed as the counterpart of the relation F = dA. To construct the inho- 
mogeneous equations, one might try to equate the codifferentials of 2-forms linear 
in w to the energy and momentum currents. 

Since now there are four currents they ought to be codifferentials of the same 
number of 2-forms representing the field strength. They should be linear in the 


8 As will be done throughout the rest of this chapter. Then indices are raised and lowered 
by means of n: wag = Nay” p, etc., which at most changes some signs. 
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w’s but cannot be identical because the w’s are six independent 1-forms. The right 
combination turns out to be 
(7.3.32) F” s enr 
Einstein's equations are the counterpart to inhomogeneous Maxwell’s equations 
and assert that ôF” equals the energy-momentum currents. However, there is the 
problem that according to (7.3.28) the currents of matter and electromagnetism 
alone are not conserved in an arbitrary basis and ô FY = const.(7* 4- t") would be 
mathematically inconsistent. This nonconservation is due to fictitious gravitational 
forces and can be compensated by adding to the contributions from matter and 
electromagnetism the energy-momentum currents of gravity z^. It turns out that 
they are constructed following the pattern of (7.3.23) where de" replaces dA and 
F* replaces F: 
l 

^O 16k 
Here x is the gravitational constant which relates the geometric to the physical 
quantities. The gravitational Lagrangian 


* Q 


[def ^ i** Fy — i* Ly). 


1 
g= je ^ wy" ^ Wap 
is such that 
* po = dL, 
Ode, 


These calculations will be done in detail in $10.2. For the moment we just want to 
show that in analogy to the inhomogeneous Maxwell equation we have 


(7.3.33) Einstein's Equations 
IF” = Llio”) = Srk(TY +t” +2"). 


(7.3.34) Remarks 


1. The analogy with (7.3.12) is not quite perfect. Einstein’s equations do not contain 
the codifferentials of de" = —*i,,*e*, but, instead, the 3-form *e? is replaced 
with e*?Y , The left side of (7.3.33) equals Ae” only in special bases. 

2. In §10.2 (7.3.33) is compared with the form used by Einstein where only the 
curvature appears. 

3. Equation (7.3.28) follows from (7.3.33) in the same way as the Lorentz force 
follows from Maxwell’s equations. 

4. Since ^" contains w, it does not transform under a change of basis according 
to the linear law (7.3.26). Such a law would be inconsistent with the continuity 
equation 

ATE +1% 422) =0 


CA 
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arising from (7.3.33). In particular, in a basis where all the w’s vanish at some 
point, ^^ also vanishes at that point. Physically speaking, this is a consequence 
of the principle of equivalence: Since gravity can be transformed away at any 
point, it can have neither energy nor momentum definitely localized at a point. 
On the other hand, /^ may be nonzero even in the absence of gravity (flat space), 
if an unnatural basis is used. This is to say that fictitious forces produce fictitious 
energies and momenta. 


. Under a change of basis, equations (7.3.33) transform linearly because the in- 


homogeneous contribution to 7" is compensated for in the transformation of the 
left sides of the equations. 


. There is, of course, not just one ¢” for which the continuity equation (7.3.28) 


holds; it is always possible to add a closed form to it. With an orthogonal basis, 
our <” agrees with the pseudotensor used by Landau and Lifshitz. At this stage, 
our definition of ^" as the source of the term i,,,, e*P* may not seem convincing; 
we shall see later that in some familiar cases it reproduces the gravitational 
energy of the elementary theory, in a basis that is as Cartesian as possible. 


While nonlinearity makes the equations harder to solve, there is no difficulty 


in drawing general conclusions by using Stokes's theorem and restricting to sub- 
manifolds. As with the inhomogeneous Maxwell equations, we obtain some 


(7.3.35)  Corollaries 


1. 


(TY + *tY + *2") =0. 
ONg 


If a timelike coordinate t is specified globally on M, and the energy and 
momentum fall off sufficiently fast at infinity on the submanifold t = const., 
then the total energy and momentum are conserved: 


P(t) = P*(t), 
P’(t) = f CTY +74” +”). 
t=f 
2. Equations (7.3.33) allow us to make an even stronger statement, 
* * * 1 * 
CTY "P + *e’) = Wap ^ *e%PY, 
N3 167K əN; 


More specifically, if the submanifold t = tọ is compact, spacelike, and has 
no boundary, then 


P (to) = 0. 


In analogy with (7.3.19; 1), this means that the total energy and momenta 
of a closed universe are zero. 
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(7.3.36) Remarks 


1. A rough, order-of-magnitude estimate shows that the negative gravitational en- 
ergy may well balance the rest energy of the matter in the Universe. The average 
distance between galaxies is about 6 x 10° light-years. Since the Universe is 
some 10!° years old and about as many light-years across, there are ~ 10!! 
galaxies in all. If each one has about 10!! stars at 10°? grams apiece, then the 
Universe has a mass of perhaps 1055 grams. Hence the gravitational energy (in 
cgs units) is on the order of 


M 
-M ~ —M -10% -1077 - 10778 ~ —M - 10”, 


where the radius of the Universe R ~ 10!° light-years ~ 10?8 cm. This falls 
short of the rest-energy Mc? ~ M x 10?! by about a factor of 10, but there 
are large uncertainties in our calculation, owing to our ignorance about how 
much of the energy of the Universe is detectable. Later we shall again have 
occasion to convince ourselves that ^" indeed contributes a gravitational energy 
~ —M?k[R. 

2. Because of the complicated dependence on the basis, there is no intuitively 
appealing observable corresponding to 7". The total energy and momentum P" 
are less sensitive to the choice of basis, as they may be expressed as integrals over 
0 N34 according to (7.3.35; 2). Changes of basis leave them invariant as long as 
nothing is changed on the boundary. If the space is asymptotically a Minkowski 
space, then these observables transform as vectors under any transformation that 
asymptotically approaches a Lorentz transformation. 

3. The question of when the energy-momentum forms can be defined globally even 
if it requires more than one chart to describe the manifold will be discussed later 
(10.2.13; 8). 


So much for the structure of Maxwell's and Einstein's equations. In the remain- 
der of the book, following this preview, we study them in greater detail, and will 
not only guess a few particular solutions, but also see what general statements can 
be made about the solutions of these equations. 


(7.3.37) Problems 


1. What are the consequences of (7.3.13) for N3 = {(t, x): t = 0, |x| < R}, and of (7.3.12) 
restricted to N3? 


2. The same question for N3 = {(t, X): to < t < 5, x? = 0, |x| < R}. 


3. According to (7.3.18; 3), there is a Lorentz-transformed system with a nonzero charge- 
density Jo, if Jo = 0 but J; z 0. Explain physically how a neutral system with a current 
appears charged when seen from a moving reference frame. 


4. Show that on R” the Lie derivative with respect to the natural basis, L = i4, od +d ois, , 
of e/'/» simply yields 


. eJ)» =o., , Le Jr 
Ly0j.. € = 0j. j, ke P, 
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in the natural basis. 
5. Discuss how P* := f, w, 2” is affected by Lorentz transformations. 
6. Calculate F with the potential given in (7.3.10; 3). 
7. Verify that 5J = 0 for a current of the form 


Jal) = J dsia(s)p(x—x(s)), p € ESR’). 


oo 


(7.3.38) Solutions 
l. 


Thus (7.3.13) implies that 


Í dS -E= f dx p(x); and  dCFm,) = —* Jim 
|x|=R,1=0 |x|<R,t=0 


means that V - E = p. 


2. 
Hn n 
fia f ds -B = Í dS. E — f as-E+ | dt f dS -j, 
to to 
=0 


X 12x30 t=19,x3=0 x3=0 
ixi- R Ix £R Ix|<R Ixis R 


o VxB=j+E. 


3. A neutral current consists of oppositely charged current flowing past each other. Because 
of the differing definitions of simultaneity, the two currents seem to have different charges 
in the moving frame (see Figure 7.15). 


4. 


k k 


i dw = Qj..j jl 


diver dp m I > Jv PES k. d.t dia ip 
ip. [4 = 0j..j, € po jr ip j? , 


di'o = palo" j jpe” t) € Pork ,,...j, jr. 


5. Since the natural basis transforms according to dx” = Lg, dx, it is also true that 
Te =1L° pT’ . Now note that N; looks different in the new coordinates. For instance, if 
N; is the hyperplane £ = 0, then in the new system it is not f = 0, but f = vx. It is only 
if 5T* = 0 and T” vanishes fast enough at infinity that 


Í *Te = Te 
1-0 t=0 


(cf. (7.3.18; 2)). 


328 7. Introduction to Classical Field Theory 


FIGURE 7.15. At any point of time t = const., x sees 7 —'s to 7 +’s. At any point of time 
f = const., x sees 5 —’s to 7 +’s. 


6. r? := x? + y) +27; then 
dA, ex 1 i zY ex 
hnr’ 


B, = Ee ee Ss 
E àz 4a rx? +y r? 
R RA 
nz 4nr 
pos 9A _ et fatty) | 2x? 
tU ax dy 4m | (x2 +y2) x+y x+y 
if 1 2y | ez 
+y o x2+y2[ hrr 
7. 
oo oo 
— ds p(x — z(s)zP(s) = — J ds z°(s), 
Ax? Jas -00 


ð ix ð 
EL — z(s) = -Í ds zC — z(s)) =0. 


No boundary terms appear from the partial integration, if the world-lines are infinite and 
pe EQ . The normalization (z|z) = —1 is irrelevant: 5J = 0 even if the particles move 


faster than light. 


8 


The Electromagnetic Field of a 
Known Charge Distribution 


8.1 The Stationary—Action Principle and 
Conservation Theorems 


If the field equations originate from a stationary—action principle, then 
aconserved current can be constructed for each parameter of an invari- 
ance group. 


Field theory may be regarded as a generalization of the mechanics of point-parti- 
cles, in which the dynamical variables q; (t) are replaced with fields B(x, t), such as 
E(x, t) and B(x, t). The discrete index i goes over to the continuous variable x, and, 
accordingly, the sum 5 "; is replaced with an integral f d?x. A direct transcription 
of the formalism of Chapter 3, leads to infinite-dimensional manifolds, which we 
would prefer to avoid. Instead, we merely generalize the stationary-action principle 
(2.3.20) in order to find the analogues of the constants arising from the invariance 
properties. It is clear that in field theory the action f dt L(q, q) involves an integral 
over a four-dimensional submanifold N4, and thus requires a 4-form, which allows 
the construction of a chart-independent integral. 


(8.1.1) The Lagrangian Formulation of Field Theory 


The action is given by 


W = L(®,d®), 
N4 
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where L € Ez is the Lagrangian. The field equations result from the requirement 
that àW = 0 YN, compact and Y8® such that 5®jav, = 0.! 

If we strengthen the homogeneous Maxwell equations to F — dA, then in 
pseudo-Riemannian space, the appropriate 


(8.1.2) Electromagnetic Lagrangian 
is 
£ 2 -4dA ^'dA - AA*J. 


Proof: Making a variation A — A + 6A and using (7.2.18)(a), one finds 


-ôW = | 8A^[*J eda [ ôA ^'dA, 
Na Na 


which vanishes if Ajay, = 0 and d*F = —*J. O 


(8.1.3) Remarks 


1. The variational formulation offers no guarantee of existence or uniqueness of 
the solutions of the field equations. Nowhere has it been assumed that d* J = 0, 
though without this condition it is not possible to satisfy ôW = 0 VSA such 
that 5Ajav, = 0. The reason is easy to discover. With the gauge transformation 
A — A+dA, where Ajan, = 0, W changes by Tis A d* J , and is linear in A not 
only for infinitesimal A. As a linear functional, either W has no stationary points, 
or else, if d*J = 0, it has a plateau. Accordingly, either there are no solutions 
at all, or else the solution is not uniquely fixed by any boundary condition 
whatsoever, because there is always the possibility of a gauge transformation. 

2. According to (5.2.8), 


—-iFA*F = -iÓE,F"*)- iE?-|B|»t1. 
The sign of £ has been chosen so that the interaction 
—A^*J = —'ijA- —J* A,'1 


of a point particle moving along the world-line z(s) (cf. (7.3.25; 2)) has the same 
sign 


—e f ds z* (s)A«(z(s))8^(x — z(s))*1 


as in (5.1.8). If a term im f ds Z? (s)z,(s) were added to the action, then both 
the field equations and the equation of motion could be derived from the same 
stationary-action principle by varying A(x) and z(s). The coupled system of 
equations suffers from difficulties due to the reaction of a particle on itself, as 
will be discussed more fully in $8.4. 


! We use the symbol ô in 88.1 for variations, rather than for codifferentials. 
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The advantage of the Lagrangian formulation is that every one-parameter in- 
variance group of £ furnishes a conservation theorem. In field theory the argument 
goes as follows: If the 4-form £ depends on the p-form 6 ;, then a variation of £ 
(taking 9/8» ; with 8 commuted through to the left) produces 


ac al al 
a 2.8 A E E Cura | «(so : hoo) 


and the field equations require that the term in the square brackets [ ] be zero. If 
the variation ô is that of a Lie derivative L,, v € Ej, then by (7.2223),8£ = L,£ = 
di,£, because the exterior differential of a 4-form vanishes on a four-dimensional 
manifold. (We think of as a kind of derivative, and not as an infinitesimal quantity.) 
Hence (8.1.4) says that a certain 3-form is closed and thus, by use of the *-mapping, 
that there is a conserved current. 


(8.1.5)  Noether's Theorem 
Suppose that v € Ej, 6 = L,® and ôL = L,L. Then 


ac 
Lyo; ^ —— - i£ | =: 4*7, =0. 


(8.1.0) Remarks 


1. The validity of (8.1.5) is premised on the variation ó including everything that 
is affected by L,. For instance, even if J = 0, the £ of (8.1.2) involves not only 
dA but also the metric g, through the "-mapping, and g was not allowed to vary 
below (8.1.2). Since we supposed that 6*F = *5F, Noether's theorem (8.1.5) 
applies to (8.1.2) only if J = 0 and L,* = *L,. 

2. If L, is a translation, then (8.1.5) defines what is known as the canonical energy- 
momentum tensor. 

3. The field equations remain unchanged when an exact 4-form is added to £, 
L — L + dG, where G € E3, since the addition only contributes a boundary 
integral to ôW. However, the 3-form in the square brackets in (8.1.5) gets a con- 
tribution, which, if G depends only on the fields and not on their derivatives, 
is di G (Problem 1). As an exact 3-form, it does not contribute to integrals over 
submanifolds without boundaries, but it can affect the conserved observables 
locally. This difficulty is not encountered in classical mechanics, which is for- 
mally a one-dimensional field theory, and where G would be in Eo, and hence 
i,G = 0. Indeed, an additional dG such that 


d 
—G(q) = 4i — 
p (q) — di F 


does not change the Hamiltonian 
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aL 
Haig l 


at all. 


(8.1.7) Application to the Electromagnetic Field 
If J = 0 and L,* = *L,, then 


d[-(LA) ^ *dA + 3i,(dA ^*dA)] 
= d[-3G,F) A*F + 3F ^i," F — (di,A) ^"F] =0. 


(8.1.8) Remarks 


1. 


As can be seen above, if v = e", then in addition to the electromagnetic energy- 
momentum forms *7* given in (7.3.23), there is a new term (di, A) ^ *F. If 
J = 0, then this is an exact 3-form, (di, A) A* F = d(ijAA*F)+i,AA*J,s0 
that (8.1.7) is a special case of (7.3.24). Unfortunately, the new term contains A 
as well as F, and thus depends on the gauge. This does not contradict the gauge- 
invariance of £ (assuming J = 0): Even in the mechanics of point particles the 
angular momentum m[x x x] fails to be translation-invariant, although £ = 
m|x|?/2 is. 


2. The nonuniqueness mentioned in (8.1.6; 3) consists of an additional d(F ^ A) — 


Ww 


F ^F in L. Since the corresponding G depends on dA as well as A, the extra 
term in the conserved observable is changed to 2d((i, A) A F) (Problem 5). This 
is conserved independently of whether "L, = L,*, because F ^ F makes no 
reference to the metric structure of space-time. The expression d((i A) ^ F) 
not only depends on the gauge, but it also has the wrong reflection property. 
For example, the energy density would have a term ~ B - VV, which changes 
sign if (t, x) — (t, —x), as (V, A) — (V, —A) and (E, B) > (—E, B). In 
the so-called gauge theories, similar expressions determine what are known as 
topological charges f F ^ F, which characterize the topological structure of the 
bundle. 


. The local energy is defined by the coupling with gravity, and the formula for it is 


derived by letting the metric vary in £. This variation has no contribution from 
F ^ F,and FA*F gives rise only to the 7^ of (7.3.22), which is gauge-invariant 
(see (10.2.8)). 


. If J # 0, then adding L,*J to the variations in (8.1.2) results in the Lorentz 


force. If d* F = —* J , then from (8.1.2), 


L,£ = —d{(L,A) ^'dA] - AA L,*J 
= —d[G,F)^*F]— (diyA)A*J -—AAL,*J. 


On the other hand, due to the rules governing L,, 


L,L= —}di,(F A*F)—L,(AA*J). 
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Together, these facts imply the formula 
-d'T, := ld[F Ai^ F — (FJ A* F] = —G,F) A*J 


for any vector field such that * L, = L,*. 

.If d*J = 0 and £ is as in (8.1.2), then Js L£ is invariant under A > A + dA, 
Ajan, = 9. The gauge group is then a huge (Abelian) invariance group, and is 
not even locally compact, since it contains arbitrary functions. This leads one to 
think that there must be an infinite number of conservation theorems. However, 
they always reduce to trivialities, or rather to identities that hold independently 
of the field equations. By the way, this is not a characteristic only of field theories, 
but also occurs in point-particle mechanics (Problem 3). In (8.1.2) the variation 
5A = dA (and d* J = 0) produces 


wr 


0—-8W = -f naat) + f ACJ +d*F). 
N4 ON, 


Since Ajan, = 0, this means that d(d* F) = 0, which is true regardless of 
whether d* F = —*J. 


As we have seen, there is a conservation theorem for each v whose Lie derivative 
does not destroy the structure of £ determined by the metric. Such vector fields 
are important enough to merit a 


(8.1.9) Definition 


A vector field v satisfying L,g = 0 on a pseudo-Riemannian manifold with the 
metric g is known as a Killing vector field. 


(8.1.10) Remarks 


1. Because L, Ly — L,L, = Lix,y} where [ , ] is the Lie bracket of vector fields 
(see (2.5.9; 6)), the Killing vector fields form a Lie algebra with [ , ]. (But not 
a module: fv, with f € Ep is not necessarily a Killing vector field if v is.) 

2. If an orthogonal basis e'(g = e' & e nij) is used to decompose the Lie derivative 
of the e/ as Lye’ = A! jel, Aj € Eo, then v is a Killing vector field iff Ajj = 
—Aji, where Aij = nik At j. 

3. Problem 2 is to show that *L, = L,* for Killing vector fields v. 

4. It is possible for *L,« to equal L,*w, w € E, (for particular values of p), even 
if v is not a Killing vector field. For example, Lye/ = fe’, f € Eo, makes 
L,e? ie = pfe!» and L,*e 3» = (m — p) f*e?)», and so *Lyw = L,*o 
for all w € E,?. Yet L, generates the conformal transformation L,g = 2 fg, 
and v is not a Killing vector field. 


(8.1.11) Examples 


M is taken as R* with e” = dx“ and g = e" @ e^n,g in these examples. 
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1. The rigid displacement v — e* leaves g invariant: 


Lye’ = die e” + iade” — Q0. 


The 7, of (8.1.8; 4) becomes the 7* of (7.3.23), and (8.1.8; 4) reduces to 
the Lorentz force (7.3.24). 


. v = xPe" — x%e generates a Lorentz transformation 


Lye” = xP ign de”  d(xPie") — (œ <> B) = -n dx" +n” dxP. 


The A of (8.1.10; 2) becomes AY* = n°” P? — n?” y^, and it satisfies the 
condition of antisymmetry that characterizes Killing vector fields. Because 
the interior product is linear, the 7, of (8.1.8; 4) is simply x^*7* — x**T?, 
Remark (8.1.8; 4) means that 


d(xP* T* — x** TP) = xf (ie F) A*J — x" (io F) A*J, 


which implies with (7.3.24) that dx? A*T* —dx" A*T? = 0. Because dxg^ 
*dxY = 5” 5*1, the energy-momentum tensor must therefore be symmetric; 
ie. Tog = Tga. Although (7.3.23) is symmetric, the canonical energy- 
momentum tensor (8.1.7) is not; to be sure, the canonical energy-momentum 
tensor is also conserved if v = x^e* — x" e? but x“ cannot simply be factored 
out of the gauge-dependent term di, A, which contains dv, and the conserved 
quantity is not x*7? — x’ T”. 


. V = xg€* generates a dilatation, L,e” = e”; and if F € Ej;(R^),, then 


according to (8.1.10; 4) L,* F = *L,F. Then T® can be used to formulate 
a new conservation theorem. 
d(x," T^) = xoig F ^*J. 


From this and (7.3.24) we conclude that dx ^ *7? = T7*1 = 0. We again 
observe that (7.3.23) satisfies this equation, whereas the canonical energy- 
momentum tensor (8.1.7) does not. 


. The conformal transformation L,g = 2x?g is generated by v = x’ x,e% — 
8 y 


Ix"x,eP: 
Lye” = xPe + xY ef — nex, e", 


and the last two terms cancel out in the expression for L,g. According to 
Remark (8.1.10; 4), it is again true that L,*F = *L,F for all F € E;(R^), 
and d*7, is 


d(x?x," T" — 1x* TP) = (x xai — 1x?) F) A *J. 
The resultant equation 
0 = x, dx? A*T" — x, dx* A*TP + xô’ dx, A*T* 


contains no new information, because the final term vanishes as in Example 
3 and the first two vanish as in Example 2. 
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(8.1.12) Remarks 


1. The vector fields generating conformal transformations (8.1.11; 4) are not com- 
plete (Problem 6); these transformations are not diffeomorphisms of R^, as they 
have singularities. This is not serious for the uses we make of them, as we need 
only the infinitesimal transformations. If a group of diffeomorphisms is desired, 
then IR^ must be compactified by the addition of points at infinity [36]. 

2. The Lagrangian d® ^ *d for a massless scalar field € Epo has no intrinsic 
length, but even so it fails to be invariant under the dilatation (8.1.11; 3). As a 
consequence 7%, z 0 for the energy-momentum tensor of a scalar field even if 
m = 0 (Problem 4). 


(8.1.13) The Properties of the Energy-Momentum Tensor 


Let e” be an orthogonal basis of a pseudo-Riemannian space (g = —e° & e? + 
34 el Q el), and let *7^ = IF A*F — F Ni«* F) = T" g*eP. Because of 
the component representation 


Too = (IE? + (BP), ^ Mo = S!, f= 1,2,3; 


where 
S = [E x B] is Poynting's vector, 


we find that for all x: 
(a) Too(x) > 0, and = 0 only if F(x) = 0; and 
(b) IS) x Too(x). 


(8.1.14) Remarks 


— 


. If (a) holds in every Lorentz system, then (b) follows. A Lorentz transformation 
treats P% = f *T* as a vector (7.3.38; 5), and the equation P? > 0 would be 
violated by the transformation P? — (P? — v. P)/ V1 — v? unless ||P || < P?. 

2. In the orthogonal basis, S^ = T/) = Tọ’ doubles as a momentum density and 

as the rate of energy flow: The change in the total energy can be written as 


(EE QNT 
à To = 3; + ;; De 
The physical interpretation of (b) is that electromagnetic energy can never be 
transmitted faster than light. 

3. The positivity of the energy is expressed mathematically as follows: Let N3 be 
a spacelike submanifold, and define * with the restriction of g to N3. Then * 
converts a 3-form into a numerical function, and the positivity of the energy 
means that *(T°\y,) > 0. 

4. The signs in (8.1.13) arise from the signature of the metric, and thus depend on 
the relationship to the standard basis. However, the equations T^ = T?* and 
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—^» causal curve 


FIGURE 8.1. The domain of influence of a hypersurface N C M. 


T* = 0, which follow from (8.1.11; 2) and (8.1.11; 3), hold in any basis on 
account of the transformation law (7.3.26). 


Since the existence of a limiting speed of energy transport follows solely from the 
structure of the energy-momentum tensor, it is possible to prove the uniqueness of 
the solution of the Cauchy problem without further analysis of the field equations. 
Nonuniqueness would contradict the causal propagation of the field at the speed of 
light. To make this impression mathematically precise, we make some intuitively 
reasonable. 


(8.1.15) Definitions 


(a) A continuous mapping of an interval J — M is called a causal curve iff 
no two of its points can be connected by a spacelike curve. It is said to be 
nonextensible iff it is not a proper subset of a larger causal curve. 


(b) Let M be orientable in time, that is, the forward and backward time directions 
can be defined smoothly over all of M. The future (resp. past) domain of 
influence D*(N) (resp. D~(N)) of a spacelike hypersurface N is the set 
of all points p of M for which all nonextensible, causal curves through 
p oriented toward the past (resp. future) intersect N. D(N) := D*(N)U 
D~(N) is called the domain of influence of N, and if D(N) = M then N 
is a Cauchy surface. 


The uniqueness of the Cauchy problem is the statement that F is uniquely deter- 
mined on D*(N3) by Fiy, " Fi, and J.If Fip+v,) # Obut J = Fin, = *Fiy, = 0, 
then F would have to propagate from somewhere outside D*(N3) to within 
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FIGURE 8.2. The region of integration used to prove the uniqueness of the Cauchy problem. 


D*(N3) without encountering N3, which would be possible only if the propa- 
gation speed were greater than the speed of light. Since there exist complicated 
manifolds M for which the shape of D* is confusingly tortuous, let us be contented 
with the 


(8.1.16) Uniqueness of the Cauchy Problem in Minkowski Space 


Let N be a three-dimensional, compact, spacelike submanifold of (R^, n), and 
suppose that F; and F, are two continuous solutions of Maxwell's equations, 
dF, = dF, = 0, and óF = óF; eg. If Fin = Fay and * Fyn = * Fy, 
then F, and F, are also equal throughout the interiors of D*(N): Fim psu) = 
Fy int D*(N) 
Proof: Let x € Int D*(N). Then there existe > 0 and x € D*(N) such that 
x € N' := {y e R4: |x - y — (9 — yy = —e?, y? < x} 
C {y eR'ix- y! < ° — yy). 
Hence 
(N'N D*(N)) U {y e N:Ix - y - G? — y < —e°} = Oa, 
where N4 is a compact, four-dimensional submanifold (see Figure 8.2). If F = 
F; — Fy, then dF = ôF = 0 and Fn = *Fiy = 0. The 7? formed from F 
therefore satisfies 87^ = 0 and T” y = 0, and so 0 = Sra d*T? = Tuis "po 
Since N’ is spacelike, *7? is a nonnegative measure on N’, and the vanishing of 
the integral implies that *7?,y/ap«(w) is zero almost everywhere. Since it is a 


continuous function, *7°|wnp+v) = 0; and because of (8.1.13)(b), Fiv'np*(N) = 
0, and in particular Fj, = 0. The proof for D^ (N) is similar. 


(8.1.17) Remarks 


1. Formula (7.2.36) proves uniqueness by explicit construction, but it assumes the 
existence of the distributions G;,dG jy, and *dG zın . The advantage of the proof 
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given above is that it can be extended to more general manifolds without the 
necessity of facing the difficult question of the existence of the Green functions. 

2. Positivity of the energy is sufficient but not necessary for the uniqueness of 
the Cauchy problem, which can also be proved (see $9.2), for instance, for the 
scalar field of Problem 4 with m? replaced with —m?, although T° is then not 
positive. 

3. The electromagnetic current J has no positivity property, and there is no propo- 
sition like (8.1.16) for it. Because charges can cancel out, it could happen that 
J =0 for all t < t and Æ 0 for all t > tọ. More specifically, nothing in 
Maxwell’s equations prevents a charge from moving faster than light. 


(8.1.18) Problems 
1. Show that (L,6;) ^ (2£/8 d;) — i,£ = di,G, if L = dG(®). 
2. Show that if v is a Killing vector, then L,* = *L,. (Use (7.2.26; 2) and (8.1.10; 2). 


3. The action W = f ds[—z" (s)z, (s)]!? is left invariant not only by s — s + const., but 
even by s — f(s), for f such that O < df/ds < oo. What is the resultant conserved 
quantity? 


4. Calculate T* for £L = —}[d® A*d® + m? O*P], ® € Eo, and investigate which of the 
properties (8.1.11) and (8.1.13) this 7? has. 


5. Calculate the conserved quantity (8.1.5) for £ = dA ^ dA, A € Ej. 


6. Integrate the equations dx(t)/dt = —a(x(t)|x(t)) + 2x(t)(alx(t)), which generate the 
(local) flow of a conformal transformation. 


7. Suppose that (7% + t“) = 0 and that 7? + t" is independent of time in some system 
and falls off sufficiently in space. Show that in this reference system 


f dx! A*(T? 4-1?) 2 0, 
OxrzT 


for j = 1,2, 3, ando = 0, 1, 2, 3. (In particular, the “self-stress” terms f d?x T;; vanish.) 
Conclude that 6(T* + t“) cannot be zero for the point charge (7.3.25; 2). 


(8.1.19) Solutions 


1. 
aG aG 
=d®;A—, (L,;)A— -i,dG = L,G —i,dG =di,G. 
£ iN oe, (L,®;) T, G = L,G — i,dG = di,G 


2. First note that L,e^*» = ^, A', et» (—])/*!. The identity of (7.2.40; 8) 
continues to hold when A* ; is substituted for œ“ j, because A‘; has the same antisym- 
metry. Hence 

Leo = Y. attente pin, 


J 


w 


a 


Nn 


n 


- 
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and consequently 


Ly (Ok, 4?) = (Lo. )' e Ape 


kyk x kpek 
+ Ox kp “Lyer P Lyk). e! P). 


.Ifs = 5 + f(s), then as f — 0 with f = 0 on the boundary, 


w= | d5(1  f/ EGG) - 2/ P GE G) 
B vnquam iere OS) 2 
=w+ fas (s POLG- f m =) + oq. 
Integrating this by parts leads to the identity 
d puro cO) 
ds" | G6) = Fay (EXC 
which also holds if z # 0. 


= (iy dD) A*d®D — Sigld QA*dó --m?o*4]. Then Top = Tga (Lorentz Bor 6 
A not T^, = 0, even E m = 0 (no dilatation invariance). Too > IV | and T°; = 
$v, ®, iff m? > 0. 


.(L,A) ^ Lo ilL = 2(L,A) ^ F —i,(F ^ F) = 2(di,A) ^ F = 2d(i,A ^ F). 


adA 


. Letting x := x(0), x(t) = (x — at(x|x))/(1 — 2t(xla) + (x|x) (ala)t?), because 


ax — —a(x|x) (x — at(x|x))((xla) — (x|x)(ala)t) 
àt 1 — 2tlxla) + (xIx)(ala)t? (1 — 2t(x|a) + (x|x)(ala)t?)* 
= —a(x(t)x(t)) + 2x()(alx(n)). 
For any t > 0 there exists x € Rt, namely the x for which 


1 — 2t(a|x) + t (ala)(x|x) = 


which gets sent off to infinity. 


. Integrate x/ d*(T* + t*) = dx/ ^ *(T* + 1%) + d(x/*(T*% + t*)) over 


Ng := {(t, x):0 <t <T}. 


In the rest-frame of the charge nothing depends on time, and only t9 + 0. Since dx, A 
*T* = 0 (8.1.11; 3), we obtain the contradiction 


3 
0= Í ax! a°T! = [ dx? ^*T? > 0. 
3 OxrzT O<1<T 
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8.2 The General Solution 


The characteristics of Maxwell's equations are hypersurfaces with light- 
like normals. The Green function is easy to construct in Minkowski space 
(R^, n), and solves the initial-value problem explicitly. 


If the argument of (7.2.28) is applied to the physically interesting case m — 4, 
p — 2, one finds that the Minkowski metric 


contains the g.. of (7.2.28) as its spatial part and also g_ as a spatiotemporal part. 
Since in the present case " o* = (—1)/"-P*5 = — 1, the combinations of the fields 
that diagonalize * are F +i* F, and when these are written explicitly, both real and 
complex characteristic directions are found, so there is a combination of both of 
the cases of (7.2.28) (Problem 1). We have remarked that the characteristics may 
in general be surfaces of discontinuity for the solutions. If such a hypersurface is 
specified by u(x) = 0, for u € Eg(V), V C M, then there should exist solutions 
that behave locally like G(u). The exterior differential dO(u) = 5(u) du is then 
singular at u = 0, and if J is a regular function, then the singular contributions 
to the left sides of the equations dF = 0 and ôF = J must cancel out. These 
contributions are proportional to du, so we are interested in finding solutions for 
J = 0 that depend only on u: F = ci;(u)e". For such solutions the equations 
say that the exterior and interior products of F' with du must vanish, because 
dF = ducij ^ e = du ^ F', d*F = du A*F' = —*(i4, F’). This argument 
leads directly to a 


(8.2.1) Condition for the Characteristics 


Let F be discontinuous where u = 0, but suppose that J is continuous there. Then 
the equations dF = 0 and 5F = J imply that atu = 0 


du F'=0 and ig, F’ =0; 
which are satisfied only if (du|du) = 0 or F' = 0. 


Proof: If du ^ F’ = 0, then in a local basis using du, F' contains du as a factor, 
that is, F’ = du ^ f, where f € E; is independent of du. The second equation 
then requires that ig, du ^ f = (du|du) f — (du|f) du = 0. Because f and du 
are independent, we conclude that (du|du) = (du| f) = 0. o 


(8.2.2) Remarks 


1. In other words, either the normal to the surface is lightlike, or else there are no 
discontinuities in F. 
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2. This is only a local statement. Whether u can be defined as a global coordinate 
depends on the large-scale structure of space-time. 

3. A by-product of (8.2.1) is the statement that fields with discontinuities must 
have a special structure; they are the exterior products of two 1-forms, of which 
one (du) is a null field, and the other ( f) is orthogonal to it (also in the sense of 
the metric 7). Both invariants vanish for such fields: 


*(F ^ F) 5 *(du ^ f Adu ^ f)=0, 


and *(F A*F) = iqifF = (dul f)? — (du|du)(f|f) = 0. If the space and 
time parts are separated, then du = dt + n- dx and f = dt + f - dx, which 
requires that |n = 1 = (n - f). In terms of the field strengths, E = n — f and 
B = [n x f], so this means that (n - E) = (n - B) = (E- B) = 0 = [E]? — |B)’. 
The field (7.1.4) was of this form with u = x — t. 

4. We also note that if (du|du) = 0, then it is not sufficient to specify F and * F 
at u = 0 in order to solve the Cauchy problem: It is possible to choose F not 
identically zero, such that f(0) = 0. 

. Whereas a field satisfying du ^ F = ig, F = 0 can vary arbitrarily from one 
hyperplane u = const. to the next, the Lie derivative Lg, in the direction g du 
tangential to 4 = const. is determined by Maxwell’s equations: 
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L4,F = digyF +ig,dF = 0, 
La, F = dig, F + idu d*F = —igy* J. 
The higher Lie derivatives can similarly be calculated, which determines F 


everywhere, if F and *F are specified on some surface that can be translated 
with e'^ so as to cover all of M. 


After studying these local questions, we will evaluate formula (7.2.36) for 
Maxwell’s equations. This requires the explicit form of the Green function, which 
can be written down only for the simplest manifolds. 


(8.2.3) The Construction of G; in Minkowski Space (IR^, n) 


If e" is the natural and orthogonal basis, then according to equation (7.2.34), Gz 
has the form 
Gi = lēns Q "e 7 Dix), 
for p = 2, and where D; € Eg(IR^) satisfies the equation 
-Dz a" = ó*(x — x). 


The translation-invariance of Minkowski space allows the partial differential equa- 
tion to be reduced to an ordinary differential equation, by expanding it in a series 
in the eigenfunctions of the translation operator, i.e., a Fourier series. For the 
delta-function this expansion is 


oo 
(8.2.4) 8*(x — x) = Qny* f d^k e 1. 


—00 
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where ki and x! are regarded as the components of vectors, and (|) stands for 
the Lorentz scalar product (7.2.14) with g = n. In Fourier-transformed space the 
Laplacian (i.e.: 4%) produces a factor ik,ik" = —(k|k) =: —K?, so that, finally, 
D; has the Fourier integral representation 


(8.2.5) D;(x) = (20)~4 if d'k gi ya. 


(8.2.6) Remarks 


1. The k integrals do not converge in the classical sense, but as distributions— 
this is the content of Fourier's theorem. We have unscrupulously interchanged 
integrals by k with derivatives by x. Fortunately, distributions are so agreeable 
that they put up with manipulations that classical analysis considers criminal. 

2. Because of the translation-invariance of Minkowski space, D; depends only on 
x-x. 

3. Since k? = (|k| — k°)(|k| + k?), the integrand of (8.2.5) has poles, and it must 
be decided what to do about them when they are in the integration path. We are 
not restricted to integrals along the real axis; the analyticity of the integrand of 
(8.2.4) allows the integration path to be distorted into the complex plane. We 
use the path denoted as 

ES 
wave 


which passes above the poles in the complex k-plane. Other choices of the 
integration path would produce integrals differing by the contributions of the 
residues. This nonuniqueness should not be surprising, because the equation in 
(8.2.3) determines D; only up to a solution of the homogeneous equation, and 


aß 9? i(k-x—k°r) 
e =0, 
ax% ax8 


n 


if k? = kl. 


The path shown in Figure 8.3 is chosen on physical grounds, since the Green 
function it produces corresponds to physically realistic initial conditions. It is 
denoted D™!(x — x), and an elementary integration (Problem 2) produces the 


(8.2.7) Retarded Green Function 


ôr —1) 82) 


D" = 
(x) 4rr 2x 


G(), 
1 - 
Gf = bap D"C SE — xP OC - 1), 


r :— |x|, xi: (x|x). 
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FIGURE 8.3. The path of integration for D'*'. 
l 


xı 


x 


support of G;* 


FIGURE 8.4. The support property of the retarded Green function. 


(8.2.8 Remarks 


1. For the second form of D™ we made use of the formula 


sf) = se), — fe020 


lf’ Œ] 
to write 
SDO) = &((r + t)(r — t))O(t) = Og c0-4ó(r —t)) 
_ or - t) 
EE O(t). 


2. The integral (8.2.5) singles out no particular Lorentz system, and thus D™* 
depends only on (x — x)? and @(t — 7). The preference for one time-direction 
enters through the choice of the integration path; the path MV would result 
in D** (x — x) := D™(x — x). 

3. Because G*" is supported wholly on the negative light-cone of x (see Figure 8.4), 
the integration over infinite space-time regions is justified painlessly. 


The means by which the explicit forms of the field strengths can be calculated 
from (7.2.36) are now ready. The field is the sum of two integrals, one over N 
and one over ON, which we call F" and F'?"ndzy. p'et depends only on J, and 
Fhoundary depends only on the boundary values of the field. 

We first consider F'*', which can be calculated with the aid of the formula 


Y ateb re? — gy New n*e = (Pn — nP 
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(cf. (7.2.18)(b)) and the elementary rules of calculation (*1 > d*x, (8/@x)D™ = 
—(0/0x)D™): 


(8.2.9) 


9 
F(x) = | AGE A J = $a f —— DH (x — x)e* ^ *e A e? J, (x) 
N N OxY 
à 
= gu f d*x Ja (x) — D™ (x — x) = dA (X), 
N ax? 


A(X) := —e f d*x D" (x — x)Ja(x). 
N 


(8.2.10) Remarks 


— 


. F' is precisely the exterior differential of a vector potential A‘. It is common 
to solve for F by first setting F = dA, and then using ôF = J to determine 
A. Equation (7.2.36) with p = 1 and A in place of F shows that Aj; does 
not depend only on Ajay, *dAjay, and Jiny, but also on Aw. If we rewrite 
fy 8Gz ^ dA as fy Gz ^6dA + fayt = fy Gi ^J + fay -o then there 
are three contributions to A(x), viz., fy Gz A J as in (8.2.9), fy dG; A 8A, 
and di y +++» Gauge invariance makes it impossible to fix A in terms of J and 
the boundary values of A and dA; the equations leave open the possibility of a 
contribution from d A. The solution of the boundary-value problem is unique if 
we impose the additional condition that 5A = 0 (the Lorentz gauge). 

2. The A™ of (8.2.9) satisfies 


8A" G)- - i D 6-3 G)mG. j e EIU) 


(Problem 4), so F™* satisfies the equations 
dF™ — 0, 
6F™ = ôd A™ = AA*! — dô A = - face AJ -dj=J-—dj. 


3. Since the support of G; is on the negative light-cone of x, we are not required 
to choose N compact. If N is taken as {(t, x): to < t < tı}, then, by (8.2.7), the 
integral for A™ reads more explicitly 


3 
A(z) = — f Oo e. 
Ix-x|cr-i 470 |x — X| 

This integral always converges for bounded Ja, even if J does not have spatially 
compact support (Figure 8.5). 

4. Although the use of a different Green function, say D**", does not change F (X), 
it does change the integrals f, and f,,,. For example, with the N of Remark 3, 
Foundary has contributions only from t = tọ, while only the boundary values at 
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aN ————$ — $ 2d 


support of GF" 


FIGURE 8.5. The region of integration for F'*'(x). 


t = tı would show up in D**’. If we want to know F in the half-space later than 
t = tg, then D™ is more useful than D**", because we can let the upper (later) 
part of N go to infinity. The limit t; — oo would not necessarily exist for D**": 
If we insisted that Fin = 0, then without the upper boundary term all that would 
remain of F would be ec i dG**' ^ J, which does not vanish at t = tọ, and thus 
requires that there be a contribution to h y at t = fj. Since the equations are 
invariant under time-reflection ? — —t, the appropriate Green function for the 
time-reversed question would be D**", 

5. With the aid of Green functions with p — 3, we can write (8.2.9) in coordinate- 
free notation as 


Ant =f GĦ ^ J. 
N 


In order to study F*9"nday. we use (8.2.7) to write it more explicitly as 


(8.2.11) 
p'ounda(r) — — f (8G; A F —*dG; A*F) 
ON 


a a 
=o [s nnG — oF alae’ - Dn -oR we 
1 3 
+ 53, 6 -Drao | 


(Problem 5). 


(8.2.12) Remarks 


1. As in (7.2.38; 1), we see that the boundary 3N is not arbitrary. If it contained 
part of the light-cone of a point x € N, i.e., the set specified by the equation 
t(x) = t — |x — x|, then the integral over 3N would diverge, as 


3 
f, D(x —x)*e° = f : 2 é(t(x) -t—Ix — x|) ~ IE 


|x — x| 


2. If N is bounded by two Cauchy surfaces (7.2.29)(c), then on the earher surface 
Foundary takes on the boundary values of F, and F'*' goes to zero. The first 
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3. 


of these claims is proved as follows: If N is given in Cartesian coordinates as 
t > f(x), then? 


üt ðt ot 
*e ay = dx! A dx? ^ dx? (1, ) 


NETT 


The Lorentz system may be chosen so that x is the origin and 91(0)/0x/ = 0. 
Because " 
à ó(t—t—r) 


—À = 89, f (0 
CORE c A 


: 3 
im fa x f(x) 


(see Problem 6), 


a 
lim | *e* — D"'(x — x) f(x) = 6%05°s f (0). 
im f "e E DE -DFO = SO 
If this is substituted into (8.2.11), the two first terms cancel out as x |, 0, leaving 
only F(0). On the other hand, 


A rety=\ __ 
mag (x) =0, 


because the integration region shrinks to zero (see (8.2.12; 3)), so that if J is 
bounded, nothing is left over. 

In Problem 7 it is shown, using the explicit form (8.2.12), that in fact d F*owndary — 
Oand 5 F*owndary — dj, because d( Fin) = Oandd(* Fian) = —*J (cf. (8.2.10; 2)). 


4. Although the boundary values normally propagate by D™* along whole light- 
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cones, particular Fi3y and "Fjay can be found for which the propagation is 
approximately along a light ray. In this somewhat vague approximation, the 
problem of how light propagates reduces to the easier problem of the motion 
of a massless particle. We made use of a similar simplification in (5.7.15) to 
calculate the bending of light by a gravitational field. 


. By using D™', one can take N as the whole half-space later than some Cauchy 


surface, without changing F'*' or F'"9"nó2. if the upper boundary is displaced 
to t + +00 (Figure 8.6). 


In our verification that d(F'™* + boundary) — O and q(* Fr! --* Fboundary) — —* J, 


i.e., 


lim F''(x) = lim*F"(x)—0, lim Foday (z) = F(x), 
xix xix xix 


lim * nii) =*F(x) Vx c aN, 
XYX 


we needed to know only that d(Figy) = 0 and d(* Fan) = —* Jian. Whereas to 
use (7.2.36) it is a priori necessary to assume the existence of a solution F, the 
explicit construction demonstrates the 


2*e0 — —e12. but 3N, as the lower side of N, has a negative orientation. 
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support of G£' 


FIGURE 8.6. The displacement of the later boundary of N. 


(8.2.13) Existence of the Solution to d F = 0,8F = J, for Given Initial Values 


Let N be the half-space later than a Cauchy surface 3N in (IR^, n), and suppose 
that H € E;(0N), K € E;(9N), and J € E,(N) satisfy the equations 


dH=0,  dK--'Jaw. 


Then 
FG» [ acns- f [)]G; AH — "4G; ^K] 
N an 


is a solution of dF = 0 and ôF = J on N, for which F approaches H and *F 
approaches K as x approaches ðN. 


(8.2.14) Remarks 


1. On a Cauchy surface 3N, Fan and * Fign are linearly independent, so the bound- 
ary values H and K do not depend on each other. If N had characteristic direc- 
tions, then the above construction would not work, because 5G; and *d G; are 
not distributions on lightlike surfaces. 

2. H and K satisfy the restriction of Maxwell's equations to a spacelike hypersur- 
face; V.H = 0 and V - K = p. Thus they may be taken as H = V x v; and 
K = V x v; — V f p(x)/Ix — XI, for arbitrary v; and v2. 


Often J is sufficiently localized that even fa, dG; ^ J converges. Then the 
remaining boundary in (7.2.36) can be taken to fy = —oo. If F™' is to converge 
in this case, F**9* must also converge, and in fact it approaches a solution of 
the free equation (J = 0), because F™' then solves Maxwell's equations. This 
incoming field will be denoted by F^, and in the time-reversed sitvation, using 
DY from (8.2.8; 2), it will be called F?"', 


(8.2.15) Definition of the Asymptotic Fields 
F = r^ + Fre = rout + Fd 
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if the integrals 
F'(x)- Í dG"* AJ and  F'""(i- f dG AJ 
R4 R^ 
exist; in which case 


dF"-dp-gp"lgpMuc-gphocgp" IQ  bF™ = bE = J, 


(8.2.16) Remarks 


— 


. The existence of F™ is guaranteed if J is localized well enough in space and 
does not evolve too nearly along a light-cone. We shall learn from the hyperbolic 
motion in §8.3 that it is possible for F™ to converge pointwise while 5F™ z J, 
because the limit as ty — —oo does not exist in the appropriate topology. 

2. If there exists a T such that J = 0 Vt < T, which is, of course, possible only 

if the total charge Q = 0, then F = F" Vt < T. Roughly speaking, F^ is the 

field that existed before J was switched on, and F?"' is the field that remains 
after J has been switched off. 


If N = R^, then F™ is the differential of the 


(8.2.17) Liénard-Wiechert Potentials 


Fret = dA" 
where s "m 
amg -— f PERE, 
4x |x — x| 


(8.2.18) The Static Case 
If J is independent of time, then 


AP (X) = -f d*x Ja (x) 


4 |X — x|’ 
and, in particular, the Coulomb potential 


d?x p(x) 


P eu 
Axlk — xl' p(x) :9 J (x) = —Jo(x). 


v(m) = Apia) =f 
A necessary condition for the existence of this potential is that p fall off faster than 
1/r?. 
We close this section with a different application of (8.2.15), to rewrite equation 
(7.3.23) for the work expended. To this end we assume that J is sufficiently well 
localized in space so that N may be set to R*. Then 


(8.2.19) P*(T)- P*(-T) = Í (i* F^ iFM) AT. 


-T<t<T 
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The energy and momentum are thus affected partly by the incoming field and partly 
by the field caused by J alone. The latter contribution is explicitly 


(8.2.20) 
T oo 
| PFE AT = J a's | d^x JE (X) 
-TzstzT -T —oo 
x IG). D*G -x)-J ()-3- pr'G — x) 
ax? Oe Vika 
If J has compact support (Q = 0), then we can take the limit T — oo. By 


integration by parts, the first term on the right side of (8.2.21) contributes zero, 
because ôJ = 0. By symmetrization x < x, in the second term 


ð 
age De E x) 


is changed to 


1 9 


1 8 
Po EN Dr M — pdz oí et <—x). 
2 as (x — x) - D" (x — x)) YG D(x — x) 


Introducing the radiation field 
prd = F — F^ = Fou. Fi 
allows one to write 


(8.2.21) 
P,(00) — Pa(-00) = f (ia F” + igh F™ A*J, 
R4 


- J ip A*J = J d*x d*x J OJ DG — x). 
The convolution (8.2.21) becomes a product when Fourier-transformed:? 
Jg(k) = J d*x e4 Jo (x) = J g*(—k). 
Since D has the Fourier integral representation 
(8.2.22) D(x) = iQz)^? J d*k 5(k?)(@(k°) — e(-k9ye 


(Problem 8), there results an expression for the 


3We shall write * on the right side to denote the complex conjugate. 


350 8. The Electromagnetic Field of a Known Charge Distribution 


(8.2.23) Energy and Momentum Lost by the Radiative Reaction of the Field 
If F^ = 0, J € EX(R?), then 


P" (oo) — P*(-o0) = (21)? | d*k edo! qXuor — IF GOP. 


(8.2.24) Remarks 


— 


. Because F M — (ik, J pk) — ikg Ja (k))/k?, the field reflects the frequency 
distribution of the source. This allows the integrand to be interpreted as the 
energy and momentum lost to the field with wave-vector k. In particular, as the 
time becomes infinite, the factor 5(k”) makes the loss go mainly into the free 
field, characterized by |k|? = (k°)?. 

2. If the sources are strictly periodic, the assumption that J € E? is violated. This 
shows up as a delta-function in J and a à? in (8.2.23). The physical significance 
is that a periodic process radiates an infinite amount of energy in an infinite time 
(cf. (8.3.29; 7)). 

3. In Fourier-transformed space, 5J = 0 reads 


J-k= 


If |k] = |k°|, then |J| > |J°|. Since with œ = 0 the rest of the integrand is 
nonnegative, P°(0o) > P°(—oo). This is a consequence of the positivity of the 
energy. If Fi" = 0, then P°(—oo) = 0; thus energy can only be released from 
the current to the field. 


(8.2.25) Problems 


1. Write F + i*F out explicitly, and show that E, = B, = an arbitrary function of t + z, 
and E; = B, = E3 = B4 = 0 solves the equations d m = ôF = 0. Show that the field 
can be written as du ^ f, where (du|du) = (du|f) = 


2. Calculate the integral (8.2.5) for D™, using the integration path (8.2.6; 3). 

3. Use D™ to find the Green function for Laplace's equation in three dimensions. 
4. Calculate 5A for the A of (8.2.9). 

5. Calculate 5G; A F — *dG; A*F with the G; of (8.2.7) and F = i «P Fag. 

6. Show that 


ae r) 


lim f s f(x p: = 89, f (0). 


7. Write (8.2.12) for 3N = (0, x) explicitly in terms of the components E and B of F*?"ndar, 
and calculate E, , and B, ,. 


8. Find the Fourier integral decomposition of the D of (8.2.22). 
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(8.2.26) Solutions 
l. 
F +i*F = YE, + By)(dt + dx3)(dx, — idx;) + 1(Ei — By)(dt — dx3)(dxi + i dx2) 
+ 3(E2 + B3)(dt + dxi)(dx) — idx3) + 3(E2 — Bs)(dt — dxı)(dx + i dx3) 
+ $05 + Bi )(dt + dx,)(dx3 — idxi) + }(E3 — By)(dt — dx;)(dxs + i dx). 
The individual terms of this sum are of the required form. 


2. If t < 0 (resp. > 0), then the path of integration can be closed in the upper (resp. lower) 
complex k°-plane, so that 


e" OW) 
ms z |æ CET TE sin kt. 


There remains 


Qx)? f dik 9D uu, = OO Í dixe nkn c: OW. 
k 2x?r Jo 4nr 


3. Because (22/81?) — A)D™(x) = 8*(x), the function [™ dt D(x) = 1/4mr satisfies 
the equation — A(1/4zr) = (x). 


4. 


a 
—ôA™ (3) = f d*x Ja(x)— D™ (x — x) =: f d(JD?)- f "Ep. 
N axe N an 
5. Using the abbreviation D, = (0/dx*)D™(x — x) = —(8/8x^)D"'(x — x) and Rule 
(7.2.18)(b), 
dG; = jéapge” n*e? D, = —€° D ,*es, 
"dG; A*F = — te D, alg Ate v. = E&P D, a Fac" €", 
8G; = led ^ eap) = 48° DY*ey,s, 
8G; A F = le D, Fore” ^" e"? = — e, D ,[F*"*eP — 1 F%*e”), 


If these equations are combined, then 


ð 
—6G; A F +*dG; A*F = els D(X — x)Fyg(x)'e" 


ð S 19 E 
m TE = X)Fay (x)'eg + 2 ax, 00 = scare} 


6. 


a ea Í dr dQCf Q)? + f, (O)r^x, + -- MI 
d j 


4nr 


= [ dr dQ(f (02x; + fax x, e P) 6 =? —0 as t>0, 
0 


a= o f dr dQ(f (0)? + f (0r?x, +- UN mm -r) 
0 4zr or 
=f0)+0@—> fO as r0. 
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E,(z) = f d!x [D (x — x) Ex) + Eum D (3 — x) Bx). 

B,(%) = J d'x [D" (E — x) B(x) — eu, DE — x) E. (x)], 
Exx(%) = f dx D" G - x)EuQ) = = f dx D" (x — x)J*(x), 
BG) = f d'x D" ( — x) By (x) = 0, 


since E and B must satisfy the restriction of Maxwell's equations to aN. 


D(x) = (D™(x) — D*(x)) 
1 l 
E -—4 4, pilki) y; SS ee 
SP J ake LIES - (8 + ie cs 


= (2n)7i J d*k e" 8(k?)[@(k°) — @(—k°)]. 


8.3 The Field of a Point Charge 


There is an expression in closed form for the field of a point charge under- 
going any given motion. It contains all information about the radiation 


emitted by an accelerating charge. 


Our first application of the formulas derived in the preceding section will be to 
calculate A™' and F™ for the current (7.3.25; 2); J and D™ will be, respectively, a 
four-dimensional and a one-dimensional delta-function, which allows the integrals 
over d^x and ds to be done. Using the rule 6( f (x)) = >; (x x) f'G;) ^5, where 
the x; are the zeros of f, we obtain 


(8.3.1) 
AMZ) = — d'x D"(x — x)J,(x) = —e | ” ds éG)D"G — zs) 


-— 29(s)<k° 

yee ds z,(S)8((X — 2(s))) 
21 J- 

= e Zo (so) 


Eei LOL RD AN d :0. 0 
"a EGO uu Vo ce E 


(8.3.2) Remarks 
1. The negative sign makes (8.3.2) consistent with (z(so)|x — z(so)) < 0. 
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r z(s) 


FIGURE 8.7. Determination of z(so) on the world-line of a charge. 


2. so is a function of x (see Figure 8.7). 

3. If we consider Xq, zo (so(X)), and ża (so(x)) as the components of vector fields x, 
z, and z, then (8.3.2) may be written without indices as 

Ant = e z 

4r (z|x — z) 


After the x-integration the coordinate will be called x, rather than x. 


The way that so depends on x must first be known before F'*' can be calculated 
from A™. This dependence can be determined by noting that x — z € E, (R^) isa 
null field: 


(8.3.3) 
0-2 


NI = 


ð 0 
rri — z^ (so(x)))xa — zo (so(x))) = xg — zg — z^ RI — Za) 


=> ds = (x —z)(z|x —z)7!. 


The exterior differential of the constituents of A can be calculated from (8.3.4) as 


dz = dso NZ = (x — 2) AZ(z|x — 2), 


ð u sa 050 . a. 950 
(8.3.4) 3: (Xa — Za) = Z 3x5 Cs = Za) Pep Zz CEPI 
: zlx —z) +1 
=> d(x-z)z-cí(x dp d 
(zlx — z) 
where we have used the normalization 2"z, =: 2? =: (z|z) = —1 and have also 


considered Z, (so(x)) as the components of the vector field z. Combining the above 
formula produces 
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(8.3.5) The Retarded Field of a Point Charge 


F! = L (lx — z)! dz (lx — z) 2 ^ dàlx — z)) 


4r 
£s wg lx-z)+1 . 
e G 
4n (z|x — z) 
(8.3.6) Remarks 
1. By using the normalization 2? = —1 of the world-line z(s) we assume that the 


charge never reaches the speed of light. 

2. The 2-form F™ is of a special form, as the exterior product of a null vector field 
x — z with another vector field z(z|x — z)~!((z|x — z) + 1) — Z. In contrast to 
the field in (8.2.2; 3) with discontinuities, the interior product of these fields is 
not 0 but 1. 

3. F™ is the sum of two fields, one of which, FC, contains the terms proportional 
to Z, and the other, F, contains only z. The two fields have different asymptotic 
behavior, as expected on dimensional grounds; F®’, the field of the near zone, 
falls off as a Coulomb field (1/r?), whereas F9, the field of the far zone, falls 
off only as 1/r. 


We note some of the special 


(8.3.7) Properties of F'*' for a Point Charge 
(a) F% Aa F* = 0 = FO a FË = FO A FO, 
(b) F™ A (x — z) = 0 = F® A (x —z)- FË A (x — 2). 
(c) i4 FO = *((x — z) A*F®) = 0. 
(d fO A*FO =0= FË a *FË = Fe a * FO, 


Proof: 
(a) This holds for any element of E» that is an exterior product of two vectors. 
(b) F'*', FÓ, and F contains x — z as a factor. 


(c) The interior product of the two factors of F® vanishes, and x — z is a null 
field. 


(d) This follows from (c) because of the factor x — z. o 


(8.3.8) Remarks 


1. Since F ^ F ~ E. B, Property (a) implies that the electric and magnetic fields 
are always perpendicular to each other, and this is also a property of F® and FO 


8.3 The Field of a Point Charge — 355 


considered separately. Therefore it requires more than one charge to produce a 
magnetic field parallel to an electric field. 
2. Because *((x — z) ^ F) = i,_,* F, Property (b) implies that 


(x — 2 CF"), = 0. 


For œ = 0, this means that B is also perpendicular to the 3-vector connecting 
the reference point (where the field is measured) to the position of the charge at 
the retarded time so. 

3. If F? is considered separately, then Remark 2 still applies, and because of 
Property (c) it applies even if F and *F, that is, B and E, are interchanged. 
Therefore the electric field stemming from FË, which dominates in the far zone, 
is also perpendicular to the 3-vector from the reference point to the position of 
the charge at the retarded time so. 

4. According to Property (d), because F ^ *F ~ |E]? — |B|*, in the far zone 
|EO| = |B, and if z(so) = 0, then 


Eo = [po x *] and Be E " ko]. 
r r 


The Lagrangian F™* x *F'*! = FO A* FO has contributions only from the near 
zone. 


(8.3.9) The Field in the Rest-Frame of the Particle 


Let us choose the Lorentz system in which z(so) = 0, z(so) = (1, 0, 0, 0), and 
Z(so) = (0,Z). Then for x in the positive light-cone of z(so), the field (8.3.5), 
written in components, is expressed as 


e 3 x 
E= [-24 5a «e-2)]. 


Bot E T =] , 
4nr r 
The magnetic lines of force circle the charge, and the electric lines of force leave 


the charge initially in the radial direction, and later bend to become perpendicular 
to B and to x in the far zone (Figure 8.8). 


(8.3.10) Warning 


The description in (8.3.9) is not an instantaneous picture of the field, but specifies 
the field at a given position x at the time t = |x|. The field in the spacelike section at 
t = const. does not depend on z and Z at a single value of s, but on a whole segment 
of the particle’s trajectory. It can be written down explicitly only for special kinds 
of trajectories. 


(8.3.11) Examples 
1. Uniform motion. Let 


1) elt wg. 


v1 —v? 
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x3 


E? 


B-E?-0 


z(so) 
E? E 
FIGURE 8.8. The fields in the near and far zones. 


Then 
(x — z(s))Y = x? — s? — 2(zlx)so, 


so = —(Z|z(S0)) = — (lx) — v (zx)? + x?. 


This means that 


and thus 


—e Zz 
4x /(z\x)2 + x? 


2 —1/2 
ee (=) tba] 


AF 


4x Ji- [NV1-v? 
SELLO XAZ 
— 4n ((z|x)2 + x2)3/2 
0 x- x X3 
_ £ |-x +ut 0 —UX2 —UX3 
^ Am —2X2 UX2 0 0 
—X3 UX3 0 0 
1-? 


X —————————————————. 
[G — vt? + (1 — v2) + x2)? 
Note that: 


(i) If v = 0, the above expression reduces to the usual Coulomb field, Ao = 
e/Anr, A = 0; E = ex/Anr?, B = 0. When v is not zero, the Coulomb field 


8.3 The Field of a Point Charge 357 


is simply transformed according to the transformation law for E2(R*) (cf. 
(5.2.7)), which is automatically taken into account by the covariant notation. 


(ii) The electric field points at the simultaneous position of the charge, not to its 
retarded position. This fact was used in (7.1.5). 


(iii) The denominator contains the spatial distance to z(so) in the rest-frame of 
the charge, viz., 


(x, — vt n 

lx — 21 = (él)? x0? = (S3 +x +a) 
This is equal neither to the distance ((x1 — vt)? + x2 + x2)!/2 from the 
simultaneous position of the charge, nor to the distance from z(so), which 
would be (dt|x — z}. On the spacelike section t = 0, (z|x — z} equals r = |x| 
for the points perpendicular to the direction of motion (i.e., x; = 0), and is 
otherwise greater than r. The increase of the denominator is compensated 
for by the factor 1/4/1 — v? of the Lorentz transformation, and the net effect 
is that the static Coulomb potential is altered as shown in Figure 8.9; A? is 
increased perpendicular to the motion and left unchanged in the x; -direction. 
The oblately squashed potential produces an electric field increased with 
respect to x/Aztr? if x L v and decreased if x || v. The increased range of 
the Coulomb field makes a charged particle at nearly the speed of light cause 
greater ionization. 


(iv) Of course, the decrease in the field in the forward direction changes into an 
increase when the charge gets near the reference point. At the time t =r, 
the denominator (z|x — z)? becomes 


(xı — ur)? 
1 — v2 


2 
r—xv 
ede ETC 


and for x? = x3 = 0 is decreased compared with r? by the factor (1 — 
v)/(1 + v) (Figure 8.10). Incidentally, this factor causes the radiation to 
bunch strongly in the forward direction (Problem 3). The expression (z|x —z) 
must be evaluated at the retarded time, and radiation, once emitted, is not 
affected if the particle flies off afterward in some different direction, never 
to come near the reference point. 


2. Uniform acceleration. Hyperbolic motion, like that of a charged particle in a 
constant electric field (cf. 85.2), is characterized by z(s)? = const. Let 


z(s) = (sinh s, cosh s, 0, 0) = Z, ż = (cosh s, sinh s, 0, 0) = z. 


Then s, can be calculated from (x — z(so)? = x? + 1 — 2(x|z) = 0. Although 
the equation for so is transcendental, it is easy to calculate that 


. t£ — xi(1- x2) xE -t(l +x?) 
z(so) = (ae ee)” 0, 0) : 
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quipotential line of the moving charge 


Equipotential line of the charge at rest 


Ni 


FIGURE 8.9. Lorentz contraction of the Coulomb potential. 


X2 


FIGURE 8.10. The lengths involved in the field of a point charge. 


where 
(8.3.12) Ei 2x = z) = [1 xy +P - xp. 
Then 
bate =. 
iz a E xus - xi +27), xi — £0 + x°), 0, 0] 


ift > —x,, and otherwise 0. The general expression (8.3.5) simplifies due to the 
special properties of the motion Z = z, (z|z) = 0, and (x|z(so)) = (x? + 1)/2: 


ret o © qo \-2 QUE _ 
F™ = (z|x) (s 2) Ac z). 
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t z(s) 


t+x,>0 


Xi 


FIGURE 8.11. Hyperbolic motion. 


Substitution from (8.3.12) reveals (Problem 1) that, using cylindrical coordinates 
about the x-axis, o? = x2 + x2, the only nonzero components are 


e x?-1 z 3/2 /x2—1 
(8.3.13) Er Ep By) = zl z ) +e ( - px. pt) 


ift > —x;, and otherwise these too are zero. Note that: 


(i) The part of space where t + x; < 0 has no field, becaust it cannot be 
connected to the world-line by any light-cone (Figure 8.11). 


(ii) As a practical matter, motion is never strictly hyperbolic. If hyperbolic mo- 
tion is combined with uniform motion at a velocity —v (resp. v) at the 
point (—v, 1,0, 0,)/4/1 — v? (resp. (v, 1, 0, 0)/4/1 — v2), then the results 
of Examples 1 and 2 in the appropriate regions are simply combined (see 
Figure 8.12). Interestingly, this field does not converge to (8.3.13) as v > 1, 
as there remains a contribution from the initial uniform motion: 


e Gi Vl -vicvt, p, -vpl — v) — e ôl +1) 


li — = 0, 27 
vot Ag [Gi — d + vt? + (1 — v2)p2]72 2x 1+ 2 CPP) 
(see Problem 5). This field, which has accumulated on the surface x, = —t, 


must be added to (8.3.13), and it also shows up in other physically meaningful 
limiting processes, such as when the hyperbolic motion is that of one of the 
particles of a pair-production [57]. 


(iii) Equation (8.3.13) is not acceptable mathematically, because 


SFM pa e d(x; +t) 


"xd 1.0.0. 
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(xy — d — vt, p. pv) 


eee [a — +o] 


e 
(E,, E,, Bo) = án 


z(s) 


(xy— d + vt, p, — tp) 


sei 2 32 
ize [ee o] 


l-r 


e 
(E Ep B) = 


FIGURE 8.12. Hyperbolic motion followed by uniform motion. 


The apparent surface current vanishes if the field of (ii) is added to F™. 
Taken by itself, F™' is neither the limit of the F of (ii) as v — 1, nor the 
limit as T — oo of an Fp" that would result from using the half-space 
t > —T for N in (8.2.9). As noted in (8.2.10; 2), 8 F7* — Jin = —dj, but the 
right side of this equation approaches zero as T — oo (Problem 6), while 
8F'* — J ~ 8(x; + t). Its integral over x; does not tend to zero, although 
the integral of dj does. 


(iv) If we write the field of a uniformly moving charge in the notation of (8.3.13), 


-3/2 
e [ (x; — vt) 2 
E, Ep, Bo) = — | ———— 
(Ei p p) =| lv? tp 
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then we see that the term (x, — vt)/4/1 — v? is replaced in (8.3.13) with 
(x? — 1)/2 and that E, contains an additional term —o?[. . .] ?/?. This is the 
compression factor of the intuitive picture (7.1.5). 


At the time when x? — 1, the fields become 


€ Xi 
(Ei, E,, By) = Arp (2. pu! 1 +(1 +x) ; 


The maximum field strength over time consequently falls off only as 1/p as 
a function of the distance p to the line of flight of the charge. 


(v 


— 


(vi) Except for the condition t + x; > 0, E, and B, are even in xi, while E, 
is odd. The fields are just as large where x; < 0, where the charge never 
goes, as where x; > 0. The total radiation field over the line £ = —x, is 
therefore just as large as the total Coulomb field over the line t = x, which 
the world-line of the particle asymptotically approaches. 


(vii) Again disregarding the condition that t +x; > 0, E is even in t and B is odd. 
In particular, the magnetic field is zero throughout space at the time t = 0. 


3. Rotating charges. If 


R R 
(8.3.14) R cos nr Rsin ue 0) : 


s 

9 (ga Rm a Rn 

the determination of so(x) is more difficult than in Example 2, and therefore one 
usually looks only at the limit v — 0, R — 0, e — œ, such that v/R > w 
and e = 1/ Ro. In order not to be encumbered with the infinite Coulomb field 
that results, one considers two opposite charges in mirror-image paths about the 
origin (Hertz's dipole). In this limit, so = t —r,z — x = (r, x), z = (1, 0,0, 0), 
ez = —(0, cos or — t), sinw(r — t), 0), and the fields become 


e[z x x] [B x x] 
gem , E= TIE 
(8.3.15) 4nr? r 
ez = (cosw(r — t), sinor — t), 0). 


These examples illustrate F in three representative cases, for free motion and 
linear and circular acceleration. Often of greater practical interest than the field 
strengths are the energy and momentum forms created by the charge. These will 
be sums (7.3.23) of two terms quadratic in F. Since each component of F is itself 
a sum of six fractions, it seems that blind substitution would produce 72 fractions. 
Fortunately, the special structure of the F of a point charge can be used to reduce 
the algebraic complexity. 


(8.3.16) The Energy-Momentum Forms of the Field of a Point Charge 
With the rules (7.2.18), 7, can be rewritten 


Ta = (i F) A*F — li (F ^ *F)) = AF A*F) =i, #F. 
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Our F is of the form 
; - JL + (2|x — " 
Pe Gres 2v An, "e NE) T RES 
d (zlx — z) 
and so the invariants are 
14 Gl — 2 
job agp aepo (iren) 
(z|x — z) 


(use 2? = —1 and (z|z) = 0). To calculate 7; we need the equations 
"(v An^"*(vAn)-üivA^nz-l, igU AN = Van — Ngd, 
and 
iygn—ngvd ^n = vn(n|v) — no (m? — v(n|v)). 


By substituting for the scalar product, one finds that 


CLEN- Gs -4 ;2 1+ Gx-2Y 
T, = (5) (z|x — z) (e - 26-2 (i Ces )) 


+ Z(x — z)e t (x — 2)za — R(x — Za +(x — 2)zo) 
l1- (lx —2) , ew 
(z|x — z) 2 


(8.3.17) Remarks 


1. We have only used F", which corresponds to the initial condition F^" = 0. 

2. The terms that contain Z quadratically are recognizable as the 7, of F9. At 
large distances they would dominate, as they decrease as 1/r?. The contribution 
from F goes as 1/r^, and the mixed term as 1/r?. 

3. The structure of 7, shows Tag = Tg, and Tọ% = 0. 


Poynting's vector S; = [E x B]; is useful for visualizing how the field energy 
flows. This can best be understood by returning to the representative 
(8.3.18) Examples 
1. Uniform motion. In cylindrical coordinates, F of the form given in (8.3.11; 2), 
paragraph (iv), makes Poynting's vector 
pv(1 — vy 
IG — vt + (1 — v9po?P 


Sr SaS) = (E7 


(p, —x1 + vt, 0). 
nr 


The streamlines of energy are circles p? + (x; — vt)? = R? around the (simul- 
taneous, not retarded) position of the charge vt. The field energy flows toward 
the future positions of the charge, in other words, along with the charge. (See 
Figure 8.13.) 


8.3 The Field of a Point Charge 363 


uniform motion uniform acceleration 


FIGURE 8.13. Streamlines of the energy. 


2. Uniform acceleration. From (8.3.11; 2), 


2 oye 
(51.55) = (4) — 553 (no. + 5.0). 
4x | 24M ; 
(=) +e] 

in the notation used above. The streamlines are again circles, o? + (x, — 
R? + t? + 1)? = R?, but as the radius R increases, the center of the circle 
moves ahead to the position of the charge. This makes the flow of energy point 
more and more outward as p increases with fixed x, (Figure 8.13); this occurs 


because E has a stronger component in the direction of the motion. 
3. A rotating charge in the dipole limit. With (8.3.15), we get 


2 
S= aa (i = G *) ) = a — sin? 9 cos?(w(r —t)—9) 


in polar coordinates. The energy flows radially outward, and the flow is strongest 
perpendicular to the direction of the acceleration at the retarded time. 


(8.3.19) Remarks " 


1. If we return to the case of uniform motion at the velocity +v joined to hyperbolic 
motion, then we have to add the streamlines of Examples 1 and 2. In the spherical 
shell 


» 2 1 2 j 7 2 

(amm) oum) (+z) 
we would obtain an increased flow of energy outward. 

2. Opinions differ as to whether a charge in hyperbolic motion emits radiation, 
owing to the different possible definitions made when posing global questions 
like that of radiation to infinity. In §8.4 a local definition will be introduced, 
using the reaction of the radiation on the charge. At this point we summarize 
the facts supporting the various opinions, and leave the reader to make up his 
or her own mind: 
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(a) Max, |S| falls off only as 1/7. 


(b) Expressions like j y 48: S(t = R), where K is a sphere of radius R centered 
on the position of the particle, tend to positive values as R — oo. 


(c) All the streamlines are closed, and none of them run to infinity. 


Since the field equations are linear, the spectral distribution of the sources is 
inherited by the field. We therefore end this section with a brief discussion of the 


(8.3.20) Fourier Decomposition of the Current of a Point Charge 


oo 
Jalk) = [as e 1*9 J (x) a ef ds zo (s)e i KO), 


-—00 


(8.3.21) Examples 


1. The sudden acceleration of a charge, 


zs ifs>0, z= (1, v), 
_ 1-7 
z(s) = 1 
is ifs<0, z-2————(,v) 
VIR 


The distribution J„(k) turns out to be 


z £a Za 
Jo (k) = ie li ———— ———— |. 
mid ur: (= tie Ka- =) 


Consequently, 


(i) if — Z, then Jy(k) = e2zz,((klz)), and if v = v = 0, Jy(k) is thus 
~ 5(k°). : 

(ii) The use of this J (k) in (8.2.23), although it does not satisfy the assumptions 
needed to justify that formula, produces 


x $044 
Z Z 


(zlk) — (z|k) 


P"(oo) — P*(—o0) = e? f ; 


d*k 2\,0 0 
ga, ERO) 


It might at first be thought that (8.2.19) could not be used for a point charge, 
since the field at the position of the particle, and hence also F™ A * J, is infinite. 
As we shall learn in §8.4, however, F™4 A *J remains finite, and so under 
the right circumstances (8.2.23) is also applicable to point-particles. It should 
furthermore be no surprise that the integral diverges for large |k|, as z, and 
consequently also F®, become infinite for this motion. It can be hoped that 
if the acceleration were made gentler during a time z, the integrand could be 
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suppressed for |k| > 1/7, allowing the integral to converge, while not essentially 
changing J for |k| < 1/t. With this motive, let us leave the integral as it is, but 
rewrite it by using the continuity equation for current, 


This brings the spatial components J, of J that are perpendicular to k into play: 
If &? — 0, then 


bd " - « kk-J 
WERE i=j- d 


Defining w :— v/(1 — |v|cos2), 9 = 4(k, v), and defining w analogously, 
makes the energy loss 


dk |w— wp 
(27)? 2l|k? 


If |v| and |v| « 1, then |w — W|? = |v — vi? — (k|v — v)?/Ikf?, and thus 
the maximum occurs for k L v — v, for wave-vectors perpendicular to the 
acceleration there is enhancement. For relativistic motion, the denominators 1 — 
v cos ? and 1 — v cos 2 strongly favor the directions of v and v (see Problem 3). 
The frequency distribution has the characteristic spectrum d?k/|k|? ~ dk of 
bremsstrahlung; the same energy is radiated in every frequency interval. 

2. A rotating charge. Whereas the field of a Hertz dipole (8.3.15) is purely harmonic 
in time, the fields of charges rotating in circles with finite radii also exhibit higher 
harmonic frequencies. Thus it comes about that highly energetic electrons in a 
magnetic field emit a characteristic x-ray spectrum. Let us calculate the energy 
emitted at a given harmonic frequency. 


P*(oo) — P*(—oo) = e? 


A formula analogous to (8.2.23) can be derived (Problem 7) for the energy 
lost per period w by a current with periodic time-dependence. The only essential 
change is the definition of J, as we now use a Fourier series in time: 


M w 2n/w . 
(8.3.22) J (nw,k):= 28 Í dt E dixe xm px) nez. 


There results 


Qn dk 
(8.3.23) p? (=) — P*(0) = 3 J gay rekl — (nw)*)nw 


n>1 


. F no, k)Jg(—no, —k). 


If the current (8.3.14) is written as 


J*(x) =e f ji ds z*(s)54*(x — z(s)) 


-—0Q 


= e(1, —v sin wt, v cos wt, 0)5°(x — z(t)), 
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then 
- 2z1/o dt . 
(8.3.30) | J(no, kK) = eo Í aon —v sin ot, v cos ot, 0). 
0 T 


Since the radiation is concentrated in the plane of motion within a sector of open- 
ing angle ~ J/1/v — I (Problem 3), it is interesting to calculate the frequency 
distribution for k in the plane of motion, let us say in the x2-direction. According 
to the argument in the preceding example, only J! contributes to the energy loss. 
The integral (8.3.24) becomes a Bessel function 

(8.3.25) 


2z1/o 
-l " i —Uvsi . 
J (nw, 0, nw, 0) = -ew | L— sin ote” ®vsino) — _jeRY (nv). 
0 27 
To discuss this result, it is necessary to distinguish the cases nv « 1 and nv > 1. 


In the former case, one can use the well-known expansion ([39, cf. (3.4.3) and 
(3.4.4)]): 


1 n-l 
(8.3.26) Jw) = sy (7) (1 + O(nv)))). 


This shows that the frequency distribution of (8.3.24) is ~ (nv) /[(n — 1)!]°, 
which has a strong maximum at n = 1 if v < 1. If v = 1, the simple formula 


-2/3 


J,(n) > n 


3uAr( 

(see [39, 9.4.43]) could be used, and the spectrum would be n?|J|? ~ n?/3. Since 
v < 1, however, this formula is not valid for high n, and the better asymptotic 
formula, 


2 ( = s Ai (n?) 
4E 


Ji(nv) > -- 
D 


"is 
ar Ree) 1 — p23 
(8.3.27) 2p = In ED —J41—2?— EIE, 
v v1 3 
1 
e URS d as z 0, 
Ar 
Ai'(2) a 
1 3/2 
1/45-2/3)z 
—=2'"e asz — oo, 
Jt 


must be resorted to. This modifies the spectrum to 
nexp (-2n(1 — v???) 


for n7/3(1 — v?) >> 1. Therefore the spectrum has its maximum at n ~ 
(1 — v2)? =: y5, after which it decreases exponentially. 
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FIGURE 8.14. Radiation from relativistic motion in a circle. 


(8.3.28) Remark 


The reason that the maximum is at ~ y? can be understood as follows: An observer 
O first sees the light that is emitted in an angular interval y ^! . (See Figure 8.14.) 
Since the beam of radiation sweeps just barely ahead of the charge, the light arrives 
at O within a time interval 


At = (1 — v)}y IR-y?R 


(if v — 1), and hence 


(8.3.29) Problems 
1. Substitute from (8.3.12) into the expression for F™. 


2. Calculate the field and Poynting’s vector S for a charge moving in a straight line at the 
speed of light. 


3. Calculate the energy distribution To of the radiation of a fast-moving charge [z(so) = 
1/71 — v*(1, 0, 0, v), z(so) = 0] in the far zone at x? = 0 and: 


(a) longitudinal acceleration (Z(so) ~ (v, 0, 0, 1)); and 
(b) transverse acceleration (Z(so) ~ (0, 0, 1, 0)). 


At what angle, in the usual polar coordinates, is the maximum as v — 1? 


4. Calculate Tas T° for the field of a uniformly moving point charge (8.3.11; 1). Use 


X = (x / A1 — v2, x2, x3) as the integration variables, and define the classical radius of 
the electron by the divergent integral 


1 1 f dx 
re 2j e 


Show that this destroys the vector transformation property of (7.3.37; 5). How come? 
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5. Show that 
ur ed? (xy + vt — d, p, —vp)G((p" + 1)d/2 — xi — vt) 
vl 4r [Gi + vt — d} + 2a? p? 
e 2p 
=— é(t 0, 1, 21), 
a DEP (t + xiX ) 


where d :— V1 — v?. 


6. Calculate j(x) — dics d?x D" (x — x)Jo(x) from (8.2.10; 2) for a point charge, and 
take the limit as T — oo of j for hyperbolic motion. 


7. Calculate P°(2x/w) — P°(0) for a J that depends on time periodically, by using the 
Fourier series (8.3.22). 


(8.3.30) Solutions 
1. (x? + 1)/2(żlx))ż — z = —Q2/&)0n. t, 0, 0). 


F™ =F DE ok 0, 0) 
(oun mE x(t? — x2 p? 1) — t£ ) e 
TU ENUADVT Lge ——va GG o03»X3 TM 
Xr — x2 X — xl 


Using x - dx = x, dx; + p dp, we find (8.3.13). 
2. The limit as v — 1 of the fields of (8.3.11; 1) is 


e 1 
— ATL TJT VD 1, > 
(Ei, Ep, Ey) ae nm 1) 


and this satisfies ôF = J with 


J = ed(x — t)8(y)5(z)(1, 1, 0, 0) = lim eó(x — vt)d(y)d(z)(1, v, 0, 0). 


S points in the direction x,, but because of the factor 6”, this infinitely Lorentz-contracted 
field has an infinite energy-momentum density. 


3. 
(1 — v?) sin? 9 1 m 
ye Dag aT a . 
O To Tz d O0 PY WESS E 
(l - 9» 2 2v .:.2 nv) 
(b) Too ~ [(1 — vcos 2)" — (1 — v“) sinf 8 sin’ g]. 


r2(1 — v cos 9)6 


3 
Ugo [riod 4/3 = v f To= oy. 


l—v? re 
The condition that 57? = 0, used in uc derivation of the transformation law, is 
violated at the origin. Even adding a t^ for the particle will not avoid the problem, as P* 
equals (m/4/1 — v?, mv/4/1 — v2). Thus 6(7* +27) is only formally zero (cf. (7.3.25; 2) 
and (8.1.18; 7)). 


8.3 The Field of a Point Charge 369 


5. If xı Æ t, then the three components approach zero; on the other hand, with a = 
(x + vt)/d — 1, 


oo dt O) d(1+p°)/2-x1 dt d? 
f. [m twr -dy + pep?” J. [Gi + ot d? + ap 


1 re-»2 da 
> — ———————— 
v T. [a? + p?]7? 


(p?-1)/2 
1 


EET 


E. I 2 
^ ov ph 41 1+)? 


6. If z is the point at which the world-line z(s) crosses the hypersurface at t = —T, then 


e 
I(x) = (x — z))eG? - z?). 
2x 
If the motion is hyperbolic, 


—v 1 
z= ——, ——, 0,0 , 
(o v1 —v? ) 


and as v > 1, 


(x? + 1 — 2(x|z)) = V1 — v2 8(2(x + vt) - (x? + DV1- v?) > 0. 


7. Substituting the Fourier series 


J(x)- xl DE er k)e/(x-no0 
nez) Qm 


into the integral 


P?(27/w) — P*(0) = f igF ATI 


0<i<2n/w 


= Í d*x J? (x) Í d*x (rooma — x) 
O<i<2n/w R4 ax 


ð retr- = 
Br D (x ») 


and using (8.2.4) and (8.2.5) yields 


fas D™ (x x)J*(x) D) dk Jn k) gi X-nor) 
= = AE ee E a, 
neZ (2r) Iki? — (no + i£} 
Then, finally, 


2x dk " E 
p? (=) — P*(0) = 3 f anys rek} — (no!)noJ" (no, k) J ((—n«o, —k). 
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8.4 Radiative Reaction 


The radiation of electromagnetic energy causes a reactive force on a 
charge. The calculation of this force for point particles is tricky, as it 
involves divergent integrals. 


The product of J and F appears in the Lorentz force (7.3.24), but it is not well 
defined for a point particle, since the field is singular at the particle's position. Let 
us first look into the less problematical matter of the energy-momentum of the 
emitted radiation, as we slowly work up to the infinities in the equation for the 
total energy and momentum. 

The starting point is Stokes's theorem for the electromagnetic energy-momentum 
forms: 


(8.4.1) f d*T* = Í "TS. 
N aN 


We choose N as the four-dimensional region bounded by the light-cones 


Ly = {x € Rt (x — z(sY = 0, x? > 2%(s1)}, 
Ly = {x € Rt: (x — z(s3)? = 0, x? > 2%(s2)}, 


and the cylinder 
K = {x € R^ (x — 2(81))? + GGDIx — z(s))? = R?J, 


in order to be able to follow the radiation as it goes to infinity (Figure 8.15). We 
first calculate the part of (8.4.1) coming from the piece of 3N contained in K. For 
this purpose R may be increased to oo, and ds :— s2 — sı — 0; the result has 
the interpretation of the amount of energy-momentum that is lost by the charge 
between s; and s; + ds and escapes to infinity. In this limit f, yng *Zq consists 
only of the contribution of F? to T, (cf. (8.3.16) 


Á NER YS 
T = (5) (lx — z) *(x — 2x — 2 E (scs) | 
2 (z|x — z) 


the integral of this is asymptotically independent of R, while the other terms all 
have higher powers of R in the denominator. The external surface 3N N K has a 
height ds above K N L;, and in the limit as ds — 0, we need to know *7, only on 
Kn Lı. If we write x — z = R(z + n), n € Ej, on that surface (see Figure 8.16), 
then from x € K N Lı: 


0 = R(x — z = —142(zn) +n? 


and 
1 = R?((x — z} + (żlx — zh) = (—1 + (zIny^, 


it follows that n? = 1 and (z|n) = 0, and hence that 


—-Glx—-z)-R and  (zix-—z)- R(ln). 


8.4 Radiative Reaction 371 


FIGURE 8.15. The hypersurface used for ðN in (8.4.1). 


FIGURE 8.16. The quantities introduced for the evaluation of (8.4.1). 
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t z(s) 
K, 


L, 


FIGURE 8.17. How N is allowed to increase in (8.4.3; 3). 


Consequently, 
0 (€ d : 52. psp 2yp-2 
TP = (É) E+ mee nO - EPR, 


where n varies over the spatial unit sphere in K N Lio. The 3-form *(z + n) acts 
in the integral f *Ta as R? ds dQ, (dQ is the element of solid angle on the unit 
sphere). By symmetry, all odd powers of n, and hence the part containing ny, drop 
out of the integral f *7,. By taking the average over the unit sphere we simply 
replace (Z|n)? with z*/3, and in this limit we obtain 


(8.4.2) Larmor’s Formula 


2 e 
T = dam i2. 
LN "^ 34m WE 


(8.4.3) Remarks 


1. Formula (8.4.2) is the covariant generalization of (7.1.8) for the loss of energy- 
momentum. 
2. In the rest frame z(s,) = (1, 0, 0, 0) only energy is lost, and 


3. The reason h nox a is asymptotically independent of R for large R is that 
fi " *T.O vanishes, because *(x — z)j;,, = 0 (Problem 1). (See Figure 8.17.) 


Since the equation d* 7, = 0 is valid away from the world-line z(s), 


f 7 - | ape] Te- | "TG — Q. 
Ki d K S Ly i L : 
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(8.4.4) Examples 
1. Hyperbolic motion. If 
z(s) =a~'(sinhas,0,0,coshas) ^ and z(s)- (coshas, 0, O, sinhas), 


then 
dP“ 3e. a2 
ds 24x. ^^ 
The energy contained in the radiation field always increases, while momentum 
is transferred to it in the negative z-direction when s < 0, and in the positive 
z-direction when s > 0. Therefore the charge always radiates forward along its 
direction of motion. 


2. Synchrotron radiation. With the current of a rotating charge (8.3.14), 


1 
Z= ——— (l, —vsinot, v cos ot, 0), 
/1-—? 


E, 
R(1 — v2) 
where w = v/R. As a consequence, ôE, the energy loss per period - 27r, is 


"m 2 ces e v 
= ——7 = wo— —— 5. 

3o4m Om (1 — v) 
If we use the value e?/4zfi = zh, this is ~ afh(v^/200)(E/m)*. So long as 
E/m ~ 1, the charge clearly needs to undergo more than 200 revolutions to 
give off a quantum at the ground-state frequency. If v — 1, the rate of energy loss 
increases rapidly; for, e.g., 5 GeV electrons, (E/m)* ~ 10!6. Accordingly, fast 
electrons moving in a circle lose quite a bit of energy in the form of synchrotron 
radiation. 


z- (0, cos wt, sin wt, 0), 


Although T? does not contribute to the integral over the light-cones Lı and 
L2 in the calculation of the right side of (8.4.1), the other terms in 7, have infinite 
integrals! They decrease as r ^? and r^^, which diverge when integrated over all 
space. In order to isolate the causes of the problem, we write 


(8.4.5) d*Ty = ig (F" + AFM + ACF + F°™)) ATT 


(cf. (8.2.21)). The first term is the Lorentz force from the incoming field, and causes 
no trouble. We discovered that if the current in (8.2.21) had compact support, then 
aside from F" only the radiation field F™4 contributes to the loss of energy- 
momentum in the limit of infinite times. For this reason, we next evaluate the 
contribution of F™4 to the left side of (8.4.1) for the point charge. It will turn out 
that this term is finite, and all the difficulties stem from the last term. 

Since J is supported on z(s), we must evaluate F™4 on the world-line of the 
charge. After some simple algebra (Problem 2), we can write the radiation field as 


ES = z)g 


Ex d 
Trade — = | m 
(8.4.6) Fag (X) = ef ds D(x ER TIPPS 


—00 


-«ep]. 
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We wish now to let x carefully approach some point of the world-line, say z(0). 
To do this, we expand the integrand of (8.4.6) about s — 0: 


2 3 


es) — 20) =st+ 58+ te ::= 20), etc. 


n 
(s)—itrsbt*- 


(8.4.7) 


and call x — z(0) = A. In order that x stay between the retarded time and the 
advanced time (Figure 8.18), let (z|A) = O thus A is spacelike as it approaches 0. 
Since 


D(x ) = feet )- @(-x°)) 


and 
2 


2 
(x — 2(s))? = (a -— e zt) + O(s?) = A? — s?(1 + (2) + O(s)), 


if A — 0, then 


Ded 
D(x — z(s)) = 19 ec - e(s)- | (s +) — 6(s —A)), 
It 4rÀ 
(8.4.8) à := 04A)! > 0. 


If the rest of the integrand of (8.4.6) is also expanded about s = 0, 


[ ]:= ae + AQ) SBQ) +S “cw, 


i ]= RIT + B(4) +sC(A), 
ds 


(8.4.9) 


then as A — 0, (8.4.6) becomes equals to 


e . lfd d e 
— lim > (s Js=-a — 4; hs) = He): 


4m a>0 À 
Substitution of the series (8.4.7) reveals that 
=C (0) = 3 (Zap — ga). 
with which we obtain a formula for the 
(8.4.10) Radiation Field on the World-Line 


F™(2(s)) = ts) ^ i(s). 
IT 
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FIGURE 8.18. The limit A — 0. 


(8.4.11) Remarks 


1. The radiation field is purely electric in the rest-frame of the particle: 


€ 3. " 
iE" = EAR) = wie iB" a B*4 ) = 0. 
2. In the result (8.4.10) itis understood that the term —z/r in E of (8.3.9) contributes 
the limit - E 
20 —ł(s—-r)+ł(s+r)  .. 
lim ——————————— = 7 
r0 2r 
to F™4, 
When averaged over space, (x(x-Z))/r? in like manner contributes —Z/3, and the 
Coulomb field of the near zone and the magnetic field disappear from (8.3.9). 
Formula (8.4.10) should a priori be averaged over the different possible di- 
rections from which z(s) is approached, but we have noted above that it is 
independent of the direction of A provided that (z|A) = 0. 


If we use (8.4.10) in equation (8.4.5), and conclude from (z|Z) = 0 that (z|z) = 
—z*, then we get a formula for the 
(8.4.12) Energy and Momentum Lost to the Radiation Field 


dprd -d i Py) 
pees c. is F™ — 236 Fs MAN i5 — ža). 
ds 2ds Jy, Tyla 2* (s) Ba (z(s)) pu 8 Zz Za) 


(8.4.13) Remarks 


1. The limit ds — 0 is understood in (8.4.12), and N4 contains the part of z(s) 
between s and s + ds; thus on the right side the derivative of z is taken at the 
proper time s. 
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2. The first term on the right is precisely the energy-momentum vector that flows 


to infinity (8.4.2). It would not be possible for this term to be the whole energy- 
momentum exchange, because ez" 7? Få must equal zero and not — (e? /67 )2”. 
The deficiency is made up by the second term. 


. Although the first term has a definite sign because Z? > 0, and represents an 


irretrievable loss of energy, the second is a total differential and contributes 
nothing to an integral by ds, provided that the initial value of z is returned to at 
the end. This vector represents retrievable energy-momentum stored in the near 
zone, and for that reason it is not present at infinity. 


4. In the rest-frame z = (1, 0, 0, 0), Z is (0, 2), and z* + (z|z) = 0 > Z = (Z2, 2). 


CA 


The two terms in the energy loss cancel out, as the particle has no energy to 
lose. An accelerated particle that is momentarily at rest borrows the energy that 
it radiates from the field in the near zone. 


. If z = (0/41 — v?, v/A/1 — v2), then the z? term of the reaction on the charge 


acts like a frictional force retarding v, while the term with Z tends to increase 
the acceleration of the particle. This leads to all sorts of paradoxical conse- 
quences, which we shall return to after having discussed the remaining contri- 
bution ~ FT + Fv, 


(8.4.14) Examples 


1. 


By taking more derivatives in Example (8.4.4; 1), 


Z(s) = a(sinhas, 0, 0, coshas), 

Z(s) = a?" (coshas, 0, 0, sinh as), 
we see that the two terms of (8.4.12) exactly cancel, and dP™/ds = 0. A 
charge in hyperbolic motion radiates on credit; the energy is not supplied by the 
particle, but comes from the near zone. Of course, the debt must be repaid later, 


once the acceleration stops. For example, if the charge is accelerated from rest 
to the velocity v = Tanh aso, 


z(s) = ©(—s)(1, 0, 0, 0) + G(s)G(so — s)(cosh as, 0, 0, sinh as) 


1 v 
+ O(s—s (00 5): 
0) v1 — v2 V1 —v2 


and then 
z(s) = O(s)O(s9 — s)a(sinhas, 0, 0, cosh as), 
2(s) = O(s)O(so — s)a?(cosh as, 0, 0, sinh as) + &(s(0, 0, 0, 1) 
v 1 
— d(s — so) | ———2,0,0, —— |. 
i "(0 Az) 


Hence 


ery) xis v 1 
zz" — z = —d(s)(0, 0,0, 1) + ds — s (= 0,0, a=) ; 
» /1—-w V1 —v? 
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The force on the particle is the negative of the rate of change of the energy- 
momentum of the field. At first the particle feels a jolt in the direction of the 
acceleration from F™4, and later the radiation force operates in the opposite 
direction, and F? has to pay the energy bill. 

2. For the rotating charge of (8.4.4; 2), 


DE 


= Ra - ipn sin ot, — cos ot, 0). 


The second term of (8.4.12) causes no additional loss of energy in this case, but 
it does intensify the braking action of the first term, opposing the velocity of the 
charge: 

v 


= Ravn — sin wt, cos wt, 0). 


ui -T 
The calculation of the last term of (8.4.5) is simply a matter of replacing the 
difference appearing in (8.4.8) with a sum: 


(8.4.15) D" (x — z(s)) + D(x — z(s)) = Ses — à) + ô(s + 2)). 


Hence the expansion (8.4.9) results in a contribution — N (3/23 + B(A)/A, where 


ZoÀp p ZBÀa 


AUS papa 


Not only is N(A)/A? divergent as A — 0, but it also depends on the direction of 
A: If no direction has been singled out in Minkowski space, then the net result 
must be ~ Z42Zg — ZgZq and the coefficient goes as 1/4 for dimensional reasons. 
Actually the next term B(0) is (2;Zg — 2pZa)/2 independently of the direction of A. 
Normally only the latter term is retained while N is swept under the rug by some 
averaging procedure; by this hocus-pocus, 


[^ 


H ret adv = e. “a 
(8.4.16) (F7 + FG) = a Az lim x 


Equation (8.4.16) is not very well defined, but at any rate the numerical factor c 
is positive when calculated in this way. Then attempts are made to argue away the 
resulting indeterminacy in the radiative reaction of the field along the following 
lines: Suppose that the three contributions of (8.4.5) are combined and set equal to 
minus the rate of change of the energy-momentum of a particle of mass mo during 
the time ds. Then there results 


2 
ee ae ee ee . 

mo£g = ei" Fig — ay eae — Zp) — ómig, 

(8.4.17) IM 


bm = lim £. 
430 47t À 
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Next one calls m = mo + ôm ("mass-renormalization") and smugly solves the 


(8.4.18) Renormalized Equation of Motion 


e " 


mzg — eż” Fap = A a zg). 


(8.4.19) Remarks 


l. 


2. 


Ww 


CA 


6. 


The mass m is clearly what would be measured by the inertia of the particle in 
an external field. In (8.4.18) there are no apparent infinities. 

It may seem peculiar that in a theory that is invariant under reversal of the motion, 
something so obviously not invariant under motion reversal as the radiative 
reaction force should occur. It arises because of the use of F and D™; it gets 
its sign from the initial conditions, and would have the opposite sign if F?'' and 
D**' were used. By using (D™ + D**Y)/2, one can even find stationary solutions 
of the relativistic two-body problem [42] for which nothing at all is radiated. If 
the system has a finite energy one finds radiation damping for t — +00. 


. When discussing (8.2.21) we learned that for currents with compact support the 


total energy-momentum vector transmitted to the field originates in the Lorentz 
force with F™4. This result is carried over to point-particles in (8.4.16), and it 
can be seen that (F'** + F*4’)/2 simply contributes 5m(z(oo) — z(—00)), which 
is the change of the energy-momentum of the self-field attached to the particle. 


. The self-field is eliminated in (8.4.18), and only the particle's coordinates appear. 


To solve the initial-value problem of the total system, z, z, F, and *F must all 
be known at some time. One might therefore expect that the elimination of F 
would render it necessary to take the whole previous history, z(s) for s < 0, into 
account. In fact, the only extra quantity that shows up in the limit of a point- 
particle is z, and the solution manifold of the Cauchy problem is only increased 
by dependence on the three parameters Z. Even so, the physically acceptable 
solution manifold will turn out to be of a lower dimension. 


. The question arises of why we did not circumvent the difficulties connected 


with point-particles by using charges spread over some positive volume. Unfor- 
tunately, it is not easy to obtain a theory in this way that has local conservation 
of energy and momentum (cf. (7.3.25; 2)). 

The result (8.4.18) can be explained as follows: The field of a point charge has 
an infinite energy, 


; | (IEI? + |B|?) > oo, 


and since the particle carries this energy along with it, it is subjected to an 
infinite mass increase ôm by Einstein’s principle that energy is mass. In order 
that m remain finite, it is necessary to start with an infinite negative "bare" 
mass mo, obviously a dangerous undertaking. The field E? = —ez/r causes 
a reverse acceleration, that is, a braking. This quantity was decomposed above 
into an infinite term —ómz and +7. The positive sign of the latter part comes 
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from the use of D'*': The particle feels the field that was produced a short time 
beforehand, and if the contribution —5mz from (D**' + D*0")/2 is subtracted, 
the net force is in the direction of the positive rate of change of the acceleration. 
This tends to make the particle fly on ahead, if the braking term is compensated 
for to a large extent by an infinite negative inertia. If a particle is accelerated so 
quickly that the "acceleration force" ~ Z is as large as the braking terms 22? 
and Z, then the particle takes off under its own steam. 


Unfortunately, mathematics cannot be fooled by such simple tricks; the diffi- 


culties that were swept under the rug show up later as all sorts of paradoxical 
consequences of equation (8.4.18). 


(8.4.20) Examples 


1. 


N 


The run-away solution: 


ż = (cosh[rgae?/], sinh[toae"™], 0, 0), 
2 
e ; 
To = ——, a arbitrary, 
61m 
solves (8.4.18) with F = 0 (Problem 3). The charge suddenly begins to run 
away (1o ~ 107% s for electrons). Since Z? = a?e?*/^», it radiates a tremendous 
amount of energy; this is consistent with conservation of energy because on the 
one hand an acceleration takes energy away from a particle with a negative mass 
mo, and on the other hand there is always energy to be tapped from the infinite 
reservoir of self-energy and pumped into the far zone. 


. A well-aimed shot can bring the flight of the particle to a stop. If F' is such that 


eE(z) = mato cosh[toa]5(z° — z?), 
then (8.4.18) has the solution 


z(s) = @(—s)(cosh[toae/J, sinh[zgae?/ ^], 0, 0) 
+ ©(s)(cosh[toa], sinh[rga], 0, 0) 
if z4(0) = zo(0), 0 = —23(0) = z?(0) (Problem 3). Such behavior is often felt 


to be acausal, because the particle starts to accelerate before it is brought to its 
senses by the pulse from F™ (Figure 8.19). 


(8.4.21) Remark 


Not all the solutions of (8.4.18) are crazy (see Problem 4). Attempts have been 


made to separate sense from nonsense by imposing special initial conditions (cf. 
[43]). It is to be hoped that some day the real solution of the problem of the charge- 
field interaction will look different, and the equations describing nature will not 
be so highly unstable that the balancing act can only succeed by having the system 
correctly prepared ahead of time by a convenient coincidence. 
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€—— i = constant 


pulse 


preacceleration 


FIGURE 8.19. Motion with preacceleration. 


(8.4.22 Problems 

1. Verify the claim made in (8.4.3; 3) that *(x — z),, = 0. 

2. Derive (8.4.6). 

3. Show that the z's of Examples (8.4.20; 1) and (8.4.20; 2) solve (8.4.18). 


4. Solve (8.4.18) for F'" a constant electric field in the x-direction with no magnetic 
field. Use the ansatz z(s) = (cosh os), sinh w(s), 0, 0). Compare with (5.2.19; 3) and 
(8.4.20; 1). 


(8.4.23) Solutions 
1. Let z(s) = 0: ro, = be > dry, = dt, . Hence 


*x = x: "dx — t* dt = r* dr — t* dt = r dQ ^ dt — t dQ ^dr:*x, =0. 


2. Let y := (X — z(s))*. Then 


Mose. . Gy ds d npu -on d tals XE — 2(s))p 
Aap) = e fas Zo ag? dy ds D(y) = efas D(x 2) iG 0) SX 


3. We shall verify Example (8.4.21; 2), and the solution of (8.4.20; 1) will appear as a 
by-product. 


z = O(—s)ae'""(sinh[ ], cosh[ ], 0, 0), 
Z= O(—s)a?e*"*(cosh[ ], sinh[ ], 0, 0) + Z/vo 
— é(s)a(sinh toa, cosh toa, 0, 0), 
227 — Z= — Z/t) + 6(s)a(sinh toa, cosh toa, 0, 0). 
Now, 
1 ó(s) 


8*5) - 2°(s)) = m = cane 
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and hence eż“ Fi} = 5(s)mato(— sinh toa, cosh Toa, 0, 0) and mzg = eż“ F5 —mu(z4z— 
Zp). 


z = a(sinha, cosh w, 0, 0), 2? =o, 


% = & (cosh w, sinh w, 0, 0) + ö(sinh w, cosh w, 0, 0), 
— i i = ö(sinh w, cosh w, 0, 0). 


Equation (8.4.18) requires that o = E/m + tow, which implies that 
E 
o(s) =a + —s + cte”, 
m 


where a and c are constants of integration. Only if c = 0, that is, for the special initial 
condition 2(0)* = E?/m?, is there no self-acceleration. 
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The Field in the Presence of Conductors 


9.] The Superconductor 


The superconductor is a simple model of a coupled system of equations 
for charged matter and an electromagnetic field. As a perfect conduc- 
tor and diamagnet it excludes all electric and magnetic fields from its 
interior. 


Realistic situations do not very closely resemble the idealization discussed in 
the preceding chapter, where the charge distribution is prescribed. The field in 
turn influences the motion of the charges, so it would be more correct to analyze 
the coupled system. For a point-particle the analysis is subject to the difficulties 
encountered in $8.4. Moreover, the charge-carriers in matter, electrons, and atomic 
nuclei, are governed by the laws of quantum mechanics, and their motion is a 
very complicated many-body problem. Every phenomenological description of 
matter is of necessity either highly idealized or else so general as to contain little 
information. Notwithstanding that objection, in order to formulate the ideas of 
this chapter mathematically, we shall single out one of the many models for a 
superconductor, which can be cast in a simple mathematical form. It is good enough 
for our purposes, as we shall always consider an extreme case in the examples, 
for which the charge-carriers in matter are numerous and move about freely. By 
responding instantaneously to any applied field, they cause the net field within the 
material to disappear entirely. Later, when we treat the gravitational interaction, 
this model will serve as our prototype of charged matter. 
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(9.1.1) London's Equations 


Consider the hydrodynamic equations of an incompressible, charged, frictionless 
fluid in an electromagnetic field, calling the velocity field v(x, t): 
dv — av 


v? e 
To TV cl NO VI EFB 


1.2 —: 
en) dt ot 


Then from the equation V x E = —B results the generalization of Helmholtz’s 
circulation theorem, 


(9.1.3) w=Vxivxw], whee wii Vxv+—B. 
m 


Therefore, if w is zero at any time, it is always zero. This means that the curl of 
v arises only from the vortices created when B is switched on (cf. §5.4), and the 
equations simplify to 


Ov v? e E 
(9.1.4) s 2 i 
Vxv=--—B 
If one now writes 
epy 0 ep 
9.1.5) J= i J = ; 
( /1—w? J/1-w 
and if p is constant, then 
2 
e 
(9.1.6) Jic s x 5 


to an accuracy of order v? « 1. This equation together with Maxwell's equations 
will be the foundation of our model. It admits a coordinate-independent formula- 
tion, 


dJm 
pe’ 


(9.1.7) F= F-J4j. 


(9.1.8) Remarks 


1. Thecurrent j consists of charges not participating in the superconductive current 
J. We shall take j as given, and assume that 8j = 0; then (9.1.7) implies that 
dF —6J — 0. 

2. We shall ignore the heuristic derivation to the point of not requiring that (J|J) — 
—e?p?, which follows from (9.1.5). 

3. For the present, p is regarded as a constant, known as the density of the super- 
conducting electrons. There will later be a discussion of the variable p. 

4. Equation (9.1.7) shows that the manifold is not provided with any additional 
structure; for instance, there is no distinguished rest-frame. 
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(9.1.9) The Integral Form of the Equations 
If F — dA, then (9.1.6) is equivalent to 


2 
Í (. £ a) -0,  dimN-2. 
əN m 


Two important special cases are: 


(i) N = {t =z =0,x? +y? < R2: 


2 
Í ds.J — P— ds;Aj E d dS -B, 
x?+y?=R? m Jx?4y?=R? m JSx24y2<R? 


i.e., the current circulates in proportion to the magnetic flux (cf. Remark 
(5.1.10; 1), with A; equal to minus the vector potential). 


(ii) N ={y =z=0,t <t <b}: 


2 tj 
f dx J, -f dx J, = el dt dx Ey. 
t=h t= m Jn 


The rate of change of the superconductive current is given by the integral 
over the electric field. 


(9.1.10) The Elimination of the Superconductive Current 


From (9.1.7) we get a second-order equation for F, 


(9.1.11) (- a+) r- -aj 

The solution of (9.1.11) requires a Green function satisfying 
(9.1.12) (- ^ gs e) G? = êz, 

with which 


F(x) = F(x) — f G™ Adj, 


2 
(^^ d: e F” =0. 
m 


We have assumed that j decreases sufficiently fast at infinity, so that the integrals 
can extend over the whole manifold as in (8.2.15), without any boundary terms. 


(9.1.13) 
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In Minkowski space (IR^, n) it is easy to construct a Green function satisfying 
(9.1.12). As in (8.2.3) it has the form 


(9.1.14) G?' = 12,54 Q *e' P A" (x — x), 
where 

2 -1 
(9.1.15) A®*(x) = (27) J qi eik) (e E =£) l 


The integration path for k? again passes above the poles at +y |k|? + e?p/m, as 
in Figure 8.3, in order that A™'(x) = 0 for x° < |x|. The integral (9.1.15) can be 
expressed in terms of Hankel functions [41], and if A™' is integrated over time, 
the result is a Yukawa potential, 


RACE 


(9.1.16) fl dt A™(x) = 


PS 4nr 
(Problem 1). If (9.1.13) is written as 

F = F” + AT, 
(9.1.17) 
AFG) =~ | dts AG - Djela), 


then in the static limit, 


dx pe? 1/2 
retro) ANLE wot ND Lai j 
(9.1.18) AÑ (x) = ] x exp( Ix «( =) Jro. 


(9.1.19) Remarks 


1. A bounded solution ~ exp(i(k|x)) for Fi exists only for (k°)? = |k|? + 
pe? [m > pe? [ m. The significance of the plasma frequency y pe?/ m is evident 
in the following electrostatic situation: Suppose charges e are arrayed along a 
line at the points nL, n € Z. If one charge is displaced slightly from equilibrium 
by x « L (see Figure 9.1), then it feels a force e?((L + x)? — (L — x) 2) ~ 
—e?x L7? from its two nearest neighbors. If this is set equal to mx, the equation 
is oscillatory at the frequency (e?0/m)!?, where we have identified the den- 
sity p as L~>. The oscillations are associated with solutions having k = 0 and 
k? = (e?p/m)!/2, 

2. There are no nontrivial static solutions (k? = 0) for F^. According to equation 
(9.1.18), the field of a static charge does not penetrate a superconductor, but 
decreases exponentially within a skin-depth also given by (e”,0/m)'/?. The cause 
is the induced current J , which can be calculated from (9.1.7) with the boundary 
condition F = 0 and (9.1.18) as 


_ d?x e XXe? /m)? e 
Ju) = - [ 35 juan 
4z |x — x| m 
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FIGURE 9.1. A chain of oscillating charges. 


in the static case; it opposes the original current and completely cancels j at 


large distances: 
f d’x jy(x) = — J d?x J, (x). 


3. The connection between the Fourier transforms of the external and induced 
currents with the appropriate definition of (...)~! is 


satisfies Maxwell's equations with no superconducting current, 
dG — 0, 6G =j. 
Since p is constant, the fields D and H of phenomenological electrodynamics 


satisfy these same equations, where the factor 1 + pe?/mk? corresponds on the 
one hand to a dielectric constant 


2 
pe te 
BO Sl ae D = £E; 
and on the other to a magnetic susceptibility 
D- -1 3 z 
cp B — (14 9H. 


Both e(k) and « (k) are Lorentz-invariant and commute as convolution operators 
with translations, but they depend on the frequency, because the relationship 
between F and G is not local. If k = 0, then € = co and « = —1; E and B 
become zero within the material, as they are shielded in a perfect conductor and 
diamagnet. The theory with the field J does not distinguish a rest frame and the 
velocity of light is unchanged. Thus c = 1 = e(1--k) and k > —1 > € — oo. 
Thus in a Lorentz-invariant situation charge screening and expulsion of the 
magnetic field go together. 
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4. In our case G is just the field generated by the current j. In more realistic modes 
the connection between F and G is tensorial and nonlocal, even when nonlinear 
effects are neglected. If 


Gaü(x) = [4 Kim (x, x ) F^ (x^), 
then dG # 0 and G no longer satisfies Maxwell's equations with the external 


current. 


Now that we have a useful system of equations for the field plus the charges, let 
us take the opportunity to study the conservation theorems for the total system, by 
using the 
(9.1.20) Lagrangian Formulation 
If we particularize (9.1.7) by setting 


F=dA, J=% (dS+eA), SEE, 
m 


then the Lagrangian 


1m 
Le See AI SEP ATE 
2 per 2 


reproduces equation (9.1.7) without j. 
Proof: Making a variation of £ as in (8.1.2) yields 


| 8Sd*J 
7 [4 


óc 


ô * 
-a( SL) - 9A AF +- dA AF] 


(where ô is the variation, not the codifferential). Hence the Euler-Lagrange equa- 
tions are 
d* J — 0, d*F = —*J. O 


(9.1.21) Remarks 


1. Even the “superpotential” S must be changed if a gauge transformation is made; 
if F and J, and consequently £, are to be invariant under A > A + dA, 
S> S-es. 

2. It is possible to express J ^ *J as (d +ieA)p ^ "(d + ieA)g by use of a 
complex field ¢ = exp(i S). The effect of A in this scheme is to make the 
exterior differential invariant under o — exp(ieA(x))g. (See 810.1). 

3. The scalar model discussed so far turned out to be of more importance in ele- 
mentary particle physics than in condensed matter physics. It showed that in a 
gauge-invariant theory a “mass term" can appear in Maxwell's equations. Expo- 
nentially decaying Green functions correspond in quantum theory to particles 


9.] The Superconductor 389 


with a mass, and one stumbling block in the unification of weak interactions 
with electromagnetism was that the particles mediating the weak interaction did 
not seem to be massless. In fact, they were found to be exceedingly heavy, which 
is believed to be caused by their interaction with a scalar field. 


(9.1.22) The Energy-Momentum Forms 


According to Noether's theorem (8.1.5), the 3-forms 


L,S)*J 
EA +(L,A)A*F+i,lL= zc ^i,*J + (i,J)* J) 
e 2pe? 


+ 4(i,F) A*F — F ^ i,* F) + d((i,A)*F) 
are closed for all Killing vector fields v (cf. Definition (8.1.9)). 


(9.1.23) Remarks 


1. The gauge-dependent term, d((i, A)* F), has again shown up. Since it is exact, 
the rest of the right side of (9.1.22) must be closed. As will be seen in (10.2.9), 
only that part interacts with the gravitational field, and will be used as the 
energy-momentum tensor. 

2. All the generators of the Poincaré group can function as v. However, since J isa 
1-form, the presence of matter breaks the conformal invariance (see (8.1.10; 4)); 
the skin-depth is a distinguished length. 

3. If v is the generator 9, of a translation, then the 3-form (9.1.22) gets a contri- 
bution £45 dx? from the matter, where 


m 
top = pr [Ja Jg S tnag, J” | . 


(9.1.24) The Properties of the Energy-Momentum Tensor of Matter 


(a) tap = tba; 


(b) too = LL + JP] > 0, and = 0 only if J = 0; and 
2pe? 


3 
m 

(c) fj = — oJis to? > ) toi”. 
pe i=l 


(9.1.25) Remarks 


1. Property (a) follows from Lorentz invariance; but tw“ 4 0, because of the lack 
of conformal invariance (cf. (8.1.11)). 
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2. Since there is the same positivity property as in (8.1.13) for the electromagnetic 
energy-momentum tensor, the argument of (8.1.16) about the uniqueness of the 
Cauchy problem is again applicable. 

3. A relativistic fluid is described phenomenologically by the field u € E, of its 
four-velocity ((u|u) — — 1), its mass-density o, and its pressure p. The energy- 
momentum tensor Tyg = (Ø + p)usug + pgag is by construction diagonal in the 
rest system (u — (1, 0, 0, 0)) and in no other. Its eigenvalues are (p, p, p, p). 
By a comparison with (9.1.23; 3) one arrives at the identification 


= E m 
ua = L- OY, = p= p= pei lo - Jp. 


In normal matter, p ~ the density of kinetic energy ~ 107 9o, while for radiation 
p = p/3. Thus the pressure is unrealistically high in this model. 

4. If e = 0, then S satisfies d' Alembert's equation AS = 0. The compressional 
waves, which may be thought of as sound, therefore propagate at the speed of 
light, as is to be expected from 0p/98p = 1. Thus S describes a fluid that is as 
incompressible as possible without allowing sound to travel faster than light. 

5. The reader may be wondering what happens to these sound waves if e Æ 0. 
In that case S loses its physical significance, and can be made to disappear 
by a gauge transformation. It turns out that the sound waves then reappear as 
a longitudinal oscillatory mode of A, and if e — 0, then A can oscillate only 
transversally (Problem 3). 


In practically important problems, one part of space usually contains the metal 
and all the rest is a vacuum. In that case p is not a constant in the model, but instead 
it changes discontinuously to zero at the metallic surface. A slowly varying field 
with frequency k? « (oe? / m)? would consequently not penetrate the metal, but 
would decrease exponentially at the surface within a depth (pe?/m — (k9)?)!?, 
For simplicity we consider the limit pe?/m — oo, thus disengaging ourselves 
from the details of the model. The only essential feature that is preserved is that 
the field F is excluded from within the metal. It is screened by a surface current 
J, which has a delta-function singularity at the surface, in the limit pe?/m — oo 
(cf. (9.1.19; 2)). The equations (9.1.7) of the model are replaced with the 


(9.1.26) Metallic Boundary Conditions 


Suppose that the four-dimensional submanifold CN is filled with metal, so that 
F = 0 on it, and let the surface ƏN be given locally by the equation u = 0. Then 
the restriction (1.2.7; 3) Fan of the field to 9 N must vanish, and F is screened by 
the surface current 5(u)(idu Fio. 


Proof: It is only necessary to extend the arguments of (8.2.1) to allow the current 
to have a delta-function singularity. If F = O(u)F', where F’ is continuous, then 
0 = dF = ó(u)du ^ F' and —* J = d*F = ó(u) du ^* F', where we consider 
only the singular parts. Because of the 5(u), it only matters what F’ is at u = 0, 
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and all the terms containing a factor du drop out of the exterior product. What is 
left over is simply the restriction of F' according to (7.2.7; 3), and so we conclude 
from the first of the two equations above that F'jy = 0. If we make use of 
du A*F = —*ig,F in the second equation, the claim made about the surface 
current follows. O 


(9.1.27) Remarks 


l.ffu = x, making N= (xi € R: xX; > 0], then dXijoN = 0 and Fan = 
(Edt Adxı + E3 dt ^dx3 — By, dx2 ^ dx3)an- Therefore E>, E3, and B; must 
vanish. The interpretation of this is that surface charges do not produce any 
discontinuous tangential components of the electric field, and surface currents 
do not produce discontinuous normal components of the magnetic field. 

2. The situation is drawn schematically below: 


ON 
CN N 


F=*F=0 F#0#*F 
dF = dF =0 
—— Fin 70 


*Fisn ~ *J #0 


metal vacuum 


Since the surface current is not specified beforehand, it may be asked how the 
initial-value problem is to be solved. While the general solution (7.2.36) is always 
valid, it is not immediately useful, since * F occurs in the surface integral as well 
as F. It would seem to be necessary to know the restrictions of both to the surface, 
and we only know that Fj3y = 0. If we manage to find a Gz such that *dG;joy = 0, 
however, then there are no unknown surface contributions, and the solution works 
as in Chapter 2. In other words, the key to the problem is 


(9.1.28) The Green Function for Metallic Boundary Conditions 


Let M C IR be a part of Minkowski space bounded by spacelike hypersurfaces 
aM. Suppose that metal fills CN N M and that the current j is known in N C M 
and 3N := ðN \ ðN N 3M is the vertical boundary of N. If Gz satisfies the 
equations -AG; = 6; and *dG;j4,y = 0 Vx € N\ON, then for all x e N\ON 
the field strength is given by 


Fa)= f 46: ^;- f [G; ^ F —*dG; A*F). 
N aMnN 
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(9.1.29) Remarks 


1. The situation looks as follows: 


0M s oM 

ôM AON 

M 
CN N M 
X 

ôM ^ ôN 

ôM : aM 
metal vacuum with j 


In (9.1.28) it is only relevant to know F and *F on the initial and final surfaces 
8M NAN, and not on d,N. In later examples G,, like G*', will be zero outside 
the past light-cone of x, and thus only the initial surface affects the integral. The 
reason this G; is selected is that it expresses F in terms of the initial data, and 
it automatically takes care of the effect of the currents in the upper surface. 

2. Strictly speaking, N is not a manifold with a boundary, because it has a sharp 
edge. But since the integration by parts used in (7.2.36) can also be justified on 
regions of the form {(x, y) € R?: x > 0, y > 0}, this presents no real obstacle. 

3. The G; of (9.1.28) is not uniquely determined. However, as long as we pos- 
sess some G; that vanishes outside the past light-cone, the formula (9.1.28) 
guarantees the uniqueness of the Cauchy problem. 


In the following sections we shall prove the existence of the G; used in (9.1.28) 
by explicit construction, making use of the well-known method of images from 
electrostatics. This static method is generalized by means of G; for charges in 
arbitrary motion. 

(9.1.30) Problems 

1. Calculate the integral (9.1.16). 

2. Show that tag, = Jp F^,, with tag as in (9.1.23; 3). 
3. Show that the equations 


2 
dJ =F, dendo. >o, 
m 
have three linearly independent solutions ~ exp(i (k|x}) if 
k= ep 
m Ld 


and otherwise have only the trivial solution F = 0. 
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(9.1.31) Solutions 


1. If u = ye?p/m, then 
59 H y 
| dias) fate eit qe + py! = Qn? [ et e'** (kf? +p)! 


oo k? dk 1 : 
= (27 af f dn e^ 
(27) b pam n 


af? kdk el ew 
= (27) — = . 
-œ k? +u? ir 4nr 


2. Because of (9.1.6) and Jz. = 0, 


m 
tag? = gal dp — JË a Jg) = Fa, JÊ. 


3. In the Fourier-transformed space the equations become 
D a e D = 
kuk? F py — kk? F pu = us ue 


Multiplying this by - k”, 
-KE F pu = Pg 
pu n vu 
Since A, — k,S := —(m/e! p)k^ F,,, vanishes iff F = 0, either F,,, = 0, or else 
k? = —e*p/m. Then F is of the form F,, = ky A, — k, Ay, which vanishes only if 
A, ~ k,. Thus for the three directions other than k there are nonvanishing solutions. 


9.2 The Half-Space, the Wave-Guide, and 
the Resonant Cavity 


The general solution of Maxwell's equations with metallic boundary 
conditions is easy to construct for simple geometric arrangements of the 
conductors. 


Classically, the electromagnetic problem in the presence of metallic surfaces is 
usually conceived as the quest for particular solutions. Here we shall proceed 
directly to the more general problem, and solve the Cauchy problem by specifying 
the G; of (9.1.28). The interesting question will be what the causal structure of 
the Green function is. Like the G¥" of (8.2.7), its support will be restricted to 
the full past light-cone of x, but unlike G™' not to its surface. This fact is due to 
waves that reflect from the metallic surfaces and return at some later time. Such 
echoes may apparently violate causality, as when they give rise to phase velocities 
greater than the speed of light. In all the problems discussed below we replace 
the conducting material with a metallic boundary condition. The currents induced 
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on the conductors do not appear, so we may use the symbol J for the externally 
prescribed current. 

We begin with a trivial warm-up exercise, the problem of a plane metallic mir- 
ror. The method of solution introduced points the way to the procedure for more 
complicated problems. 

(9.2.1) The Half-Space 

In the notation of (9.1.28), let 
M={x'e R^ x? > 1°}, 
N = (x! e M:x! > 0}. 


2 1 


The symbol R will stand for the reflection (x°, x', x?, x?) — (x9, —x!, x?, x?) in 
M and at the same for the induced mapping on the space of tensors (2.4.19). Then 


G; = (1-- R)GĦ, 
with G®' from (8.2.7), is the Green function needed for this problem. 


Proof: The rules for manipulating the diffeomorphism R of the space of vectors are 
such that it can be interchanged with sums, products, and exterior differentiation: 


R(w + v) = Ro + Rv, R(o ^ v) = Rw ^ Rv, w, v EE, 
R(e?, el, e, e) = (e?, cie e), e€ = dx. 
However, R reverses the orientation so that R*w = —*Rw Yw € E, (cf. (7.2.17; 1)). 


We now make use of a 
Lemma [fw € E, and w = — Rw, then aa,n = 0. 
Proof of Lemma: Let 


w = X oiri xe", €= dx, Wi--ip € Eo. 
(i) 


If i4 ---i, contains the index 1, then e'?),:.9 = 0, because dx})x,-0 = 0. If 
i, --- ip does not contain the index 1, then a,..;,,(x°, —x', x?, x?) = —aj,..i,(x°, 
xl, x, x3), which must vanish when x! = 0. 

This lemma implies the property *4G;j;,y = 0 required in (9.1.28), because 


R*d(1 + R)G?! = —*dR(1+ RIGS = —*d(1+ R)G;. 
Observe that none of the operations of this equation affect x, and that R? = 1. 


The property AG; = à; Vx € N is proved by noting that the factor 6((x — x)*) 
has been replaced with 5((x° — x°)? — (x! + x!y? — (x? — x2)? — (3? — xy) in 
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Eyix=0 =0 


E of the image charge a |N $Eofthe charge 


. €— |4—— . 


ô, N 
FIGURE 9.2. E in the presence of a reflecting half-plane. 


RG?. When A acts on this it yields zero unless x — (x9, xa x). However, 
this fails to be in N\ ON if x e N\ON. D 


(9.2.2) Remarks 


l. 


Since R reverses the orientation, fy Ro = — fœ Vo € Ey. If suppj C N 
the integral f (1 + R)dG™' A J can be taken as f,,..., so R does not send 
points out of the integration region; and because 


J RdG" ^J zi R(dG™ A RJ) = -f dG™ A RJ 
M M M 
the integral can be written as 
ro f dG? ^(1 -BJ + f 
M à 


The components of — RJ are (— Jo(Rx), Ji (Rx), — J2(Rx), — Ja(Rx)), and thus 
the field produced by J is as if there were a mirror-image charge of reversed sign 
at Rx € CN, undergoing the reflected motion. It is easy to see that its field taken 
together with the field directly produced by J satisfies the metallic boundary 
conditions (9.1.26) on ð, N (Figure 9.2). In actuality there is an induced charge 
in the metal, not in the interior of CN, but rather, according to (9.1.26), on à, N. 
The surface current à(x')(i4 F Jan generates the field in N that would come 
from — RJ. 


MON 


. It is likewise possible to take fyny as fym» which involves only G*', and the 


appropriate reflected initial data are to be used on OM N CN. If F and * Fiamnn 
originate in an incoming wave, then their values in N are the same as if there 
were no metal present, and the reflected initial values had been specified on 
aMNCN. 
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- 


support of Gy" 


support of RG} 


FIGURE 9.3. The support of G; with a reflecting half-plane. 


3. The support of G; in N is contained in the full past light-cone of x (Figure 9.3). 
Metallic boundary conditions produce echo effects, but never really violate 
causality. 


Electromagnetic waves can be transmitted through metallic pipes by a continu- 
ous process of reflection. Wave-guides, as these pipes are called, are quite important 
in communications technology. They are not always made of superconductors, and 
the limit pe?/m — oo is not completely realistic. The field seeps into the walls of 
the conductor, energy is consumed for Joule heating, and the waves are damped. 
Nevertheless, the model exhibits the basic mechanism whereby electromagnetic 
fields can be transmitted like water in a hose. 


(9.2.3) The Rectangular Wave-Guide 
In the notation of (9.1.28), let 
M = ((t, x, y, z) € Rt > to}, 
N-(x*'eM:0xxxa,0xycxb) 
and let Ri, Rz, Ti, and T be the transformations on the space of tensors induced 
by the diffeomorphisms 
Ri: (t, x, y, z) — (t, =X, y, z), 
Rp: (t, x, y, z) > (t, x, —y, z), 
Ti: (t, x, y, z) (t, x + 2a, y, 2), 
Tz: (t, x. y, z) > (t,x, y + 2b, z), 
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of M. Then 
oo oo 
G; (RR) 3 Y TGE 
Hn--—oom--—oo 


is the Green function of this problem. 


Proof: The diffeomorphisms satisfy the commutation relations 


TT,-TDnDln, T, Rp = R21), TR = RD, 
Ri R2 = R2R;, 
TR -RT DR = RT". 


Note that T, R is the transformation x — —x + 2a, or (x — a) > —(x — ay; in 
words, a reflection about x = a. Similarly, T; R2 is a reflection about y = b. Since 


Gz = R1G; = RG; = Tu RG; = TRG; 
by construction, 
*dGir=o = *dGiy=0 = 'dGiy-a = 'dGg,-, = 0, 


as in the proof of (9.2.1). Moreover, the image of (0, a) under T? equals (2na, 
Qn + 1)a), and its image under R,T equals (—2na, —(2n + 1)a), and similar 
statements hold for T? and R2. As a result, the only part of the sum 5 ^, „ (1 + 
R,)(1 + R;)T; T," that sends a point of N\3N back into N\3N is the 1 from the 
term with n = m = 0. Hence that is the only term contributing to AG; if x and 
x € N, and therefore -AG; = 6,. O 


(9.2.4) Remarks 


1. Although N is nota manifold, because of its sharp edges, its structure is harmless 
enough that the integration by parts needed in order to use G; is easy to justify. 

2. Once again, the support of G; in N is contained in the full past light-cone 
(Figure 9.4). This is why we were able to choose M as a region extending to 
t = +00 as in (8.2.9). 


The structure of G; results from the infinite number of reflections of the field 
back and forth between the walls. Consequently, there are infinitely many image 
charges, as depicted in cross-section in Figure 9.5. Their periodic configuration 
gives rise to characteristic normal modes of oscillation. 


(9.2.5) The Decomposition of G; into Normal Modes 
If we write 


dtk el (k|x —x) 
Qzxf* k? 


(9.2.6) Gi" = Lëng Q *e^? 
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FIGURE 9.4. The support of G; in a wave-guide. 


FIGURE 9.5. Image charges in a wave-guide. 


and use the invariance of e” under the diffeomorphism 
TI Tj : (t, x, y, z) — (t, x + 2na, y + 2mb, z), 
then we find ourselves presented with sums of the form 


c . M eu NZA T 
(9.2.7) >> exp(ik(e + 2na) = explikx) Y ô (k Z 23 = 


n=—0O geZ a 
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Substitution of this into G7' and summing 5 ^, allows the integration f dk, dk, 


to be accomplished with the aid of delta-functions: 


(9.2.8) Y Y | 


n--—oom--oo" 7 


00 
dk, dk ee (x+2na)+k,(y+2mb)) 
x aKy 
oo 


x œ oo 
ae im (gi x/a+gov/b) 
xz D | 


The G; of (9.2.3) becomes 


(9.29) Gi = jeg (1 + Ri)(1 + Ro)" e"? 
x| do dk eG —0n&i/a (9 -y)nga/b-K—2k-(—1)o) 


81-82 


(9.2.10) The Field Produced by a Current J 


ab(41Y (1g) /a)* + (1 g2/bY +k? — w? ` 


For the sake of simplicity we consider M = R^ with no incoming field. We also 
suppose that the charges are concentrated within N, so that Jj3y = 0. Then, after 


an integration by parts as in (9.1.13), 


ra - fe; ^dJ. 


The Green function Gz contains the reflections (1 + R;)(1 + R5); if we always 
combine a reflected term with one having a g; of opposite sign, then, for example 


for (1 + Rj), we get 


J dx(e E-rea 4 gi onn) dJ) =  zngi/a-2 f dx e!" &i/a q J (x), 
1 Sin 


The integration over c can be done as in (8.2.25; 2), leaving the explicit formula 


" dk -  sinw(t — t) 
= aß 3 
(9.2.11) F =p J f lE f^ x dt O(t n scm 


$1.82 
. gl €-0 57 iGngi/atyngi/b) q yof 


where w = ((zg1/a)? + (zt go/bY. + k)!? and f^? are the normal modes 


0 icis? i51C2 —8$81$2 
—icis 0 cic icis 
(9.2.12) f=) 0 CM 
—1S\C2  —CC2 0 is1C2 
5152  —icis? -—is,c2 0 
€i := Cos xgir/a, S| :— sin xg 7 /a, 
C2 :— COS ygox [b, S2 :— Sin ygzzt/b. 
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—— electric field 


++++-> magnetic field 


FIGURE 9.6. The progression of the fields in a wave-guide. 


(9.2.13) Remarks 


pad 


. The boundary conditions (9.1.26) are satisfied because fjav = 0. If, say, x = 0, 


then they can be checked by deleting the x! row and column and noting that 
what is left is ~ sı, which vanishes when x = O. It is natural to ask what is 
meant by the tangential component of E or the normal component of B at the 
edges (87, [21]). It turns out that all the components in question are zero at the 
corners since s; = 0, and only an axial magnetic field B3 is left over. 


2. The term with g; = g2 = 0 is an axial magnetic field. Electric fields first occur 


when g; = 0 and g» = 1 or vice versa. In the former case the field evolves as 
shown in Figure 9.6. The oscillation of the corresponding solution with J — 0 
(see (9.2.18; 1)) has a minimal frequency 7 /b, and the fields depend on y. It is 
clear that a constant electric field cannot exist within a metallic pipe, because the 
boundary conditions would require it to vanish identically. On the other hand, 
we know that waves of a sufficiently high frequency are able to travel through 
metal pipes, because we can see through them. 


3. If g15  O are fixed, then equation (9.2.11) describes waves moving in the 


z-direction at a phase velocity (Grgi/ka)? + (tg2/kb)? + 1)? > 1. Itis a 
purely geometrical effect that this velocity is greater than the speed of light. It 
comes about because the waves do not pass directly through the pipe, but are 
reflected back and forth at the walls. A wave moving directly in the z-direction 
could not fulfill the boundary conditions; they demand interference from other 
waves at a certain angle to the z-axis. Such a wave ~ exp(i(E - x — wt)) with 
|k] = o necessarily has w/k, > 1, as the intersection with a plane of constant 
phase moves along the z-axis faster than light, see Figure 9.7. 


4. The group velocity dw/dk = k/w is less than 1. Problem 2 establishes its 


significance as the flow of energy in the z-direction per energy. 


5. The question of whether the signal velocity is « 1 is more pertinent. To answer 


it, consider the wave-packet 


(9.2.14) g(z,t) = f dk e" [g(k) cos w(k)t + a(k)w(k)~! sin e(K)t], 


oo 
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v = l/cos 9 


plane of constant phase 


ye TE 


FIGURE 9.7. Speeds faster than light in a wave-guide. 


where g and g are the Fourier transforms of g and 3g/8t at t = 0, and 


wo) =F m^, »-( ey. (ELY. 

a b 
It is supposed that g is a reasonable function, meaning that it and its first deriva- 
tives are integrable, so that all the relevant integrals converge. If g represents a 
signal, then it must have a well-defined beginning; for instance, g and g may be 
0 att = 0, z > 0. Then the question becomes whether this “wave-front” moves 
at the speed of light. Indeed it does; the above assumptions imply that g = 0 for 
all z > |t| (Problem 5). This does not depend at all on m? > 0, but holds also if 
m? < 0, i.e., for phase velocities less than 1 and group velocities greater than 1 
(tachyons) the signal velocity is still 1. 


In a wave-guide there are waves with a continuous frequency-spectrum w(k) > 
Wmin- If the wave-guide is sealed off in the z-direction, then the electromagnetic 
oscillations have only a discrete spectrum. 


(9.2.15) The Resonant Cavity 
Let the sets occurring in (9.1.28) be 
M = [x* € Rt: x° > to}, 
N = {x* € M:0 < x' <a;,i = 1,2, 3}. 


Let R; denote the reflections x! — —x', and T, the translations x! — x! +2a', as 
well as the induced transformations of the tensor spaces. Then the Green function 
for this problem is 


3 oo 
Ge=[] >> G+ gor". 
t=] nj=—00 
The proof proceeds exactly as for (9.2.3), and will not be repeated here. Since 
the earlier remarks about the causal structure are still valid, let us immediately 
make the 
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(9.2.16) Decomposition of G; into Normal Modes 


The formulas of (9.2.5) carry over directly to the case where N is also bounded in 
the z-direction, and after the w integration has been done, we find, in analogy to 
(9.2.9), that 


p N(IERY, aß i Ya G/—x)g;/aj 
G; = 5€ap È | | en e ) e oi 
i=] Bi 


l 


= 1 = 
-O(t — t)— sinet — t), 
w 


By making a change of sign in the g; to replace the reflection of the x; with a 
reflection of the x;, as in (9.2.10), we can solve for the normal modes: 


» TEST vue Tar AGE sin w(t — t) 
Gz = là Q Y) fP Em 1781/4 OF — p 
" 1230 
This time, 
0 —C418253  —$)C284  —5,52C3 
f — f €15253 0 ic1C255 ic152C3 
"505 —icic?ss 0 is1€2€3 


$1$2C3 —iC|52€3 —i51€2C3 0 
with the abbreviations 
c| EA Xigin 
s] lsin! a; ` 
(9.2.17) Remarks 


1. The boundary conditions are again satisfied at the edges by the disappearance 
of the relevant components, and at the corners f is identically zero. 

2. There are no static fields with J = 0 in a resonant cavity; if g; = 0, i = 1, 2, 3, 
then f = 0. Consequently there is a minimal frequency 


(E) 


(9.2.18) Problems 


1. Provide the f° of (9.2.12) with coefficients for which there exists a solution of the 
homogeneous Maxwell equations (J — 0). 
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2. For the f of Problem 1, calculate the averages of T% and T°, and verify that T/T% = 
k/w. 


3. Find the solutions corresponding to Problem 1 for the cylindrical geometry 


N-2(x*eR*x +y «a! 


4. What type of oscillation in the cylinder has the lowest @min, and how does c. times the 


min 
cross-sectional area compare with the rectangular case? 


5. Suppose that the norms 


oo oo 
f ziet 0) = Nell f dz 


oo 
a 
[als 


Z g0) =: |ig Il 


are finite for the g of (9.2.14). Show that if g = g = Oat t = 0, z > 0, then g(z, t) = 0 
for all z > |t]. 


a 
— (2,0) =: lg 
97 8% ] lel 


and 


(9.2.19) Solutions 


-exp(iwt) or f — *f. 


For this f, B, = 0, and it is known as a TM (transverse magnetic) solution, and hence 
for * f, E3 = 0, which is a TE (transverse electric) solution. 


2 


2. Because c? = s? = 3, etc., we find that 


1 
2 
== 2 PT — kw 

mozte ms qo E 


3. If J, denotes the nth Bessel function, then 


t z 9 D 
i (W-ko -€ ike% 
f=- (—w? + k?)p 0 = iwp? d eV tne-ony (po? — k2), 
A ta w 0 0 
-iko x —iwp È 0 0 
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0 0 io no 
C 
prs Slice 0 Es m s ED (py w? — k?). 
pi-ioy -ikp 0  w-Kk 
-nw  —kn k-o? 0 


Solving Maxwell's equations for fiay = 0 means that the parts enclosed in the dotted 
lines must vanish when p — a. This implies that 


[ig + j? 
Aue Eye... ie, w= S, 


where j,; is the ith zero of J,,. Interchanging f and * f produces a TE solution, for which 
it is required that 


J (aV o — k?) = 0, where J,(p):— d J,(p)dp, 


i.€., Omin = j,;(@), where j;, is the ith zero of J}. 


4. Because jo, = 2.40, jj, = 3.83, and jj, = 1.84, the TE solution with n = 1 has the 
lowest @min, and its w?,,,- a? = 7(1.84)*. This is always somewhat larger than the 
analogous product for the g; = 1, g2 = 0 oscillation with a square cross-section: 


2 
(=) d! 2.3.4 < n - (1.84) = n -3.38. 
a 


5. One can analytically continue g into the upper half-plane, where it goes to zero as |k|~', 
because 


i 


0 
f dz e" e" g'(z, 0) 
—oo 


oo 
B . = d —iz(u+iv) : 0 = 
|g(u + iv)| if ze g( ) ix 


oo 


lel 
< —— weRveR*. 
Vu? + v? 


Similarly, g is analytic and bounded by ||g|| where v > 0. Since cos[w(k)t] and 


sin[o(k)t]/oXk) are entire functions in k, the k integral of (9.2.14) can be deformed into 
the upper half-plane. If we decompose 


oo -R 0 oo 
J dk into Í dk + Í i dọ Rexp(ig) + Í dk, 
—00 —oo n R 


where k = R exp(ig) is on the semicircle, then f and f, i. go to zero as R — oo. The 
remaining integrals are of the form 


i ie Rg(Re!*) 
2p-2ig / R2 en ks 4 | [| 
Í de exp[(z + t1 + m2e-?i?/ R)R(i cos o — sin g)] (1 + meo /R2)3(Re'®) 


Since |Rg(R exp(ig))| and lg(R exp(ig))| remain bounded as R — oo, 0x op x x, 
such integrals go to zero if z > |t|, by the Riemann-Lebesgue lemma. 
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image charges at — 9 + 2y — 21 


FIGURE 9.8. The image charges for a wedge. 


9.3 Diffraction at a Wedge 


This was the first diffraction problem to succumb to a rigorous treatment. 
Not only does it confirm the general outlines of one's naive expectations, 
but it also displays the wave nature of light with a wealth of complex 
detail. 


The solution of boundary-value problems in somewhat complicated geometrical 
settings is fraught with difficulties even in the two-dimensional case. For a long 
time people had to settle for an imprecise theory as handed down primarily from 
Kirchhoff. The procedure was to substitute into certain exact integral equations 
the field that would be present if the conductors were removed. By so doing, one 
obtains a solution of the field equations but violates the boundary conditions. Since 
the solution involves oscillatory integrals, i.e., the small differences between large 
positive and negative terms, it is nearly impossible to estimate the errors incurred 
if one makes a small change in the integrand. Yet the result exhibits the features 
of experimentally known diffraction patterns, and thus the approximations have 
remained popular down to the present day among young and old alike. It must 
nonetheless be counted as a great step forward, that A. Sommerfeld succeeded 
in solving a nontrivial diffraction problem in 1895; it was only then possible to 
determine when the approximate theory of diffraction was good, and when it failed. 

That problem concerned the diffraction at a wedge, where the metallic surface 
consisted of the planes where y = 0 and where 9 = x > 7r. A plausible attempt 
to solve this problem would proceed by mimicking the solution of the problem 
of two metallic mirrors at x = 0 and x = a. Following 89.2, image charges at 
x + 2na would produce a solution with period 2a, and then by a reflection at 
x — 0 the boundary conditions on both mirrors could be satisfied. The hitch in 
trying to transcribe this procedure to the wedge is that if x is the variable, the 
image charges always remain outside of 0 < x < a when reflected by R, but if 
q is the variable on the torus T}, then because it is periodic with period 27r, the 
image charges at —9 + 2nx would at some point enter the region 0 < 9 < x 
(mod 27). Sommerfeld's brilliant stroke was to forget about the periodicity with 
period 27 , and to seek a solution with period 2x. His solution has branches, in the 
sense that by continuation through the metal x < q < 27 the variable would not 
return to its initial value in (0, x), and consequently image charges could appear 
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there. The problem does not require the absence of images at such values of the 
coordinates; the solution in 0 < g < x has no way of knowing that q is actually 
a variable on T. 

The most convenient way to construct this ramified solution is to write it as a 
complex integral. The sums Y^ T" that have appeared above can be represented 
for analytic f as 
(9.3.1) V'T"fG)2 Y] fG +2na) = = Ae, 


c 2a 1 —exp(2ri(x’ — x)/2a)’ 


where the contour C goes around the poles of the integrand at x’ = x + 2na. 


x+2a x+4a 


-— 


The path of integration in the integral representation of a sum. 


The expression (9.3.1) always has a period 2a in x, as long as the contour C is 
flexible enough to avoid the poles as x increases to x 4- 2a. The best choice of C 
depends on the analytic properties of the function f. 

If we try to apply this procedure to the Green function, we soon run up against the 
difficulty that D'*' is not an analytic function but only a distribution, ó(r — t)/4zrr. 
However, it can be approximated by analytic functions, for example by 


i(r—t+ie)w 


, 


oo 
retry qu e 
(9.3.2) D(x) = lim Re f dU T 


where the limit is taken in the sense of distributions. Since the expressions that we 
require are of the form 


i D''(5 — x) f(x) dx, 


the integrand will be multiplied by the Fourier transform of f , and for suitable f the 
integral f dw will be convergent. The integration becomes rather insensitive to the 
limit € | 0, and therefore we may interchange & | 0 with other limiting processes 
without worry. If we use the above expression and the notation of (9.1.28), we 
arrive at 


(9.3.3) The Green Function for the Wedge 


In cylindrical coordinates 


x^ = (t, p cos o, p sin g, z), 
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the plane of 
9 —-uciv 


FIGURE 9.9. Paths of integration in (9.3.3). 


branch cut 


let 
M-(x*eR*t-2t5), | N-—(x*eM:0xo «x x}. 


If Rg is the transformation of forms induced by o — —ọ, then the Green function 
of this problem is 


99 e . 
G; = — le @ (iit R,)*e? lim Re f dw eiet-t tie) 
0 


dy! /2x : " : 
l J, icu EG - 2* + P^ p — 2ppcosy’}'”), 


where 
80 7 nip 


The integration contour C consists of two curves, one in the upper and one in 
the lower half-plane, which come in from infinity, enclose the zeros of the term 
in brackets [ }, avoid the zeros of the denominator, and then return to infinity 
(Figure 9.9). 


Proof: Let g’ = u + iv, so cosy’ = cosu cosh v — i sinu sinh v. The zeros of 
[ ] =: r whereu = Oandcosh v = ((z—z) - p? - o?)/2pp require the branch cuts 
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drawn in the figure. Because w > 0, exp(iwr) decreases exponentially if Im r > 0. 
If y’ is far from the real axis, then r has an imaginary part ~ sin u sinh v. Therefore 
g decreases in the upper half-plane if 0 < u < m or -2zt < u < —n, and in 
the lower half-plane if —7 < u < O orz < u < 2x. Since the denominator is 
small only in the neighborhood of gy’ = 9 — g + 2nx, n € Z, the convergence of 
the infinite integral is verified if x 4 x. If o increases by 2x, then the poles move 
along the real axis, which, however, does not interfere with the integration contour. 
This immediately implies periodicity in (and ø) with period 2x, and thus that 
the boundary conditions are fulfilled exactly as in 89.2. 
It remains to verify that -AG; = 6;. Note that 


gil XI Pen) 


x-x| — 


for all x # x, and in particular for complex x. If we treat g’ as a complex part to be 
added to ¢, then we see that the wave equation is satisfied if x + x. If x — x, then 
the two branch points and the pole move to the origin and pinch the integration 
contour in two. The integration path is then unable to avoid the point o — g. In 
order to see better what the value of the integral is in this limit, let us deform C 
into the paths drawn with dotted lines in Figure 9.9 and a circle around 9 — o. The 
integration over the circle just produces D'*'(x — x), of course, while the other 
two parts are not affected by the singularities in the limit x — x. This means that 
G; differs from G!" only by a solution of the homogeneous wave equation, and 
consequently it satisfies everything required of it. t 


(9.3.4) Remark 


The edge still keeps N from being a manifold. At the edge (p — 0), Gz behaves like 
(p)"/*. Although this approaches zero, if x > x the derivative, and consequently 
the nonvanishing components of the field strength, diverge. However, because they 
approach infinity more slowly than p~', the square-integrability is not in danger, 
and thus the total energy remains finite. 

As the first application of (9.3.3) we find out how it accords with the naive idea 
that the wedge reflects some of the light and casts a shadow. To this end, we assume 
in the following that x > 7r. 


(9.3.5) Geometric Optics 


According to geometric optics, if |Ø — g| < zr, then one can see directly from x to 
x; if |g + ọ| < 7, then the reflected image from the upper surface is also visible; 
and if |g — x +9 — x| < 7, then the image from the lower surface is visible 
(Figure 9.10). These effects can be separated off and the corrections to geometric 
optics calculated if we make a decomposition of C into the following parts. Two 
curves, C, and C2, join —ico — 1/2 to ioo — 37 /2 and, respectively, ioo + 7/2 to 
—ioo + 3/2, and intersect the real axis at —7 and, respectively, 7; and if there 
is a pole in (—7, 7), then there is also a loop around it (Figure 9.11). 
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FIGURE 9.10. 
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FIGURE 9.11. Paths of integration in the hatched regions, where the integrand decreases. 


The loop integral yields G7, and if |p — 9| < x, then we see the light as if there 
were no wedge, because in the physical region, where ø and ¢ € (0, x), the poles 
at — 9 +2nx,n + 0, are never in (—7, 7 ). In the reflected part (the one with the 
R in (9.3.3)), the poles at + gy and 9 + 9 — 2x may lie within (—z, 2), which 
causes light to be reflected by the upper or, respectively, lower surface. Therefore 
the integrals over C, and C; are precisely the corrections to geometric optics. It 
is apparent that if wp >> 1 and wp > 1, that is, at several wavelengths distance 
from the edge, geometric optics dominates. Because of the factor exp(iwr), the 
low-lying values of the integrand, in the shaded parts of Figure 9.11, become deep 
valleys in this limit. The trail leading up to the pass at +7, where exp(icr) has 
absolute value 1, becomes steeper and steeper, and the contribution from going 
over the top, though dominating the integral, becomes negligible. In order to make 
these ideas quantitative, let us evaluate 


Í e i — gin -0+o/x y] 
C.c 2x 4nr 


by the saddle-point method (= the method of steepest descent). We start by ex- 
panding the rapidly varying exponent in the vicinity of the saddle points, 


r=(@- 2) +P +p- 2pcosg) ~ R- TE, 


R=(Z-z’+(ptpy)'”,  Q-g tn, 
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and replacing the rest of the integrand by its value at the saddle point. There remains 
a Gaussian integral over ø, from which we obtain the asymptotically exact formula: 
(9.3.6) 


Í de E (1 — eir -er9x)- 
Ciuc, 2x 4ar 


ER. 1 1 eieR-in/4 
1 sin(x2/y) gi^R*in/A 
| 4coszt($ — 9)/x — coss? [x 2noppR 


(cf. Problem 1). 


(9.3.7 Remarks 


1. The correction to geometric optics vanishes as p — oo. If p > p, then it goes 
as p-!/?, which corresponds to a cylindrical wave emanating from the edge. 

2. The cylindrical wave has an angular factor, which diverges at the boundary of 
the shadow, | — ø| = x. However, the asymptotic expansion (9.3.6) does not 
apply in that limit, because the pole coincides with the saddle point. 

3. If x = 7, then the cylindrical wave disappears, as the wedge becomes the plane 
mirror of (9.2.1). This fact is therefore strictly true, and not merely asymptotic 


(Problem 2). 
If x = 2x, then the expression (9.3.3) simplies so greatly that many addi- 


tional questions can be answered for which the asymptotic expression (9.3.6) is 
inadequate. 
(9.3.8) Diffraction at a Half-Plane 


If x — 21, p — oo, and p and ¢ are arbitrary, then Gz is asymptotically 


e in/^ v "^ 
G: = (1 + RJ)G! J dv ei?" 2. 
x 97x J/2 Ede 


v= PP es (9—*),  R=(E-2} +p)", 
aR 2 


(9.3.9) Remarks 


1. The w in v should be chosen so that G** is represented as the integral of (9.3.2). 

2. For (9.3.6) it was necessary to assume that opo((z — z)* + p? + p2)-V? > 1. 
This is not the case if p — oo and p < 1/w; in this sense (9.3.8) is more general. 
The boundary of the shadow is also described by (9.3.8), as long as the source 
of the light is sufficiently far from the edge of the wedge. 
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Proof of (9.3.8): First observe that 
Gilp) + Gilo + 21) = GF), 


because 
1 1 2 


1 elon + [elton p.899 


Since this sum has a periodicity 27 , the contributions from the paths C; and C; 
of Figure 9.11 cancel out, and only the loop around 9 — q remains. On the other 
hand, the difference of the same terms is 


1 1 i 
l- 29-92 14 ew- 92 sinl 4949/2 


and we shall find a similar factor in the exponent in the limit o — oo. In (9.3.3) 
in this limit, let us write 


r=R- = cosg, R =(E- 2° + p^, 
and compare it with the quantity 
Iž — x| = R — PP cos(g — p) 
R 
occurring in G** in place of r; then in the difference there occurs 
29° 
2 


(p Tu nE fr) 


2cos 


cos(g — p) — cosy’ = 2cos? $29 — 


= 2sin 


If the factor exp(iw|x — x|) is removed, then in the limit o — oo we are left with 
the integral 
PA 1 d e%60/R)sin(y'—9+9)/2sin(y'+9—9)/2 
"o Bjce ——— smp-ó-o2 
z G x(9) — Gz(y + 27). The denominator can be disposed of by differentiating 
y P; 


ar EL dg’ sin (9 * 9-9) gQiebo! RYcos (6—9)/2—cos? g' [2). 
9p  4xR Jc 2 
Using 
. (9 +9- 9 p— Sa ee 
mE = sin © cos 2 is + cos © sin * 4 


2 2 2 2 27 
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we see that the second term contributes nothing, because its part of the integrand is 
even ing’, and the integral f, dg’ is taken in the opposite direction when g’ > —g'. 
We may choose cos q'/2 as a new integration variable in the first term. Then there 
is no pole, and the two curves C; and C; have the same contribution, since the 
integral changes its sign under g’ > g’ + 27: 
ioo = 
E00, J eT oöp/ RN? -cos 0-0) 44 cog I 
0p nRJ. 2 


ioo 


— 20 ,-in/Agritepp/Rycosie—p/2 | ZTR 9 79. 


zR opp 


In order to do the p integration, we introduce the variable 


v= PRO E sc v) 
Y xR 29. 7 
dv — dp De Cae 2) 
xpR 2 


Since 7 = 0 for p = 0 where C can be shifted away 


I= Viet [ alder. 


0 
Combining this with the sum G;(g) + G;(g + 27) and using 
y 0 Dl 
Vien f d ei?" n. 1, 
—oo 
we obtain (9.3.8). M 


To discuss the problem in more detail, we need some 


(9.3.10) Properties of Fresnel's Integral 
Let 
Zz 
F(z) = Í dv ei". 


oo 


Then F(oo) = 2F(0) = 1 +i, and F behaves asymptotically as 


z > 0: F(z) = FO) +z + iZ +0’), 


ean 


(9.3.11) z — 00: F(z) = F(oo) + + O(z73), 


inz 
ei”? l2 
z> —oo: F(z) 2 — + O(z7?). 
inz 
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FIGURE 9.12. Cornu's spiral. 


If F(x) is graphed as a curve in the complex plane depending on x € R asa 
parameter, it has the form of Cornu's spiral. When x < xo > 0, |F(x)| increases 
monotonically, and after that point it oscillates about the limiting value 4/2. 

We next investigate the regions not covered by (9.3.6): 


(9.3.12) The Boundary of the Shadow 


Let ø — 9 — zx 46,6 « 1. The time average of the intensity equals the absolute 
square of the field, and its ratio to the unscreened intensity it becomes 


«(48 
m 
asp — oo with o/R — 1. We have disregarded the reflected light; the interference 
with the term containing Ro produces a correction O (p- !/?). During the transition 
from light to shadow, the intensity thus first oscillates about the value i™ and then 
decreases monotonically. The width ~ ./o/w of the transition zone, where the 


shadow is hazy, increases with p, while its angle 1/,/pw from the edge of the 
wedge approaches zero as p increases. 


2 
P: 


i" 2 


(9.3.13) The Edge 


If o — O and p/R — 1, and we consider such a small neighborhood of the edge 
that the contribution from G7" is effectively constant and hence unaffected by a 
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FIGURE 9.13. The intensity at the edge of a shadow. 


reflection, then the components that go to zero at the edge are 


| po p-o | po +o |po. . @ . 9 
uaa ERA E eee E LES d) ESSEN uiid -.sin--. 
" - 2e ( 5 )) F( " cos ( 2 )) 2 2sin 7 sin 2 


Thus the intensity dies down in directions along the half-plane, and the angular 
distribution in ø with q fixed has no preference for the incident direction. 


(9.3.14) The Plane of the Screen 


If à = 7, and the factor G7" is still effectively constant, then the components that 
vanish at the screen are diminished by 


F(2,/ sin ©) - F (-2,/ sin £ 
m 2 bid 2 


compared with G7". It takes a few wavelengths for the field to increase from zero 
at p = 0 to the value it would have were it not for the screening, and it takes longer 
to do so if the light is incident at a smaller angle g. 


(9.3.15) Remark 


In the integral, Kirchhoff's theory of diffraction replaces the field within the screen- 
ing plane with the value it would have without screening. This is a very good 
approximation at many wavelengths away from the screen, but it is poor in the 
vicinity of the screen. It has the unsettling consequence that the field strength 
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FIGURE 9.14. Polar graph of i(g). 


calculated in this manner becomes singular at the edge as 1/5, and is thus not 
square-integrable, so the field energy is infinite (cf. $25, [21]). 

In conclusion, geometric optics gives the right answers if one can take a bird's- 
eye view, from which the wavelength is not perceptible. But up close there is such 
a complicated pattern of interference that any simple approximation is doomed to 
failure. 


(9.3.16) Problems 

1. Show how and where (9.3.6) is an asymptotic expansion. 
2. Check that G; = (1+ R)G¥ if x = x. 

3. See whether (9.3.6) agrees with (9.3.8). 

4. How large is the error in (9.3.11)? 


(9.3.17) Solutions 
1. Use the saddle-point method discussed, e.g., in Dieudonné, Infinitesimal Calculus IX, $1. 
2. If x = 2, then the function of period 2x reduces to the function G7" of period 27. 
3. Applying (9.3.11) to (9.3.8), we get 
gie -x e i4 gn a ei^ P jg-in/Agiupp/R 
Aniž -x| J2 inv 8x J/2xwppRcos( — 9)/2 


for the correction to geometric optics, in agreement with (9.3.6) (where the R is 
~ R+ pp/R). 
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4. By integration by parts with z € R*, 


"V 
oo oo inv^/2 oo 
Ul dv ð 2 e dv 2 
JE dv e" /2 E -f e" /2 - EN — eit 2 
z z 


imv dv inv z iny? 
2 S dv jim? e dv ð Quod 1 
< +— 
; inv? in2y3 ave mp qp 
Therefore 

eit? 2 2 

F(z) — F(oo) - <= (WeR* 
mz 


9.4 Diffraction at a Cylinder 


This problem is so tractable mathematically that all the various phe- 
nomena of geometric and wave optics can be worked out. 


Despite there being complementary problems to the wave-guide and the resonant 
cavity, it is an elaborate job to analyze diffraction at a cylinder or at a sphere. Even 
if it is not required to write down the complete Green function, but is enough to 
solve for the individual waves that G; is constructed from, there are still infinite 
sums and complex integrals to cope with. These expressions reduce to elemen- 
tary functions only in particular limits, in which the relevant properties are well 
displayed. Depending on the ratio of the wavelength to the size of the metallic 
body, it may be possible for the wave to pass around the obstruction. This phe- 
nomenon is somewhat simpler for a cylinder than for a sphere, for which reason 
we restrict our discussion to cylinders. We also consider only scalar solutions u to 
the wave equation —Clu = 0, with either Dirichlet or Neumann boundary condi- 
tions, ujan = 0 or dujoy = 0. Although it is possible to construct Gz with the aid 
of these solutions, the expressions that result are too involved to be illuminating. 
We are again primarily interested in the limit where the source of the waves is at 
infinity; therefore we utilize u's incident in a plane and scattering into cylindrical 
waves. In cylindrical coordinates they would have the form 


(es + e" Fo) gi 90 
Jp 


as p — oo. If the first term is expanded in a Fourier series, 
oo 1 2x oo 
(9.4.1) g^ — Y Qu dg’ g (0 cos e eng) — » e" @-7/D] (gp), 
n--—oo C n--—oo 


then we can represent the solution u(p, p) that satisfies the boundary conditions 
at o — a and p > casa 
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(9.4.2) Fourier Series 


A ine a 
= in(p—-n/2) Jn — — Hp 


In order to evaluate the sum, recall the 


(9.4.3) Asymptotic Behavior of HX? (x) 


Fi 2 eg o0 + vCosh = hys 
n(v? un" xlyn 


for |x — v| < v3: 


1/3 1/3 
PAL () ! AIC) (es pert] 


et i[(x? — v2)!/2 — vcos~ ! (v/x) - (1/4)] 


2 


n(x? — v2)!/2 


2 eti D+ L2 ——————3 
nx 


H?'(x) x, ve R* 


(9.4.4) Remarks 


1. The asymptotic behavior of the other solution follows from 


Hx) = MEY, HO) = et, 
J = 4H +H), 


you Eu) ey 
i Vrv \ 2v) ' 2) vt 
2. Consequently, if is large. then the nth term in (9.4.2) approaches 
eine— 2/2) (5 3l | E (qa ay" 
-r (qp) — I. 
J/21n (qp)" 
and the sum converges uniformly on compact subsets of the (x—y)-plane. Even 
so, the first term in the sum dominates the scattered wave only if qa « 1. In 
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FIGURE 9.15. Paths of integration for (9.4.6). 


that case, 


Inl 2 
1 
Inga) > mi ((%) zi)" for nz 1, 
Ha) 24A c 


— pig 7 O O 2 
u=e Tonga? Pt ((ga)’). 


and 


3. If qa > 1, then we make use of the fact that Ho are analytic functions in v. 
This allows the sum in (9.4.2) to be turned into an integral over dv, 


o 1 f dve™™ 
CAD 2 =z Í. sinzv ' 


n=—00 


where C is a contour passing around the integers in the complex plane and 
excluding the zeros of HỌ? (Figure 9.15), which we shall investigate later. 


This integral can be further transformed into an integral along the path D strictly 
above the real axis, by taking account of (9.4.4; 1). The result of this is the 


(9.4.6) Representation as a Fourier Integral 


1 | dye m, 
u = — | ————2cosv(g — x 
4i Jp sinzv v 


HP (ga)H? (gp) — HP (qa)HP (ap) 
H (qa) l 
To evaluate the above integral by means of the residue theorem, we need to also 
know the 
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(9.4.7) Asymptotic Behavior of the Bessel Functions in the Upper v-Plane 
Suppose that x is real, and define 


A:— zu cp) 2% EN 
T wv 


pa] " 
e :— exp(v? — x?) ? E + ZF] > (=) ; 


x 


Then for large x and |v], HO) and J behave as: 


Re(a + in) 20 | Rea 50 Rea =0 
i i Rea «0 
HO = 4e HO = Ae* HÜ = -i4e* 
"n pada? DW ciego 
jefe | H® = | He) = iden? 
2 \ ARESO 
k -ilete i > O\ / 


(9.4.8 Remarks 


1. The function J is always of the form (A/2)e", whereas H“ (resp. H2) changes 

its asymptotic behavior along the curve Re a = 0 (resp. Re(o + iz v) = 0), 

on which its zeros are situated. These curves intersect the real axis at +x at an 

angle of +7 /3. Far away from the curve Re a = 0, H“ increases rapidly in the 
upper half-plane, going as |v|F* ". 

. The zeros Vm, m = 1, 2, 3, of Hf? (qa) closest to the real axis are near v = qa, 


where the asymptotic representation in terms of Airy functions is applicable; if 
qa > 1, then 


1/3. 
HP (qa) =0, Vm = qa + Cm (5) eit/3 
Ai(—Cm) = 0, Cm = (2.3, 4.1, 5.5, 6.7, 7.9, ...). 


Uo 


. Farther from the real axis along the curve Re a = 0, Hf" is given simply as the 
sum of the asymptotic forms of regions I and II, and becomes zero if 


in 
inh |a — — | = 0. 
sinh ( z) 0 
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This implies that 
Vp ~ AL p Urin meqa). mo» 1. 
In 
eqa 


These facts allow us to discover expressions for u in different regions of the 
(p—Q)-plane when qa > 1. 


(9.4.9) TheShadow 


The integral in (9.4.6) can be turned into an integral over D' around the zeros of 
H(P(qa), because the integrand goes to zero exponentially fast in the upper half- 
plane, except along the curve Re a = 0. To see the reason for this, consider the 
numerator 


(9.4.10) gv := HP (qa)HO (qp) - HO (qa)HÜ (qp) = g..,. 


In the region I U II of (9.4.7), within which the asymptotic form of HỌ? changes, 
we express Hf! in terms of J and HÓ'. Meanwhile, for the same reason we write 
HO in terms of J_, in II U III: 


(9.4.11) gv = 2[J,(ga)H (qp) — HÜ(qa)J, (ap) 
= 2e" " [HP (ga)... (qp) — J-.,(qa)H((qp)]. 


In either case (9.4.7) shows us the asymptotic expression 


2i [/aN' pr» 
9.4.12 VATES CN 
041D a u. 
which thus holds uniformly in the upper half-plane. Hence, g, is essentially c*", 
whereas the denominator H‘!)(qa) is asymptotically dominated by vt”, which 


wins out over c*", as can be seen if we let v = t exp(i y), t and y € Rt; then for 
t > oo, 


(9.4.13) jv” | = eflcosy Ins—y sin YI 
[ct | = ef loos Y Incl 


Because all the other factors in (9.4.6) grow at the fastest as c*", the integrand 
decreases exponentially in the upper half-plane for all p and g. An exception is 
made, of course, for the curve Re œ = 0 (asymptotically, Int = y tan y), because 
the denominator can vanish, and the integral f, can be rewritten as the sum of the 
residues: 


oo —ivyz/2 HO? a 
(9.4.14) u =r Y cos(y — mw (qa) 


HP (qp). 
Hga) 


Qva 
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This equation is only useful if the term with m — 1 is so much larger than the rest 
of the sum that it is essentially equal to u. To discover when this happens, we refer 
again to (9.4.3) to calculate 

H?)(qa) 

a 


xe 
3v, P^ (qa) 


(9.4.15) rages 


for small m, with v,, as in (9.4.8; 2). We learn that the order of magnitude of this 
factor is the same for the first few m’s. 
If p — a > a(qa) ?^, then the other asymptotic form can be used for H‘!)(qp), 


2 — 
(9.4.16) HP (qp) = "n p? — 2y it 
' exp |: |e? — v2)!? — vm arccos ie al ] 
qp 


4 


Whether the summands of (9.4.14) decrease rapidly with m depends mainly on 
whether the coefficient of i vm in the exponent is positive. Since 


1/3 2 
Im v, = ($) E >l, 


EIL 
sinz v, = ——-; 


2i 


we see that 


and if |p — 7 | >> (qa) ^^, then also 
cos(p — 1)Vm = 3e "nier, 


All together, there is an overall factor (up to terms O((qa)- !/?)) of 
; m a 
exp fiv E — |g — zx | — arccos =|] ; 
2 p 
making the condition for the first term of (9.4.14) to dominate that 
1 
(9.4.17) ly — | + arccos 5 — 5 < qa) ^. 
p 


This amounts to the geometric condition that there is a shadow with a boundary 
fuzzy within an angle ~ (ga)-!/? (Figure 9.16). With the numerical value of c;, 
the resulting expression for u, up to corrections ^ (qa) !/?, is 


| pede 
9.418) uz [E exp (2) 8600 0 


4 (p? — a2)/4 


[eaa — 1.5(qa)!?) (v - 5 — arccos 3j 


3 
+ exp(iqa — 1.5(qa)!?) (-» + > — arccos 3l 
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a|9 — = — arc cos - 
2 p 


edge of the shadow 


(qa) 13 


shadow 


(qa)^ "at 


FIGURE 9.16. The shadow according to geometric optics. 


The interpretation of this is that waves impinging on (x, y) = (0, +a) are initially 
attenuated as they propagate along the surface to the points from which they can 
emanate in a straight line to the reference position. The damping factor of such 
“creeping waves" is correlated with the fuzziness of the shadow. During the linear 
propagation through the distance Jo? — a? there is the usual amplitude factor 
(o? — a?)-V* for cylindrical waves, along with the phase factor exp(iq./ p? — a2). 


(9.4.19) The Illuminated Region at |g| > 7/2 


Since (9.4.14) is no good outside the shadow, we rewrite the cos v(y — 7 ) of (9.4.6) 
as exp(ivm) cos vo — i exp(ivg) sin vz. Taking the first term of this expression 
changes (9.4.17) to 


3 
(9.4.20) ES arccos Z < > — (gay !^^, 


and this is always true except exactly in the forward direction. Hence this part 
produces only the damped waves that manage to slip by the cylinder, and can be 
neglected in comparison with the remainder, u2. The sin vz cancels out of u2, so 


the integration contour can be deformed at will across the real axis, and the integral 
can be calculated by the saddle-point method. We start by extending the integral 


dv e (97/0 HO (qp)H{) (qa) — HP (qa)HÜ' (gp) 


1 
.4. I 
cM E. J Hi (ga) 


along a contour D' that passes around the curve Re a = 0 so as to stay to the right 
of Re(a 4- iz v) = 0 (a = yv? — (qa)? — vIn(v + y v»? — (ga)*)/qa), and which 
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v-plane 
zeroes of Hí! (qa) 


RS zeroes of 


Hi (qp) 


zeroes of H? (qa) 


FIGURE 9.17. Path of integration for calculating geometric optics. 


then follows a curve containing the zeros of H( (gp): 
Ecc 
(9.4.22) Re ve - (qe? — vinv + ul =0. 


According to (9.4.7), in this region H® (qp) decreases exponentially, and the first 
term in the numerator of (9.4.21) contributes nothing, because it is an entire func- 
tion in v. As for the second term, on the left-side portion of D’ the factor H?(qa) 
is exponentially decreasing, whereas on the right-side portion the variable can fol- 
low a path through the zeros of Hf? (go), which are on (9.4.22). On this portion 
of the contour the factor exp(iv(y — x /2)) takes care of the exponential decrease, 
and this part of the contour can be connected to a path D” that crosses the real 
axis at a saddle point s; < qa, proceeds to the first zero v* of HÓ (ga), and then 
climbs over another saddle point s2 > qa to reach the valley containing the zeros 
of HX (gp). We next determine s; in the case |s; — ga| > (ga)'/; the other case 
will be considered in (9.4.34). The integrand of u2 on the left-side portion of D" 
looks like 


1. 
(9.4.23) —— e 7n (qp) — v2)“ V4 ein/4 
/ 2n 


. ep|i| -20a m y?y 2 + (q’p" _ y2y 2 
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arc cos p/p 


FIGURE 9.18. The reflected light according to geometric optics. 
v v 
+ 2varccos — — v arccos 71 | 
aq qp 


because of the asymptotic properties of the Hankel functions. The v dependence 
is dominated by the exponent, and the saddle point s; is at the position where the 
derivative by v vanishes, 


(9.4.24) Q— T L2arccos =! — arccos *! = 0. 
2 qa qp 


With the notation s; :— qp, the integrand becomes 


exp(—iq ya? — p?) : ML 
(9.4.25) Uer ga ™ {ia| [gh Spent age P| UE 


at the saddle point. We can now recognize p as the impact parameter of the ray that 
is reflected to the observation point according to the laws of geometric optics, and 
that the phase of (9.4.25) is exactly that of the optical path having this reflection 
(Figure 9.18). Therefore this is the contribution from reflected light. 

On the right side portion of D", HO (ga)/H(?(ga) ~ —1, and the asymptotic 
form of the integrand simplifies to 


-inj4 ©XP |: (» (s — Z — arccos ~) + /p2q? — 3! 
(ace se qox 0 7 ED 


Von Jap? — v? 
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FIGURE 9.19. The direct radiation according to geometric optics. 
The saddle point s; is at 
ud s 
(9.4.27) 9 — — — arccos Bee 0, 
2 qp 
and, with p — v/q, the integrand has the value 


e "^ exp(iq / p? — p?) 
421. 4(qpp —v? 


at the saddle point. Consequently p is the impact parameter of the incident ray, 
and the phase of (8.4.28) is simply exp(—iqx) (Figure 9.19). 

To calculate the incoming wave precisely, it is necessary to go through the usual 
manipulations of the method of steepest descent: 


(9.4.28) 


1 i x ” (v a 52)" 
(9.4.29) 1 dv A(v)el*? = A(s;)eiaGD | dv exp lia (gx 
—00 
—m-. 
= A(s) | —— en; 
io" (s?) 
since 
A(s2) = oT 
(9.4.30) 2n ((qp)?—52) 


a" (s2) = ((qp)? — s2) 2, 


we find exactly exp(iq./ p? — p?) = exp(—iqx). The corrections to the asymp- 
totic expression can be calculated systematically, and are O(p^?). Similarly, the 
contribution u», of the reflected light can be calculated accurately, to reveal that 
there is an amplitude factor that controls the spreading of the reflected light. In 
(9.4.30) the only changes in A are signs, but, because of (9.4.24), 


(9.4.31) a"(v) = 2(a2q? — v?) ? — (p2g? — y2-V2. 
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Together with u2 = exp(—iqx) + uz, this makes 


a? — p. 1/4 a? — p? 1/24 -1/2 
iam dn (5 - z) (2 " (5 - z) ) 
-exp{iqly p? — p? — 2y a? — p?]). 


If o > a, then ya? — p? = acosg/2 =: asin9/2, where 0 = z — g is the 
scattering angle. Then 


2 o 
(9.4.33) oe [s exp |i ( qp — 2gasin >J} 


The angular distribution p|u;,|? d9 = dp is exactly what the geometric law of 
reflection predicts. Although our derivation works only if 9 > 7/2, the same 
result can be obtained for o < 2/2 by making minor changes, and by symmetry 
u(y) = u(—9). 


(9.4.34) The Boundary of the Shadow 


The validity of the result of the previous paragraph relied on: 
(a) 9 > 7/2, so that the exponential factor decreases in the upper half-plane; 


(b) staying away from the region where p — m and p — oo, in which the 
creeping waves are insufficiently attenuated; and 


(c) |p — a| > a(qa) ?^, so that the saddle point is sufficiently far from qa. 


At the boundary of the shadow, assumption (c) fails, and we would have to 
assume that p is not too large, in order to preserve (b). Granting that, equation 
(9.4.21) could still be used, although both saddle points now move toward qa. 
The integration contour is divided into D,, reaching from aq + ioo to aq; D», 
from aq to gp; < qp; and D3, from qp; to infinity along (9.4.22). The integral 
decreases exponentially fast along D; and D3(g > 71/2), and on D»; the ratio 
HO/H(? = —1 + 2]/HÓ can be replaced with —1. The other contributions are 
straightforward to estimate as being O((qa)'/3(g — qo)), where qo is the angle such 
that (p, qo) is on the geometric boundary of the shadow, and we are interested in 
the values |p — qol ^ (qa) !?. 

Under these circumstances we are thus led back to 


(9.4.35) 
eiris pan XP {i (+ = 3 — arccos ~) + iv/p2q? — "| 
u = —— dynt NS 
/ 21 Í [(qp)? — v?]!/4 


(cf. (9.4.26)), since the dominant part of the integral ought to come from the vicinity 
of qa, and we have used the proper asymptotic form of H(U (qp) for that region. 
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By the substitution 


m 
(9.4.36) v := qp sinw, po > w > pı > F 


(a = p sin qo, pı = p sin g1), (9.4.35) becomes 
e 1/4 90 


g ~y 2x 9 


The function in the brackets [ ] in the exponent has its minimum at w = o, and 
its leading term as qo — oo can be approximated by a parabolic function, 


(v — e") 
=}: 


(9.4.37) u2 doX(|gp cos ial) elem) sino cose] 


[ |= -oos (1+ 


If we write 


E iqx(p—o) _ inv? 
(9.4.38) p cos q = x, 2 MEUS 


then we discover that 


eimi qWakim e ay 


(9.4.39) uz =e! dte 


V2\x1q Jgixi/mi-o» 


1/2 
[atstcose -Z 4 gpsingsint LN . 
Y alxi Y qixl | 


As q|x| — oo, the upper limit of integration goes to infinity and [ ]!/? approaches 
A/q|x|; but unlike what we had earlier, the lower limit of integration remains finite 
if we are in the region |p — qol ~ (q|x|)~!/2. With Fresnel's integral 


(9.4.40) F(x) = J dreit 2 
—00 


we can simply write 


— „i pent q|x| 
(9.4.41) uz =e"? T (re -F (« — po) zl ] 


In other words, F specifies how the incident wave exp(—iqx) dies down as it 
passes from light (p — po < 0, F(oo) = A/2 exp(i xt /4)) to shadow (9 — qo > 0, 
u2 — 0). At the geometric edge of the shadow (p = go) it has only half the 
original amplitude, because F(0) = F(oo)/2, and as it passes from that point into 
the light, it oscillates according to Cornu's spiral around the original amplitude 
(cf. (9.3.10). 


9.4 Diffraction at a Cylinder 429 


(9.4.42) The Frauenhofer Region 


Finally, we undertake a study of the region p > (qa)a, where the shadow has 
already faded out. If |g — z| > (qa)~'/?, then we know from (9.4.19) that the 
wave is simply composed of the incident wave plus a wave reflected according to 
geometric optics. If |g — x | < (qa)- ^^, then the facts discussed in (9.4.19) do 
not suffice to cause attenuation of the creeping waves, and we are forced to take 
drastic steps. We shall rely on the uniformly convergent expansion in the upper 
v-plane, 


e imn 


o0 
= jg" 25 PULLUM 


m=0 


(9.4.43) : 
sin vx 


Note that the condition for the contributions from the residues to decrease suffi- 
ciently fast is now 


(9.4.44) le — x | + arccos : < x (2m + 1) - (aq)? 


(cf. (9.4.17)), which is always true for m > 1, so we only need to worry about the 
contribution ug with m = 0 in the sum. To take care of that, we again make the 
partition D’ = Dj U D; U D; of the earlier paragraph, and see that the main con- 
tribution again comes from D»; with HO /H( — —1. We shall only calculate the 
main contribution, as an estimate of the others shows that they become negligible 
in comparison with it as o — oo. Choosing p; = p/2, we can write the m = 0 
term of the integral over D» of the asymptotic form of the integrand (9.4.6) as 


(9.4.45) 


e I4 i. dv 
4200 = — ——— VENENIS RTT 
Vv 2x qa ((qp)* cu y2l/4 


exp fiv (v + E arccos ~) + iv (qp)* — zi +(3 > -—25) 
q 


2 


i Jap ['* i 
zog p p f dt(l — y ei 4 (9 > —5), 
2x a/p 
a(t) =0t+ 7 arcsint +71 — z? — 1. 


We have introduced the scattering angle 0 = m — q > 0 and substituted from 
t := v/qp. Since the derivative of the exponent a’(t) = 2 + arcsint never 
vanishes, we may make the usual integration by parts, 


1/2 : 1/2 
(9.4.46) dt A(x)ei4?*9 = Í AO 8 iaaa 
a/p a/p igpa'(1) ot 
1/2 


A(r)ei4e«() 


m O -2 
PEED + O((qp) ^) 


a/p 
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to determine the asymptotic properties. For values Y ^ (qa)! but ? >> a/p, i.e., 
p 7» aaq, we thereby find that 


> € inja | 2 singad 
~N ——€ — 
Jp mq v 


This is the same as the diffraction pattern at a slit or cylinder as calculated with 
the older theory, in which Formula (7.2.36) is used with u in the lighted regions 
replaced witl; the incident wave. However, the older procedure gives no indication 
of the errors incurred, whereas the above theory is able to specify corrections to 
the asymptotic formulas. 

If o > aqa, then u is of the form 


(9.4.47) u20 


: elf 
(9.4.48) uzxe + wae =! Uin + Uscat- 


If the wave is normally incident (k = 0 in (9.2.19; 3) and q = w), f determines 
the 


(9.4.49) Scattering Cross-Section 


i (T°) scat 2 
2):— li ———— = |f, 
c (2) pm, P" cro). PACA 
where the energy-momentum tensor is to be calculated respectively with Uscat or 
Uin- 


(9.4.50) Remarks 


1. The cross-section ø is the radiated energy per unit angle divided by the incident 
energy per unit length. It has the dimensions of a length. We are using the energy 
current from (9.1.24) for the scalar field u (see Problem 1); the electromagnetic 
problem has a somewhat more complicated formulation. 

2. In the limit qa >> 1 and p — oco, we find that 


|/ (9)? = $ sin? if 8 > (qa) ^^, 
FOP = zT ifo (qa); 


in words, in addition to the geometrically scattered light there is an extra forward 
maximum, originating in the waves that permeate the shadow. Interestingly 
enough, both components have the geometric cross-section 2a; but there is 
hardly any contribution from (qa)! « q < (qa) -!^?*: 


x o 

2 f dÉ sin = 2a(1 + O((qa) ??)), 
(qa)-15 2 2 

1/3 


(qa) 2 
af dó — 
0 Tq 


sinqa? * 


v 


= 2a(1 + O((qa) !?). 
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Hence the total cross-section is twice the geometric cross-section. The signif- 
icance is that not only is the directly incident light reflected, but also the light 
passing by at a distance a is somewhat deflected. 

3. In the limit qa « 1, the scattering cross-section is strongly dependent on the 
polarization. Until now we have always assumed that ujan = 0, for which 
(9.4.4; 2) makes the scattering cross-section 

ma 

awe 2qa| ln qaļ?` 
This can exceed the geometric cross-section by an arbitrary amount, even though 
it obviously vanishes if q is fixed and a — 0. 

4. If duian = 0, then the Fourier coefficients in (9.4.2) are replaced with J} (qa)/ 
HY” (ga), and if qa — 0, then the terms with n = 0, +1 contribute: 


3 
ga Ma. ET 


The total cross-section a(377/4)(qa) is much smaller than the geometric cross- 
section. 

5. In electromagnetism Remark 3 applies to a field E parallel to the z-axis, and 
Remark 4 to E perpendicular to the z-axis. The physical reason for the greater 
cross-section of Remark 3 is that it is easier to move charges along the axis of 
the cylinder than transversely. 


The example we have discussed has shown how complicated diffraction phe- 
nomena can be. Even Cartan's formalism, which makes the algebraic complications 
trivial, is not very effective for these analytical problems. However, the integral 
representation (9.4.6) is versatile enough that the whole range of diffraction phe- 
nomena can be derived from it, like rabbits pulled from a magician's hat. In general 
interference of waves renders the solution chaotic. Only in some limits the simple 
laws of geometrical optics emerge. 


(9.4.51) Problems 
1. Derive (9.4.49) for the energy-momentum forms (9.1.24) with 
ei4(o-0 


N7; 


pen — “i + 
Ja = ua, Un = € ae 5 Uscat = 


f(g). 


2. Derive the optimal theorem 


Oot = f d) a(t) = a reer, 


where f, as in (9.4.48) is defined by the asymptotic form of 


Eu. J„(qa) E eg 
u= Dy ener [nav - iy, Hy p| =s e  f(9)——. 
2i HÜ(qa) " 4 S a 
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Use the formula 


le uH PS 4 28 
HO = 2 qu» —— = ;ü — e^"), 6, real. 
n n 


3. Calculate the scattering cross-sections given in (9.4.50; 3) and (9.4.50; 4). 


(9.4.52) Solutions 
(r9) t UU p (T^) -" CHUONI » 2 
(9) Cae quu a q? TP 


Since |u(t)|? = (Re u(t)? + (Im u(t))? = (Re u(t))? + (Re u(t + x /2w)}, the use of 
the absolute value is equivalent to a time-average. 


fM) ; 1 SA naD- 
J g^? = ; D PLC (e? ôn DH” (gp). 


From the asymptotic expression 


H” (qp) = 2 gitao-(nx/2)~(x/4) 
"qp 


one finds that 
FO) = e-i7/4 Y e-i"? ei _ 1) "T f. UR 4 Y sin? à 
J/214 i -=r Q u--coo 
; I] i 
Re(e/"/* f(0)) = JS Xa (1 — cos? à, + sin? 6,). 
nq n=—00 


3. The cross-section of Remark 3 follows from (9.4.4; 2). As for Remark 4, 


= J, (qa) 
wes einl(x/2)-) e 90) uo J 
2 (qp) Hga) n (qp) 
2 F 1 4 
f@) = |—e "^ ue) +2cos 0 nuo Te 
Y xq Hy (qa) H; (qa) 
2 


Ie 


£ „,-in/4 ( 48 : x ; 
zi (£) (1 — 2cos 9)iz. 
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Gravitation 


10.1  Covariant Differentiation and 
the Curvature of Space 


The covariant derivative defines the rate of change of a tensor field in the 

direction ofa vector. Covariant derivatives in two different directions do 

not in general commute; their commutator determines the curvature of 
space. 


In field theory one has to deal with derivatives of vector fields, and in modern 
theories there appear quantities which are vectors not in space-time but in an 
internal space. In both cases one deals with vector bundles where vectors at different 
points are not canonically oriented toward each other. A chart-independent notion 
of a derivative requires an additional structure, the so-called connection. It will be 
the subject of this chapter. As one hopes that eventually space, time, and internal 
space will turn out to be only different directions in a unifying entity we start with 
some definitions which allow us to treat both cases in the same way. 


(10.1.1) Definition 


A section of a vector bundle V with basis B and projection TI is a map ®: B > V 
with II o ® = 15. The set of sections is denoted by So(V). 


(10.1.2) Examples 


1. The charged scalar field (9.1.21; 2) ® has two components g!, g? and can be 
considered as a section of the bundle B x R? where B is space-time. It associates 
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to x € B the point (x; big! (x) + b39?(x)) € V if bj» are a basis of R2, which 
is the fiber in this case. 

2. Besides the charged pions m* there exists the neutral pion 2° with about the 
same mass. Their description requires a 3-component pseudoscalar field ¢’, 
i = 1,2,3, where gy! + ig? describe z * and g? describes 1°. Thus the pion 
field is a section in a vector bundle with fiber R°, the so-called isospin space. 
There are many examples of similar internal degrees of freedom in particle 
physics. 

3. Vector fields (resp. 1-forms) are sections in the bundles T(B) (resp. T*(B)), 
So(T*(B)) = T?(B), etc. In our case B will be space-time, dim B = 4. Thus 
the fibers in T(B) will always be R*. Similarly tensor fields are sections of the 
tensor bundles. 


We shall encounter only situations where, in addition to their vector-space struc- 
ture, the fibers have another important property which deserves a name. 


(10.1.3) Definition 


A nondegenerate bilinear map (or sequilinear form for complex bundles) So(V) x 
So(V) —> C(B): (6, v) — (|Y) is called a fiber metric. 


(10.1.4) Remark 


So(V) is a module over C(B) and bilinearity implies (f|gwW) = fg(d|w) 
Vf,g € C(B). By nondegenerate we mean (D|V) = OVO e$, > VW =0 
at every point of B. 


(10.1.5) Examples 


1. In the Lagrangian for the charged scalar field or the pion field the combination 
> 9" (x) appears. It corresponds to the usual metric in R” and will be taken as 
the fiber metric for this bundle. 

2. On a Riemannian space M the metric defines a fiber metric in the bundle T (M). 
We have seen how it can be extended to T *(M) and the tensor bundles. 

3. On any manifold M the canonical 2-form on T*(M) defines a fiber metric in 
the bundle T (T*(M)). Note that the fiber metric need not be positive. 


Every element of a vector space can be expanded in terms of a basis {b;}, but for a 
vector bundle a basis for the sections may exist only locally, and not globally. In any 
case the metric is locally determined by its action on a basis, and for a symmetric 
metric it is expedient to use a basis where the metric assumes the normal form 


"m ; 2]* fori=j, 
(bi|bj) = Nij with nij = b fori # j 
(“orthonormal” or simply “orthogonal basis"). This requirement does not fix the 
b; uniquely: b; = bx L*; is also an orthogonal basis if L’nL = n. Even though the 
nix do not depend on x € B, the L may do so. 
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(10.1.6) Definition 


Let (bj) be a local basis of sections in a vector bundle with fiber metric (b;|b;) = 
nij- The transformations b; > b,L*; with L'7L = n are called gauge trans- 
formations. The L*;(x) form the same group for all x € B, the so-called gauge 
group G of the bundle. If the bundle is trivializable and L: B — G is a constant 
map one speaks of global gauge transformations. 


(10.1.7) Examples 


1. For the fields ® = Y^ big! with fiber metric (|) = Y 7 , 9" the gauge group 
G is O(n). 

2. In a pseudo-Riemannian space with signature (n, m) (ņ has n positive and m 
negative eigenvalues) the gauge group is O(n, m). 

3. In T(T*(M)) with the canonical 2-form as fiber metric the gauge group is the 
symplectic group. 


(10.1.8) Remark 


There are groups which cannot be characterized by the invariance of a quadratic 
form. To treat them as a gauge group one has to ascend to the next level of ab- 
straction and define principal fiber bundles where the fibers are the group manifold 
itself. In our cases the gauge group will always come from the invariance of a fiber 
metric and we shall not need this construction. 

For an exterior derivative of a section we still need a notion which combines 
sections and p-forms. 


(10.1.9) Definition 


The sections over the vector bundle B x V 8; ^p T*(B) are called p-form valued 
sections (or vector-valued p-forms), their set is denoted by S,.' They are a linear 
space, and the exterior product ^ maps E, x S, into S,,,. Thus ® € S, can be 
written ® = ^; bjv' with vi € E, and b; the basis in So. Given a vector field 
u € T} (B) we define an inner product i,: Sp > Sp—1 by 


iv = Y bj v. 
j 


So far there is no chart-independent notion of parallelism between fibers at 
different points. To define the derivative of a section ® we need a prescription how 
to parallel transport (x) to x + dx such that ®(x + dx) — (x) can be defined. 
This prescription will be expressed on the infinitesimal level by the connection. 
We shall wonder later whether and how this parallelism can be extended to the 


'@, denotes a product of bundles with the same basis. In it the fibers are the tensor 
product of individual fibers and the basis is the common basis. A, T*(B) is the p-fold 
antisymmetric product of the T*(B). 
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local or global levels. First we list some formal desiderata for the derivative and 
then successively narrow it down by requiring that it conserve further structures. 
To start with we want a derivative D, of a section in the direction of a vector field 
u to be linear in u so that one ought to be able to write it i, D, D: So > S,; hence 
we concentrate on D. 

(10.1.10) Definition 


A covariant exterior derivative D is a map S, — 5,4, with the properties: 
(i) D(®; + 2) = Do, + D2, oj € Sp; and 
(ii) D(® Av) = (DO) Av + (-1)?® Adv, ® € Sp, v € Ey. 


The 1-forms w*; appearing in the expansion of the covariant exterior derivative of 
a local basis b; € So, 


Db; = bo ;, "P € Ei, 
are called the linear connection or gauge potential. 


(10.1.11) Remarks 


1. Through the rules (i) and (ii) D is completely determined by the w’s. For instance, 
with the natural basis dx* in E; we can write 
1 i(a) a a 
— Y big’ dx ^. A dx” 
P! ig) 


$ = 


and with the rules (10.1.10) D® becomes 


1 ; , 
DO = — bi (dy! + wi 9) A dx"! ^ --- A dx, 
i (æ) 
1, (0t 


2. Since the b; need not be defined globally, the w will not be either, even though 
D exists globally. 

3. w can be considered as an element of S1(L(F)), a 1-form valued section of the 
bundle over the domain of the b; with the linear transformations of the fibers F 
as fibers. In this sense one might use the shorthand D = d + w ^. However, 
one has to keep in mind that under a change of the basis in F the w’s do not 
transform the way elements of S1(L(F)) do. 


(10.1.12) Transformation of the Gauge Potential Under Gauge Transforma- 
tions 


Under a change of the local basis b — bL, L € So(L(F)) the c transform as 


o> L^oL-4L' dL. 
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(10.1.13) Remarks 


l.dL € Si(L(F)) is to be understood as the matrix with elements dL, if the 
change of basis is b, — b, = b; L' x. Thus, with index notation 


à, = (L'Y jo! LI, + (Ly j dL. 
2. The transformation law follows from the rules (10.1.10): 
b=bL => Db=(Db)L+bdL —boL +bdL =b(L'oL + L`’ dL). 


3. Looked at from the point of view of the components g' of 6 = Y^ big! € So 
one can say that the components d + w',g* of D transform like g! under 
the gauge transformation o^ — g' = (L~')',g*. The inhomogeneous term 
(dL~')® is cancelled by the corresponding term in the transformed w since 
LOLededgL Le--LL. 


(10.1.14) Examples 


— 


. It may happen that some basis b; is covariantly constant, o, = 0. In another 
basis b, = b; L', we have then 


Db, = bj(L !y; dL',. 


If there is no global basis it is therefore not clear whether there is a D with 
w = Oonall of B. 

2. The model (9.1.21; 2) of a charged field can be written in suitable terms of 
two real fields o! = /pcosS, y* = J/psin S or one complex field = 
9! +ig? = J/pe'5. To get a vector bundle we have to allow p to vary over Rt. 
In this case we have the fibers F equal to IR? or C and the bundle V = R^ x F. 
In the Lagrangian (9.1.20) occurred the combination d +i Ag (or d! +œ' q^, 
e, = D 5) A(x)), which is a covariant exterior derivative in this bundle. 
S — S + ^ corresponds to a change of basis in which case A undergoes the 
gauge transformations A — A + dA. Here the gauge transformation and the 
connection involve only the matrix ( ho a and therefore the L cancel out 

in L^ oL. 


So far our motivation for D was more formal. Its geometrical significance be- 
comes more apparent when one defines the covariant derivative in the direction of 
a vector field over B. 


(10.1.15) Definition 


Given a vector field u € 7) (B) the covariant Lie derivative is defined by 


Ly = iyo D+ Doi, 
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It maps S, into S,. The particular case p = 0 is called covariant derivative and 
is denoted by D, :— i, o D. 


(10.1.16) Remarks 


1. Recall how the inner product i, was defined. The quantity can be expressed 
more explicitly as o = Y^; big! € So 


Lu® = D,6 = Y bdo! lu) + (o's wg"). 


2. For £,, as for L,, the Leibniz rule C,(v A 6) = (Luv) A 6 + vA Lu È holds. 
Generally L fu # f Lu, except that for D, we have Vf € Eo: Dy, = f Dy. 

3. Following the construction of the tensor bundles 7 (M) out of T(M) one can 
associate to V its dual bundle V* and the tensor products 


The differential processes D, and thus £,, can be carried over to the sections 
$5, (V7) by postulating the Leibniz rule for p = 0, 


D(6;806;-—(Doj)&0,-0;&9 Db; for ; € SV), 
and the invariance of the map 


(So(V*) x So(V)) > Eo(B): 
D(VW|$)-—-(Dw|b)xr(w|DÓó) | weS«(V*, Ee SV). 


D(V|6) = d(W|®), because D = d on the scalars. In particular, for the dual 
basis b*/, (b |b) = ôi, we infer from dó/, = 0 that Db* = —w/,b**. 
One typical example will be S(L(F)) where L(F) is identified with F & F*: 
If L(F) 5 L = } viw, vj € F, w; € F*, then L -u = Yi vi(wi|u). Again 
Lu depends only on the direction of u and not on its derivative when applied to 
So(V; ), where it is denoted by D,,. 


(10.1.17) Geometrical Signficance of the Covariant Derivative 


Asamap B — V,asection ® € So(V) also maps T(B) zm T(V). With reference 


to a basis this can be written: x — (x, g'(x)), 


T(®): (x, v) > (« g(x); v, 3 : 
ax 
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If we identify F and T(F) this looks schematically as follows: 


e 


ui (dolo) 


TB) 
x 


What we now want for D,(®) is the change of the vertical part of ® (in the 
direction of F) as one goes in the direction v of B. However, there is no preferred 
horizontal direction in T(V)—only the vertical direction is defined by T(II). For 
the components in the vertical direction we need a preferred horizontal direction. 
The latter is defined by the 1-forms —w!, which can be considered as map? 


(x, v) > (x, eG; v, ^ (o ,|1v)g^). 


As the difference between the two maps D, (®) measures the change T (®)v relative 
to the horizontal direction given by w (see the following illustration). Thus D, ® 
should be looked at as the change of ®, € F as one proceeds in the direction of v. 
It comes about because the components change by (dq' |v) and the basis is rotated 
by (œ lv). 

A section whose vertical component does not change will be one with D, ® = 0 
Vv, that is, Db = 0. Such a section is termed covariantly constant; equivalently, 
®, € F is parallel-transported as one moves in B. If one has a covariantly constant 
basis the w’s are zero and the covariantly constant vectors are the ones with constant 
components. In this case the notion of parallelism given infinitesimally by D can 
be extended to the domain of this basis. One can see on T (S?) that in general 
the extension even to the local level might be impossible. There the standard 
prescription for parallel transport along great circles is to keep the angle with them 
fixed. If one now takes a vector at the north pole and transports it to the south pole 
one arrives at vectors pointing in different directions if different great circles are 
followed. Even for points which are a small but nonzero distance apart the above 
description does not lead to a unique result. Obviously, a necessary condition for 
D® = 0 is DD® = 0. Unlike d the square of D is not identically zero. It turns 
out that D o D does not depend on the derivatives of the section one applies it to; 
rather, our rules (10.1.8) say 


(10.1.18) 
DD(f ^9) = D(df ^ +(-1)' f ^ Do) 


? Analogously to x, the sum +, of vector bundles is defined such that the fibers are the 
sums of the constituent fibers and the basis is the common basis. 
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— ddf ^ --(-1f*'df ^ D® -(-1* df A Db 
+ fADD®=fADD® VfcE, Des, 


T(F) 


T(V) 


(dv) 


T(B) 
D,(0) 


- (v,|v)o* 


The geometrical meaning of D,. 


Thus DD® € $,,5 can be linearly expressed by ® and thus defines a 2-form with 


values in L(F). 


(10.1.19) Definition 
The curvature form Q € S;(L(F)) is defined by 


DD®=QA 9, Pe Sp. 


(10.1.20) Remarks 


1. Q is determined by its action on a basis Qb; =: bQ; since (10.1.19) shows 
DDbjo! = b,G* o. Now 


D Db; = D(bo*;) = bk dak; + bro“ j ^ o'i 
and we arrive at “Cartan’s second structure equation” 
Qi, = do), + o ^ wg. 


(In the tangent bundle of space-time we shall use the letter R for Q.) Considering 
w € Sı(L(F)) one may write this more compactly as Q = dw + w ^ w. Since 
matrix multiplication is not commutative, w ^ v # —v ^ o for matrix-valued 
1-forms, and w ^ w need not vanish. 

. For the connection (10.1.13) in V = R* x IR? with the Abelian gauge group 
AQ) the term (w ^ &)', = A ^ Ae! je, vanishes since A ^ A = 0 and Q, = 
d Ae, = Fe', E'k = E: s 

the curvature of this connection. 


)) Thus the electromagnetic field F = dA is 
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3. Because of (10.1.19), with a change of basis b; > b; = b,L^j, 
DDb, = bj, Lk; = b,Q*;, 


which shows that oe "T 
Q', = (L'Y 0 mL"k. 


Thus Q, in contradistinction to w, transforms under a change of basis as an 
element of S2(L(F)) ought to transform. One can verify (Problem 4) that the 
inhomogeneous terms in the transformation law (10.1.12) do cancel out in the 
combination dw + w ^ w. 

4. To see the significance of Q for the directional derivative we have to use the 
identity 


(10.1.21) (ivi DD)® = i, Di, D® — i, Di, DỌ — Dy, jo 


for ® € So (Problem 7). It tells us that if we have two vector fields with [u, v] = 
0, so that they form two-dimensional surfaces, then (D,D, — D,D,)® = 
(i,i, Q)®. We see that Q measures the difference between the covariant changes 
of ® by first proceeding in the direction of u and then in the direction of v and 
secondly by coming to the same (infinitesimally adjacent) point by proceeding 
in the opposite order. 


We return to the question of covariantly constant sections. D® = 0 means that 
for the components of ®, 


(10.1.22) d! + of ,q* = 0. 
This implies 
(10.1.23) 0 = dlog") = (do, +o j ^w )g* = Qul. 


Thus a covariantly constant section has to be an eigenvector of the matrix Q(x) 
with eigenvalue zero at each point x € B. If we have a covariantly constant 
basis, then Q has to be zero since its action on a basis gives zero. This also 
follows from the fact that in such a basis w = 0 and therefore Q is zero, and Q 
transforms homogeneously under a change of basis. Conversely, Q = 0 implies 
do! , + œj ^ wk = 0 which are the integrability conditions for the system 
(10.1.22). Frobenius's theorem [41, Vol. I] tells us that they are also sufficient for 
the local existence of solutions of (10.1.22) with arbitrary initial conditions. This 
situation deserves a name. 


(10.1.24) Definition 


A connection of a vector bundle is called locally flat if one of the two equivalent 
conditions hold: 


(i) € = 0; and 
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(ii) there exists (locally) a covariantly constant basis. 


(10.1.25) Remarks 


— 


. If the bundle is parallelizable, that is, there is a global basis, then we get a flat 
connection by declaring this basis as covariantly constant. However, flatness is 
a local property, and a flat bundle like the Möbius strip need not be a product. 
Even if the tangent space of a manifold is a flat product bundle the manifold 
need not be an open set of R” but can have different global properties, as is the 
case for T". 

2. Flatness is an intrinsic property of the manifold: €2 does not reproduce the 

curvature of a surface as imbedded in, say, R?. Q vanishes for a cylinder because 

it could be rolled out flat on a plane without affecting its metric and thereby its 
intrinsic structure. 


The covariant exterior derivative D can be extended in a natural way to S, (L(F)) 
(see (10.1.16; 3) and when applied to Q it yields 


(10.1.26) Bianchi’s Identity 
DQ - 0. 


(10.1.27) Remarks 
1. For the components (10.1.20) of Q = b, Qk; b* we see from (10.1.16; 3) that 


0 = DQ = b,(o/ ,Q* ; + dQ"; — Qa! jb), 


or 
i 1 k 1 k 
dQ’ j = —w', AQ; HUA j. 


This relation is proved in Problem 6. 

2. One might think that Q = Dw and thus D? = 0 on w. However, it has to be 
noted that although €? is a covariant exterior derivative of w, in the sense that 
Q transforms like L(F) under a change of basis, this D is not the one used in 
(10.1.26) since w does not transform like S1 (L(F)). Written in components as 
above we would get 


(Doy y = do/, + 2a | A alk, 


which differs from Qf; by the factor 2 in the last term. 


Our general considerations so far do not constrain w any further. We shall now 
impose restrictions on the covariant derivative which finally determine it uniquely 
from the fiber metric. 

The fiber metric defines a scalar product in F and thus maps S, (V) x So(V) into 
E (B). We shall require that the connection conserves this structure in the sense 
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that the derivative of the scalar product contains just the derivatives of the sections 
involved. 


(10.1.28) Compatibility of the Connection with the Fiber Metric 
In a vector bundle V with fiber metric (|) we shall require that 
D(V|$) = d(w|oó) = (DV|$) -(-1)? (V|D9), VesS,V) Pe So(V). 


Such connections will be called metric connections. 


(10.1.29) Remark 


For the w’s this imposes the condition 
0 = dni, = d(eilex) = (Dejlex) + (e;|Dex) 
=o! j(e; | ex) + (eile jo k = ol ing t emi. 
Thus if the 7 are symmetric, cj, :— o kni j has to be antisymmetric: 
(10.1.30) Wik = Wki. 


This means that cj, (x) cannot be an arbitrary element of L(F), but must belong to 
the Lie algebra of the gauge group. In our cases, for the inner gauge symmetries G 
will be an O(n) or U (n) group, while for the space-time symmetry we have O(3, 1). 
For an arbitrary basis with (e;|ex) = gik (10.1.30) generalizes to dgik = Wik + eji. 
(10.1.31) Examples 


1. The Lie algebra of the one-dimensional group O (2) consists of the multiples of 


( ae j and the connection (10.1.14; 2) conserves the O(2)-invariant fiber 


-1 0 
metric (|) = (o! Y? + (p? since »/, = wik = —oy. 
2. In the tangent bundle of a Riemannian space nik = ô; and thus v, = —w*;. 


For the pseudo-Riemannian space-time we have 


—-] ifi=k=0, 
Nik = 11 ifi =k = 1,2,3, 
0 otherwise. 
Hence w, = —w*; for i,k = 1,2, 3, wio = w?;, and o; = 0. 


Finally we shall study special properties of the tangent bundle of a Riemann- 
ian space. To indicate that we are considering this special case we shall denote 
the curvature in T(M) by the traditional letter R. First, we use the fact that in 
this case the sections So(T(M)) can be naturally identified with the vector fields 
To (M). Since vector fields 7) (M) map E; into Eo they also map S1(T(M)) into 
So(T(M)) = TQ (M). The vector-valued 1-form which produces the identity map 
in this way has a special name. 
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(10.1.32) Definition 
If the b; form a local basis in 7) (M) and e’ the dual basis, (e'|b;) = ô j, then 


6:= yo bi Qei e S(T(M) 


is called the soldering form and T :— DƏ the torsion. Metric connections with 
T — O are called torsion-free or Levi-Civita connections. 


(10.1.33) Remarks 


1. DO = Y, bi(de! + o, ^ e*), and for a torsion-free connection we have de! = 
—qw!, ^ €. Unless specified otherwise we shall only consider torsion-free metric 
connections. 

2. In Problem 11 it is verified that T = 0 is equivalent to Dy Y — Dy X = [X, Y], 
X,Y € T), orto(Dxu|Y) — (Dyu|X) = (du|X 8 Y, u € T 


(10.1.34) Examples 


1. In a flat Riemannian space we have o», = 0 in the covariantly constant basis. If, 
in addition, T = 0 we see from (10.1.33; 1) that de! = 0, or locally e! = dx’. 
Therefore R = T = Oimply the local existence of a natural covariantly constant 
basis in Ej. 

2. Consider polar coordinates in IR2XV (0). The metric is g = dr? + r? dg? = 
el Q e! + e? Q e? in the orthogonal basis e! = dr, e? = r dq. From de! = 0, 
de? = dr ^ dg we conclude that for a torsion-free connection which preserves 
£,01? = -œan = -dy = —e*/r, wn = wx = 0. Thus Rx = day + 
wi! ^ wx = 0. With a connection for which the orthogonal basis is covariantly 
constant we get the torsion b; de? = (1/r)8q @ dr ^ dg, since the dual basis 
is bj. = ðr, bı = (1/r)8g. It can be verified that in this case the relation 
DyY — DyX = [X,Y] from (10.1.31; 2) is violated. If we take X = by, 
Y = b, the left-hand side vanishes since the basis is covariantly constant, but 
[b;, b2] = [8r, 1/r]óg = —(1/r?)dg +Æ 0. This definition of the connection 
could be made concrete by bending a rectangular crystal into a ring so that the 
atoms sit at the points r = nro, p = mgo for n, m € N (Figure 10.1). If we 
lived in such a crystal and defined parallel transport by the lattice of atoms in 
the usual way, then our space would have torsion. 

. The sphere 5? with the metric g = R?(d0? + sin 0 dq). In the orthogonal 
basis e! = Rd0, e? = Rsin0 dg we have de! = 0, de? = Rcos0 d0 ^ dg, 
and therefore w2 = —@2; = — cos 6 dg. This gives rise to a curvature 


we 


1 
R', = dol, = sin dd Ady = rd ^e. 


4. The Lorentz hyperboloid H = {(x, y,z) € R*:x? + y? — z? = R?) and g 
= restriction of dx? + dy? — dz? to H. In cylindrical coordinates (x, y) = 


10.1 Covariant Differentiation and the Curvature of Space 445 


FIGURE 10.1. The bent crystal, a model of a space with torsion. 


p (cos ¢, sing) we find thate! = R dp// p? — R? and e? = p dg are an orthog- 
onal basis on H: gjy = —e! x e! +e? x e. de! = 0, de? = dp Ady > o; = 


—e?, = ~y/p?/R?—1dg > Rl; = do'; = -oR? [A p? [RH —1dp ^ 


dg = —R~e! Ae’. 


(10.1.35) Remark 


In Example 2, those w’s imply for the covariant derivative that 
el e 

Dye? -2-(g|X)—, | Dye! = (e?|X)—. 
r r 


If X has only the 1-component, then the Dye’ vanish. The covariant derivative 
of e! in the 2-direction is a rotation, which is faster for smaller r. This accords 
exactly with the following intuitive picture of the rotation of the local basis in polar 
coordinates. 


The rotating basis of polar coordinates. 


We have seen that the two conditions of invariance of g under parallel trans- 
port and absence of torsion imply the relations (7.2.25). There it was stated that 
they determined the connection w. We shall now verify this claim by an explicit 
expression for w in terms of the derivatives of g. 
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(10.1.36) Calculation of the Affine Connections 


(a) In the natural basis, ef = dq’: The Christoffel symbols l';;, € J,’ occur 
in the decomposition of cj; in the basis, v; = l';j, dq*. 
Since in the present case de = 0 = l'ij dq! ^ dq‘, they are symmetric 
in j and k. In this basis, dgik = gik. dq', so the [s are determined by the 


facts that 
Bik = Vj + Tij 
and 
Lijk = Vu, 
which are solved by 
(10.1.37) T'ju = $8 jet + 8ijk — 8u.j)- 
Since this solution is unique, we see that our axioms fix D uniquely (Prob- 
lem 5). 
(b) In an orthogonal basis: From dg;, = dnik = 0 = wik + wki, together with 


(de! jer & ei) = —(w!; Ae! lex Q ei) = (vei) — (ile). 
one can derive 
(10.1.38)  (wejlei) = 3[(de;lei & ex) + (dele; & ei) — (deilex 8 e;)] 
(Problem 5). 


Next we study the special features which arise because a flow in the base mani- 
fold induces in a natural way a flow in all the tensor bundles. Thus the Lie derivative 
of a section with respect to a vector field in B makes sense, and we can study the 


(10.1.39)  Commutator of the Covariant Derivative and the Lie Derivative 


We noted in (10.1.21) that for vector fields u, v, X the commutator (D, D, — 
D,D, — Dy,4)X = (ii, R)OX =: R(u, v)X does not depend on the derivative 
of X but defines the curvature. One can derive a similar relation for DL, — L,D 
using (10.1.21) and the fact that the Lie derivative L, (like D,) applied to the 
inner product of a vector with a 1-form just takes the derivative of both: Lyi, X = 
ir,uX t i, L, X. (For the inner product of forms this is true only if v is a Killing 
vector field.) Remembering that [X, Y] :— LxY = —LyX = DyY — DyX, we 
find 


((DL, — L,D)X|u)  DL,X — L,D,X + DX 

= D,D,X — D,Dxv — Dy X — D,D,X  Dp,xv 

= R(u,v)X + Dp,xv — (R(u, X)v + Dx D,v + Dy,xyv) 
R(u, v)X + R(X, u)v + Dp, xv — Dx D,v — Dp,xv + Dp,uU 
R(X, v)u — (Dx Dv|u). 
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In the last step we used a cyclic property of R derived in (10.1.44; 2(c)) and 
DxD,v = Dyi,Dv = ip,,Dv + i, Dx Dv = Dp,uív + (Dx Dv|u). Thus we see 
that the commutator does not contain any derivatives of X but second derivatives 
of v. 


(10.1.40) Commutativity of D and * 


In (7.2.16) we extended the scalar product (|) as the interior product i,. The gen- 
eralization of (10.1.28) for i, is Dxi, = ip,, +i, Dx, as used above. In particular, 
we see that Dye = 0, since 0 = Dxy1 = Dx (ele) = 2(Dye|e) and e is not degen- 
erate. Therefore Dyi,€ = ip,,é and thus Dy*v = *Dyv. Here E, is identified 
with So(^p T*(B)) and not with S,(7*(B)). Thus Dy on E, cannot be written as 
ix D where ix is the map E, — Ep- in which sense it is to be understood here. 

In a pseudo-Riemannian space vector fields define directions in the vector bun- 
dies. Thus the covariant derivative Dy distinguishes the vector fields that are 
consistent with it in the sense that a vector translated parallelly in its own direction 
from some point equals the vector at the neighboring point: 


(10.1.41) Definition 


A vector field X such that Dy X = 0 is called a geodesic vector field. 


(10.1.42) Remarks 


1. The connection with the geodesic lines: Let z(s) be a streamline of a geodesic 
vector field X, that is, z(s) = X (z(s)). Then the components of z in the natural 
basis satisfy the equation Z' = —T" j,z/ z*, because with Remark (10.1.16; 3), 


0 = Dy(X'8)) = (Xİ ,X* + (o/ j|8))X? X*)8, 


and d 
#(s) = Exi el) = X! i. 
ds 


From (10.1.36(a)), (v ;|d,) is just T^ jk, and we obtain exactly the geodesic 
equations of motion (1.1.6). The shortest lines are thus the straightest, in the 
sense of the tangent vector to a curve being transformed into itself under parallel 
transport along them. 

2. The connection with Killing vector fields: Remember that for a Killing vector 
field X we had Lyg = 0, whereas Ly X = 0 for any vector field. In contrast, 
for the covariant derivative Dy X = 0 holds only for geodesic vector fields 
whereas Dyg = 0 holds for any vector field. In general “Killing” does not 
imply “geodesic” or vice versa. There is, however, the following relation: Let v 
be a Killing vector field (8.1.9), so that L,(X|X) = 2(L,X|X), and let X bea 
geodesic vector field. Then 


Lx(v|X) = Dx(v|X) = (Dxv|X) = (D,XIX) — (LXIX) 
= DXX) — L,(X|X)) = 0. 


448 10. Gravitation 


Consequently, the component of a geodesic vector field in the direction of a 
Killing vector field is constant along a geodesic line. This reveals a new signif- 
icance of a Killing vector field v, that it provides a constant of the motion of a 
particle in a gravitational field, namely the component of the four-momentum ż 
of the particle in the direction of v. 

3. If one vector field in an orthogonal basis is also natural it is geodesic. To see this, 
let X be this vector field and v be either X (then (v|X) = +1) or a member of a 
natural basis orthogonal to X. In any case (v| X) is constant and with (10.1.33; 2) 


0 = Lx(v|X) = Dx(v|X) = (Dxv|X) + (v|Dx X) 
= Dy3(X|X) — (LyX|X) + (v|Dx X). 


Now (X|X) = +1 so the first term vanishes and L,X = 0 since the Lie 
derivatives between members of a natural basis vanish. Therefore all components 
of Dy X are zero. 


In a pseudo-Riemannian space the curvature forms are not arbitrary, but are 
subject to certain algebraic conditions which we now enumerate: 
(10.1.43) Algebraic Identities Satisfied by the Curvature Forms 

(a) Rij = —Rji; and 

(b) Rij ^e =0. 


Proof: 


(a) This fact is independent of the basis. If the basis is changed by e = Ae 
(Problem 4), then R — ARA™! and g — A^!g4A-^!, and thus Rij = 
gi R*; = (gR)ij — (ACIgRA !)i, which preserves the antisymmetry. 


Fact (a) is obviously true in an orthogonal basis, since wij = —«wj; > 
Wik ^ ok; = —a@j ^ wit = —Ojk ^ o ;. 
(b) 0 2 ddé! = —d(ol, ^ e) = —Aik ^ e. o 


(10.1.44) Consequences 


1. The m 3-forms (b) we get from the (7) 2-forms vanish. In the absence of 
other algebraic conditions there are consequently 


mV m\ mm? — 1) 
(2) -(1)- p 


independent components of the curvature. In one dimension, there is no cur- 
vature 2-form, in two dimensions there is one, and in four dimensions there 
are twenty. However, many of the components can be made to vanish by suit- 
able choices of bases and coordinate systems. Let us take an orthogonal basis, 
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to fix the g;, as nig, and try to find how many invariants can be constructed 
from the m?(m? — 1)/12 components of Rj, and the m? components of the e' . 
There are m? functions 9x' /x/ available from a possible change of coordi- 
nate system and m(m — 1)/2 components of A (since AnA’ = n), with which 
to make m? --m(m — 1)/2 ofthe total of m? --m? (m? — 1)/12 components van- 
ish. There remain m?(m? — 1)/12—m(m—1)/2 = m(m—1)(m—2)(m+3)/12 
invariants. This simple argument does not work in two dimensions, however. 
Moreover, we have only imposed the algebraic conditions, and there may 
be some differential dependence among the invariants as well. 


. If R ; are decomposed in a basis R'; = jR jim €" , then the Riemann- 


Christoffel tensor Rj jim = Zin R” jkm obeys the equations (Problem 8): 
(a) Rijkm = —Rijmk; 
(b) Rijkm = —Rjikm; 
(c) Rijkm + Rikmj + Rimjx = 0; and 
(d) Rijkm = Rimij- 
. If Rj, is written in terms of the contractions ie, R^, = R’ jj, e" =: Ry € Ej 


and ig, R* = Rik jk =: R € Ep in such a way that the contractions of the 
remainders vanish, then those remainders define the Weyl forms C j,: 


R R ^er + d 
mm Dm 


mos Mee AE re 


It is clear that the C;; also satisfy (10.1.23), and by construction i,, Ci, =: 
C, = 0 (Problem 9). Because ie, Rk = ie, Rj, the equations C, = 0 pose only 
m(m + 1)/2 independent conditions, which leaves m?(m? — 1)/12—m(m+1)/2 = 
m(m + 1)(m + 2)(m — 3)/12 components for the C;;. In three dimensions all Cj; 
are Zero; they first occur in four dimensions, with ten components. The C' ; are 
important because they remain invariant under conformal transformations g — 
fg, f € Eo (Problem 10), and in particular they vanish on all conformally flat 
spaces. Conversely, if C = 0, then g = fn [44]. 

We conclude the section by collecting the formulas that connect the metric and 
the curvature, to lay the foundation for later calculations: 


(10.1.45) 


8 = gue Q e 
dë = -wj ^el, 
dgiy = gij9 k + x! g ji, 
R' = dol, Tto; Ao! ,. 


(10.1.46) Problems 


1. Find au such that (du| X & Y) = (Dxu|Y) — (Dyu|X) is violated in Example (10.1.34; 2) 
with torsion. 
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2. Use (7.2.26; 3) to calculate the w’s for the plane with polar coordinates. (The w’s vanish 
for dx'?, so set & = A‘, dx*, and compare with (10.1.34; 2).) 


3. With the help of (7.2.26; 3), find a necessary and sufficient condition to make the w’s 
vanish by a change of basis. 


4. Show that for b = bL, we have Q = L^!QL. 
5. Derive (10.1.37) and (10.1.38). 
6. Prove (10.1.27; 1). 


7. Show (10.1.21) by verifying the more general relation for w € S;: 
ii, Do = i, D(om|v) = i,D(wļ|u) T lg jo. 


Hint: w can be written Y^, b;v', b; € So, v! € E, and because of linearity it suffices to 
show the relation for one term. Use 


iyi, dv = i,d(v|v) — i,d(v|u) — iy yv for ve E;. 


8. Derive the equations (10.1.44; 2). 
9. Show that i,, C7, =: C, = 0. 
10. Suppose that & = fe! but 2,, = gi, such that g = f?g. Show that Cj, = Cx. 


11. Show de’ = —w/,e & (Dyu|Y)—(Dyu|X) = (du|X &Y) & DxY —Dy X = [X,Y], 
X, Y € Tj, u € T and e/ a basis in T,°. 


(10.1.47) Solutions 
1. u = e; de? = dr ^ dg x 0, but Dye? ought to vanish for all X € TJ. 


cosp sing 
—sing cosg 


—sing cos 
—cosg -sing 


2.A- 


, dA=dy 


, —dA-.A'=dg 


0 -1 

1 OV 

3. Choose A so that dA‘, = o, A!,. As remarked in (10.1.20; 3), it is both necessary and 
sufficient for solubility that d(w‘,A',) = R‘,A', = 0, and therefore R', = 0 © o, = 0. 

4.0 = L^loL +L" dL, 


dà t 6^ó0-(dL')^oL--L 'doL — L“'wdL + (dL) AdL 
+ (LoL + L7' dL) a(L~oL L^ dL) 
=L dwtono)L. 


Lij + ju = gj 
Dj + Vis = gjas 
Vag — Tey = —£u.j, 
QD ju = gj + gj — &u.j- 
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Let (de;le; ® ex) = (de;)ix, etc. Then 


(dej) = (wji) — (wjr) 
(dex) ji = (wx; )i - (oxi), 
—(deià = —(@x); + (wij) 
(dej) + (dex) ji — (dej = Uwr )i. 
6. 


dido j +w, ^o';) = dw, Nw’; ws Ado’; 
= QQ, A; -— oi, AQ; -w Aa, Aw; +0, ^o Aw; 
= Q', Aw; — Q', ^ Q';. 
7. Insert w = bv, b € Sg, v € Ey: 


li, Do = (i, DbY(i,v) a (i, Db)\i,,v) 
+ b(i,d(i,v) sh i,d(i,v) = iq, yv). 


This equals 


iy D(olv) NE i, D(w|u) = TONS = i, D(bi,v) Eu i, D(bi,v) Rs bi, v. 


(a) holds because both sides are components of a 2-form; 
(b) follows from (10.1.43(a)); 


(c) 0 = Ri; ^e = R' i, e/*". Because of (a), only the cyclic permutation remains in 
the sum; and 


(d) follows from (a)-(c): 


Rijkm eme Rikmj s Rimjk = Reimy + Ryijk 
Ey Renji = Ri jim d Rinjki a Rinkij 
= 2Remij + Rijim +. Rink == 2Rimij <= R jimk > 2Rijkm = 2Ri;. 


9. Because i,, e! = m and eli, c = pw for all w € E,, we find 


"P —R(m — l)e, 1 
R; = ie, RI, = —————— + — — [Reg — R, — R E |, —0. 
k = le, Ik (rin 1) T ey — Rk Re+mR} +C > C. =0 


10. It suffices to show that Rj, = Rik + Vi ^ ey — v, ^ ej for some v; € Ej. Because 
dë = df ^ e! T f dé = —àl, ^ a and Wik + Oki = Wik + Oki, 


Dix = wik + (dflei)ex — (df lex)e;. 
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In a natural basis, e, A w*,, = 0, and therefore 
((dflei)es — (dfle;)ei) Nw, = w ^ei, vy = (df les)o*,, 


and 
dai, — doy = Vi ^ ey — Vk ^ êi, v; = d(df |e;). 


11. 


(a) €: (de|X 9 Y) 
= (Dxe!|Y) - (Dye|X) = —@/ | XXe lY) +l Y)e^1X) = -w Ae |X @Y). 
=> Ifu = fe, f € Eo, then du =df ^e + f de and Dyu =ix(df Ae+ f De). 
Thus the first term also satisfies the equation. 

(b) Remember that (du|X & Y) = Lx(u|Y) — Ly(u|X) — (u|[X, Y]) and Lx(u|Y) = 

Dy(u|Y) = (Dxu|Y)  (u|DxY). 


YS 


10.2 Gauge Theories and Gravitation 


Energy and momentum imprint a structure on space and time through 
Einstein’s equations, which equate the energy and momentum forms to 
quantities constructed from R" g}. 


To derive the field equations with the Lagrangian formalism one needs a 4-form 
as Lagrangian density. However, to get fields equations which are consistent one 
has to make sure that the action functional has a stationary point. We have seen 
in $8.1 that in Maxwell's theory this is the case only if the current is conserved. 
In 89.1 the current was derived from a scalar field S and the field equations for S 
were just the requirement that the current be conserved. We shall now study this 
phenomenon more generally with a scalar field b = ,/pe' 5 where the density o 
is no longer constant. Instead of the complex field o we shall use two real scalar 
fields o! , o? with 6 = o! +ig?. Expressed in terms of these fields the Lagrangian 
(d +ieA)p ^ *(d + ieA)g of (9.1.21; 2) becomes 


|é i, * i i i i k 0 -1 
(102.1) -4 PDOA Do, (Do) = de kee's Ag", e=({ "d 


izl 


in the notation (10.1.14; 2). Another term invariant under the local gauge transfor- 


mation would be a “mass-term” — 1m? J`, 9' ^ *g'. The general total Lagrangian 


(10.2.2) £ — -4dA ^*dA — 3 9 (Doy ^'(Doy + m9! A*y') 
i 


is invariant under A > A -- dA, g — eg, A € C(R?), and the linear 
dependence of the action W = f £ on A which prevented W in (8.1.3; 1) from 
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having stationary points is absent. Thus there is hope that the Euler equations 
which result from (10.2.2), 


(10.2.3) dF = —*J, D*D® = m**®, 


with Ur 
tf a. esio A*(Dg), 


are consistent. Indeed, d*J = 0 is a consequence of the equations for $. To see 
this most directly consider the variation of £ with d: 


[ac 8f XJ 
m ó = ; S -ATP rud MENTA — . 
(10.2.4) £ LN E iaa | (En x 


The Euler equations require that [ ] = 0, and for 8^ the change ® > e ^*^ 
yields 5£ = ed(Ae&/,q* ^*(Dq)) to first order in A. If we choose a global gauge 
transformation (d A = 0), the invariance of L guarantees ôL = 0 = —d*J. 

Next we shall extend these considerations to the non-Abelian gauge group O (3). 
In this case ® has three components, and one might think that in (10.2.2) one just has 
to take 5 '; from one to three. However, now there are also three gauge potentials, 
and dA is not invariant under the gauge transformation A > L^! AL + L^! dL 
(see 10.1.12). This suggests replacing dA with DA = Q (see 10.1.20; 1), which 
transforms as (DA) — L^ AL. Thus the bilinear expression tr Q ^ *Q = Qi, A 
*Q*; is gauge invariant and seems to be a good candidate for the Lagrangian of 
the gauge field. Such a Lagrangian was first proposed by Yang and Mills and later 
turned out to describe the strong and electroweak interactions if further fields are 
added. 


(10.2.5) The Yang-Mills Lagrangian 
£ — 3t DAA*DA — (Do ^*Do) — im? (6 ^*9). 


(10.2.6) Remarks 


1. We used the notation (P ^ V) = 5^. gy! ^ v for the scalar product in the fibers. 
2. Although we were thinking of O(3), the Lagrangian (10.2.5) has the same 
appearance for all O(n). 


The Euler equations derived from (10.2.5) are similar to (10.2.3) except that 
now the Maxwell field F is replaced by the curvature Q. Here we just state the 
results, as we shall go through the details of the variational procedure in (10.2.15). 


(10.2.7) The Yang-Mills Equations 


ac 
d*'Q2-*J:;-—, D*D® = m?*4. 
8A 
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(10.2.8) Remarks 


1. 


2. 


Uo 


The derivation of (10.2.7) follows the lines of (8.1.7): one just notes that *Q = 
0/8 d A, since both factors in Q ^ *Q = *Q ^ Q give the same contribution. 
To get more explicit expressions one might use a basis b; for the Lie-algebra 
= (3 x 3 antisymmetric matrices) which diagonalizes the trace. If tr b, bg = 
—ó,g and A = $^ b, A", A" € Ej, then the curvature  — ^ b, F^ has the 
components 

F* = dA" + tcg,“ AP ^ AY 


according to (10.1.20; 1). For O(n) o goes from 1 to n(n — 1)/2, whereas for g! 
i goes from | to n. The cg,“ are the structure constants of O(3) with this basis: 
bgb, — bybg = cg," b,. With this decomposition the Lagrangian of the gauge 
field becomes £f = —3F* A *F?. 


. Since the F“ do not depend on dA only, but also on A, there is a contribu- 


tion —3 L /9A* = cag” AP A *FY to the current *J. This does not appear in 
Maxwell's theory and means that the Yang-Mills equations are nonlinear even 
in the absence of the scalar field. On the other hand, the contribution of the scalar 
field to the current (b^),/9* ^ *(Dd) has the same structure as previously. 


4. The consistency of the Yang-Mills equations requires d*J = 0. This follows 


indeed from the variational principle, as can be seen by considerations similar 
to the preceding ones. A gauge transformation L = 1 + b, A“ with dA?" = 0 
and A" — 0 generates 8A" = cg,“ AP AY , and since 5£ = 0 the generalization 
of (10.2.4) tells us that 


A* d(cga* AP ^* FY + (D), 9" ^*(Dg)') = 0. 


Thus the general conclusions which we drew from Maxwell's equations, such 
as the vanishing of the total charge in a closed universe or a plane wave still 
hold. 


. There is an essential difference from Maxwell's theory, where the current was 


gauge invariant. Here the current does not transform like Q under a gauge 
transformation, J > L^! JL, but instead transforms inhomogeneously. Indeed, 
J — L^!JL would be incompatible with (10.2.7). Although *Q transforms as 
*Q — L-!*QL, d*Q does not. Therefore it has no gauge-invariant meaning 
to say that one has a certain amount of current at a point x in space—one can 
always find a gauge such that J(x) = 0. The total charges Q, = f M E 
- ff aw, Fa are more robust. Since they can be expressed as boundary integrals, 
they transform homogeneously under all gauge transformations which have 
dL = 0on0N3. 


The culprit responsible for the inhomogeneous transformation law of J is the 


A contained in the contribution from the gauge field. The contribution *J(®) = 
b® A*(D®) from the scalar field transforms homogeneously. Indeed, if we put the 
current from the gauge field on the other side of (10.2.7), we obtain the combination 
d* F* + cg," Ag ^ * F* on the left side, since the structure constants are totally 
antisymmetric, cg,“ = cog". The extension (10.1.6) of the covariant derivative to 
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S, (L(F)) shows (compare Problem 7) that these are just the components of the 
covariant exterior derivative D which is constructed such that it transforms with 
L~! D'QL. Thus the Yang-Mills equation can also be written D*Q = —*J(d). 
*J (d) alone is not conserved, however: it turns out that D applied twice to *Q gives 
zero (Problem 7), and thus d*J + 0 but D*J(®) = 0. Together with (10.1.26) 
we find a form for (10.2.7) which looks like Maxwell's equation except that d is 
replaced by D. 


(10.2.9) The Covariant Form of the Yang-Mills Equations 
DQ=0, D*'Q--*J(b => D*I(%)=0. 


Since the gauge theories discussed so far seem to be the appropriate description 
for the electroweak and strong interactions, it is tempting to think that a theory of 
gravitation should follow the same pattern. According to the equivalence principle 
discussed in §7.3, gravity is related to the metric structure of space and time M. 
This suggests taking as fiber bundle T (M), as fiber metric the pseudo-Riemannian 
metric, as gauge group the local Lorentz transformations, and as gauge potential 
the connection w. Thus a possible Lagrangian would be -jm p ^ * RP, + the 
matter Lagrangian (9.1.20). However, this does not give a theory of gravitation, 
because the connection w does not appear in (9.1.20)), everything being expressible 
in terms of * and d. Thus the current *J = L/w does not get a contribution from 
the Maxwell or scalar fields. Only if we had a spinor field would its spin density 
[40] contribute to the current. Since we know that all matter acts as source of the 
gravitational potential, this theory does not seem to work. More specifically it is 
believed that all energy and momentum currents are sources of gravitation. Since 
they are the generators of translations one might think that it is more the translation 
part of the Poincaré group and not the rotations which are relevant for gravity. If 
this is so, we lose the strict analogy with the previous development where the 
gauge groups were orthogonal (or unitary) groups. Therefore the construction of 
the gravitational Lagrangian will involve some guess-work. In any case the energy 
and momentum currents of matter turn out to be 3 L™"/ðe%. Here the tetrads 
€" € E; are a basis and therefore it is reasonable to look at them as the gauge 
potentials replacing the A's. In this case the w’s play the róle of a field strength 
and not a potential, as actually happens in the equations (1.1.6) for the motion of 
a particle in a gravitational field. If we use an orthogonal basis they contain all the 
information of the metric g = )~ nage” Q e and its influence on matter comes 
about only through the *-map contained in £™"*". We shall represent matter by 
a scalar and the electromagnetic field and take the Lagrangian from (9.1.20) (in 
units pe?/m — 1): 


(10.2.10) crater — PI A*J ÍFA*F. 


When choosing the gravitational Lagrangian C5 some points should be borne 
in mind: 
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(10.2.11) Remarks 


1. At the time of the birth of gravitational theory, the requirement of general co- 
variance provided some relief from the labor pains, but later on it was more 
often a source of confusion. The concept of a manifold incorporates it automat- 
ically when the definition uses equivalence classes of atlases, and hence only 
chart-independent statements are regarded as meaningful. This program is by 
no means unique to gravitational theory—we have also followed it in classical 
mechanics and electrodynamics. The big difference is that now the metric g on 
M is not determined a priori. 

2. There are some coordinate systems in which Einstein's equations simplify, just 
as Maxwell’s equations are easier to work with in the Lorentz gauge 5A = 0. For 
example, some formulas are shorter (cf. (10.2.20)) when written in the popular 
“harmonic coordinates,” which satisfy ó dx = 0 [45]. It is a matter of opinion, 
which we leave to the reader, whether this fact is of fundamental importance. 

. Even when the chart is fixed, there still remains the choice of a basis e'. Orthog- 
onal bases are special in that they standardize gj, as nix. They still leave open 
the possibility of a Lorentz transformation e” — L"5(x)e?, L'(x)nL(x) = n 
for all x. C"ttr in (10.2.10) is invariant under this transformation, which means 
that matter does not define a “teleparallelism.” Looking just at matter one cannot 
observe the orientation of the local Lorentz systems relative to each other. It is 
thus reasonable to postulate that gravity likewise has no preferred frame, and 
therefore £8 should be invariant under this transformation too. 


Ww 


We now have to select C£ € E, from the material gathered in §10.1 for T(M) 
and pose the requirements that it: 


(a) is invariant under a change of basis; and 
(b) is quadratic in the derivative of the e^. 


This leads uniquely, up to a factor, to 


(10.2.12) 
LE ~ * R = Rag ^ "€? = 2d(e" ^" des) — (de® ^ ef) ^ "(deg ^ eg) 
+ 4(de* ^ ey) ^ "(de? ^ eg) 
(for the last formulation see Problem 8). Thus the total Lagrangian will have three 
contributions one of which arises from a scalar field £^ = — i J A*J representing 
matter. For simplicity we choose units where pe?/m = 1. Secondly, the electro- 


magnetic field adds L° = — j F ^* F, and finally comes L£ equipped with a factor 
to be adjusted later. 


(10.2.13) The Lagrangian for the Total System 


Cal ASI -ÀF A*F 4 LR ^*'e?. F=dA, J=dS+eA 
2 2 lórk "^? , 1 ' 
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(10.2.14) Remarks 


1. If we consider the e” as the counterpart to A, then the simplest analogue to 
dA A *dA which is invariant under global Lorentz transformations would be 
de” ^ *de,. This leads to a theory with teleparallelisms and contradicts our 
knowledge gained from experiments on the bending of light rays by the Sun. 
The somewhat different form of (10.2.13) ensures invariance under local Lorentz 
transformations. Because of this invariance we may use an orthonormal basis 
for the derivation of Euler's equation. The variation of the metric g results from 
our making the variation of e without imposing any orthogonality constraints. 
Since the metric 7 is constant we may freely pull indices up and down under 
the derivative and use the notation wag = Nayé” p, etc., which amounts only to 
a change of sign for each subscript zero. 

2. Another quantity invariant under local gauge transformations would be simply 
*]. It contains no derivatives and by itself cannot lead to a differential equation. 
In an early stage of the theory Einstein added it in as a “cosmological term." 
Later it fell into disfavor, and there is no empirical evidence for it. Yet its absence 
is still mysterious since there are many possible sources which could contribute 
such a term. We shall occasionally resurrect it for the purpose of comparison. 

. In an orthogonal basis we find that 


w 


*e*P ^ dog — d(e ^ wap) = — (d'e'P) ^ wap 
= — 0%, ^ "e? ^ wap + wf y, A*e A Wag 
= =ef A Wy" ^ Wap, 


and so we would simply use 


si 


1 * 
E By a 
= e” Ao, Aw 

167K 5 an 


for gravitation. This equivalent L’, when taken by itself, is altered by a change 
of basis. It is useful for showing why we get an equation of second order: it 
contains only w, i.e., derivatives of e, but not dw. 


(10.2.15) Derivation of the Euler-Lagrange Equations 


(a) Variation? of the Lagrangian of S: From e" A*J = J A*e* (see (7.2.18(a))), 
we conclude that 


CAI =8J n*e +J ^ó*e* — (8e) A*J. 
If we successively vary the e's occurring in *e^, we discover that 


à*e" = de? ^(ig" e"), — ig:—ie. 


3Here 5 denotes the variation, not the codifferential. 
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Using this in the above formula, multiplying by J,, and summing: 
J ^8*J =8J N*J — 8e” A[J ^is J -(i4J)-*J] => 
&(-iJ A*J)2 —8J^*J + joe ^[J ^is*J + (iaJ): * J]. 


(b) Variation of the electromagnetic part of £: As in part (a), we conclude from 
e? A*F = F A *e that 


eP A 8* F = (BF) ^ *e*? + F A d*e% — (56%) A*F. 
As before, multiplication by F;g yields 
&(-lFA'F)2 —F A*F + 36" A [(igF) A*F - F ^is" F]. 
(c) Variation of the gravitational part: First note that by (7.2.18(c)), 
8*e*P = Se’ ^ i,*e%? = de’ A "eP, eP, = Noe”, etc. 


Although R;g is itself constructed from the w’s and a variation of e induces 
a variation of w, we need not calculate these variations, because 


(10.2.16) *e% A Rap = d(*e* ^ wap) 


(Problem 1), and hence the variation of R does not affect the Euler-Lagrange 
equations. 


The combination of these three results produces 
ôL = —8J^*J —8F ^A*F + de" 
1 1 
A E + *T, + lore “bY A e| T rod ^ wap) 


“ta = IiI + J Aia" J), 
“Ta = i F) A*F — F ^i,*F), 


or, writing J = dS + eA and F = dA, 
(10.2.17) 8L =8Sd*J — 8A ^ (d*F + e*J)+ ôe“ 


1 
^ E + TS + ler, 6 ^ "| 


1 
— d|85*J c 9A ^*F— *e? ^ Swap ). 
l6zk 


The requirement that à f £ = 0 therefore results in the 


(10.2.18) Field Equations of the Total System 
(a) d*J = 0; 
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(b) d* F = —e*J; and 
(c) —4*eapy ^ RAY = 8rk(*t, + *T;). 


(10.2.19) Remarks 


1. These calculations generalize those of 89.1, because the metric has also been 
varied. The effect is to produce Einstein's equations (c) for the gravitational 
potential, in addition to the equations we got before. 

2. The right sides of (c) are the energy-momentum currents of a scalar field and an 
electromagnetic field. Note that the gauge-dependent contribution (8.1.8; 1) of 
the canonical energy-momentum tensor does not appear, and that the Maxwellian 
contribution is coupled with gravity. These currents have the structure of the 
Hamiltonian pq — L in mechanics as anticipated in (7.3.22). They can be writ- 
ten 

*ta = (i J) ^ dS — ia C, *Ty = ig F^AdA- i£. 
Now *J = —90/5/8dS (resp. *F = —dL°/0 dA) correspond to p; dS (resp. 
d A) correspond to g and the inner product picks out the right component. 

3. Although we have used an orthogonal basis to derive (10.2.17), (c) has the same 
form in any basis, because of the homogeneous transformation law for Rag 
(10.1.20; 3). Equation (c) seems to have a different structure than (a) and (b), it 
does not say that the derivative of a field strength is a current. (c) is the analogue 
of the covariant form of the Yang-Mills equations (10.2.9). We shall shortly 
cast it into the form (10.2.7), which is like (a) and (b), but thereby the two sides 
of the equation lose the property of transforming homogeneously under gauge 
transformations. 


(10.2.20) Different Versions of Einstein's Equations 


(a) The classical version. The 3-forms of energy, momentum, and electric cur- 
rent all occur in (10.2.8). In 89.1 we wrote down the equations for the cor- 
responding 1-forms, and we can similarly rewrite (c). By Rule (7.2.18(b)), 
for all w € E, 

—"egpy ^ € = (*eguigiy + *egiyis + *eyigig)o. 
If co = RP” and we observe that i,/5 RP, = i, Ry = i, Ra and *e"i, Ra = 
* R, (cf. (10.1.24; 3)), then we see that 
Ra — le,R = 8r k (ta + Ta), 
i.e., 
Ry = 8zk(t, + Ta — dealt +T)), t = ist", etc. 
For the components of the Riemann-Christoffel tensor (10.1.24; 2) and the 
energy-momentum tensor Tyg such that t, + Te = Tope’, this means that 


RY ayp — 48apR oy? = 81k Tag. 
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(b) As a Yang-Mills type equation, £’ of (10.2.14; 3) can be written (see 


(10.2.13)) 


L' = —k(de" ^ ef) ^ *(deg ^ ea) + 4(de" ^ e) ^ "(de? ^ eg) 


if we momentarily put 87x = 1. Performing the variational procedure 
(10.2.17) with the e% we get another version of (10.2.18(c)) 


(10.2.21) 


d* Fy = —*Jy, 
*F, = 2E = ef ^ "(deg ^ ey) — ley ^ "(de? ^ eg) 
NE 3de p a 2*a B^ 
* aL . x + ok .* B . / 
Ja = — =i“ I AdS +ig*F AdA +ig* Fg ^de” —igl’. 
Ca 


They are now in the form of the exterior derivative of a field strength yielding 
the dual of a current and have the following features in common with the 
Yang-Mills equations: 


(i) There is a contribution *% = i," Fg ^ de? — i, L' from the e” to the 


currents. It can be interpreted as the energy-momentum currents of 
the gravitational field. It has exactly the same structure pq — L as the 
contributions from S and A. 


(ii) Under e* — L” g(x)e? both d*F, and *J, transform inhomoge- 


neously. From the three contributions to * J, itis only & which does not 
transform homogeneously. For any given point x we can find a frame 
such that 4 (x) = 0. Conversely, on a flat space with non-Cartesian co- 
ordinates ^^ Æ 0. As discussed in $7.3 these facts reflect how the bal- 
ance of energy-momentum is affected in accelerated reference frames. 
The total currents are conserved, d* J, = 0 and thus we draw again the 
conclusions that the total energy-momentum of a closed universe or a 
periodic field is zero. If space is asymptotically flat and we restrict our- 
selves to transformations which are asymptotically constant Lorentz 
transformations, then the total energy and momentum transform like 
a vector. 


To see the relation to the classical version we have to re-express de in terms of 
the w’s. This is done most easily if one remembers that the exterior product is the 
dual of the inner product 


(10.2.22) 


F° = ig(de? ^ e* — inde” ^ ey) 


— iglo, ^ eY* — In PY, A e?) 


— (wp, le? )e"* + 1(omy, |e*)e?" 


—lj eY — l* * Quy 
aloe) = —3 (Gay A^e*"). 
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Thus d*F* — łd(wgy ^ *e*PY) which has some similarity to the left side of 


(10.2.18(c)), the difference being *z^. To get the latter in terms of the w’s we use 
*geaBy — erby’ oe, 


d(wpy ^ es) = dwpy ^ es — Way ^ Wo5 ^ €" 


and 
Rgy = dog, — Wop ^ oy. 


Comparing (10.2.21) with (10.2.18(c)) we see 


*, Q Cil o o 
o= Tone O” AW y ^ 65 — Way Nwo ^ €). 

This form of the currents has been put forward by Landau and Lifshitz so that 
we shall call (10.2.21) the Landau—Lifshitz form of Einstein's equation. The basis 
they use is not orthogonal, but it is a natural basis. In the natural basis e% = dx“, 
Wop :— Vg, dx" with Tog, = Lopp. Then the energy-momentum tensor of 
gravity, that is the components of £“ in this basis, are symmetric: 


[gl 
167k 
=dx* n*e. 


dx? A*e = — 


(egy Jus es + ly, l';5,£^"^"?) . go Yà FY] 


This symmetry ensures local angular momentum conservation: d(*t? + *7? + 
*¢B) = 0 implies d(x%(*t? -- *T? 4 *28) — xP(*t* 4+. *T? + *2%)) = 0 only if it is 
true for cas well as fort and 7 (cf. (10.1.11; 2)) that dx" A*zP —dxP A*;* = 0. Here 
x* is a local coordinate, so at this stage the theorem of conservation of angular- 
momentum is formulated strictly on the domain of a single chart. The appropriate 
3-form is defined globally only on special manifolds. 

From (10.2.23) one deduces immediately (Problem 8) the so-called ADM- 
expression for the total energy in an asymptotically flat space. It was a major 
discovery [41] when it was shown that it is positive provided the external energies 
T? and t? have this property. Thus the negative energy of gravitation can never 
exceed the energy of the sources if the space is to stay flat in the large. 


(10.2.23) Remarks 


— 


. The versions (10.2.20) do not exhaust the possibilities of writing Einstein’s 
equations in terms of the exterior differentials of 2-forms. Numerous other vari- 
ants have been proposed [29], [48], [58]; we just wanted to exhibit the analogy 
to non-Abelian Yang-Mills theories. The field equations are nonlinear because 
the gravitational field carries energy and momentum. However these quantities 
evade localization since they transform inhomogeneously under local Lorentz 
transformations. 

2. It is not the curvature forms Reg but rather their contractions R, that are locally 

determined by Einstein’s equations. However, if the Weyl tensor is known, 
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FIGURE 10.2. Parallel displacement of v along the streamlines of e! and e?. 


which happens, for instance, if the space is conformally flat (Ceg = 0), then 
(10.2.11(c)) does determine Reg. In vacuo (Ta = 7, = 0), Rag and Cag are the 
same and conformally flat solutions are flat. In two and three dimensions, where 
the Weyl-tensor vanishes, all solutions of Einstein's equations in vacuo are flat. 


. If one follows Cartan's suggestion and retains the torsion, generalizing the fore- 


going argument, then, like R,, itis determined locally, by the spin density of the 
matter present [40]. In the absence of spin, the space becomes torsionless, and 
the theory reduces to the one presented above. Since we know of no objects with 
sufficiently high spin densities, this variant of the theory agrees with experiment 
as well as Einstein's. 


4. The geometrical significance of the 1-forms R, determined by (10.2.20(a)) is 


brought out through the following heuristic argument: Suppose that v points in 
the time direction e. Then if it is translated parallelly around the infinitesimal 
loop formed by e! ^ e?, it changes by (8v)! = v°R!o19 x the surface area, or, 
summing over the three spatial components, 


(8v)! + (8v)? + (Sv)? = v? R ogo x surface area 


= v°8rKk [tt — igoT^,]. 


If e° is a geodesic vector field, then v remains in the tangential direction of 
the geodesic vectors when translated parallelly along e°. The positivity of the 
right side of the above equation indicates that the geodesic lines converge (Fig- 
ure 10.2). This reflects the attractive character of gravity, and contains the seeds 
of the destruction of space and time that will be discussed in §10.6. 


. The e', and thus also the 7^, cannot in general be defined globally, though they 


can if there exists a compact, spatially orientable submanifold N without a 
boundary. It is known that such a manifold is parallelizable, and hence e!, e?, 
and e? exist globally on N. If e? is taken as the timelike normal vector field, 
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then z^ can be defined globally on N. Therefore the statement (7.3.35; 2) that 
an orientable, closed universe has zero total energy-momentum is always valid. 


Now that the observables introduced in $7.3 have been identified, we are ready to 
derive the finite speed of propagation of the gravitational field, which, as anticipated 
in 87.1, equals the speed of light. Speaking mathematically, it is a matter of finding 
the characteristics of the equations (10.2.11(c)). In 87.3, the characteristics were 
defined as the possible 


(10.2.24) Surfaces of Discontinuity of the Solutions 


Let e” have possibly discontinuous second derivatives with respect to a local 
coordinate u, and let t^ and T* be continuous. Then either Rag is continuous, or 
else du = nge* in an orthogonal basis e”, where n? := Nang n°? = (du|du) = 0. 


(10.2.25) Remarks 


— 


. If the e" are allowed not to be C™, then it is of course possible to choose them 
with discontinuous second derivatives even in flat space, a fact which reflects 
only the choice of basis. Any genuine discontinuity would have to show up in the 
Rog, and (10.2.13) states that such discontinuities can only occur along surfaces 
with lightlike normals. 

2. The equations ôd A = J also allow arbitrary discontinuities in A even if J is 

continuous; after all, they can be contained in a gauge potential A = dA. The 

analogous alternatives are that either F = dA is continuous, or else n? = 0 (cf. 

(8.2.1). 


Proof of (10.2.24): The part of de® that contains discontinuous first derivatives 
must be proportional to du: 

de* = (A*s + S" g)du ^e, 

Aag :— Nay A” p = — Apa, Sap = Sga- 
We have separated the coefficients into a symmetric and an antisymmetric part, 


because they act differently in wag = —wgq. If we accept the following equations 
modulo continuous terms, then 


Wap = —Agp du + Sang — Sgna, Sa = Saye”, 


as can be verified by substitution into de" = —w%, ^ e°. By assumption, any 
possible discontinuity in the curvature originates with dc», hence either with S;, 
such that dS, = du ^ S, or with dAgg = Aj, du. The latter possibility does not 
contribute to dcs, so the discontinuous part of the curvature becomes 


Rag = du ^ (Sang — Ssna), 


and thus 
Rg ^ du = i, R“ g ^ du = (n*"S;ng — Sgn’) ^ du. 
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But in that case, 
(Ren, — Ryng) ^ du = n(S,ng — Spny) ^ du =n? Ryg. 


Since Rg must be continuous according to Einstein's equations (10.2.11(c)), either 
n? = O or else Ry stays continuous. 


(10.2.26) The Linear Approximation 


The analogy we have just discovered between the characteristics of Einstein's 
and Maxwell's equations extends in the case of weak fields to a simple wave 
equation for the gravitational field. Even though we shall not show here when the 
contributions we drop are actually negligible, the approximation is of value as a 
first orientation to the problem, especially as the space around us is quite weakly 
curved. 

Let 


e? = dx? + 9" p dx?, Pap = Nao 9^ B = Ppa, 


be an orthogonal basis (the symmetry of will be justified later), and suppose 
lo% p(x)| « 1 for all x. Then from 


de* = g“ gy dx” ^ dx? 
it follows to first order in q that 
wg = (Q^ y.g — py”) dx", 
since (7.2.25) is satisfied to this order. In that case, 


dw" g = (9^ y. Bp — gy, p) ax” A dx", 
lg dog = (9* y. Ba F By." a = Oey + 98a," y) ax". 


In harmonic coordinates, where ô dx* = 0, 
(10.2.27) Ppa = 39" a.p 
(Problem 2), and Einstein's equations (10.2.11(a)) become 
(10.2.28) — 9py." a dx" = Srk(Tg, — 1ng, T^.) dx" 
in this approximation. These can be solved with the Green function (8.2.3): 
(10.2.29) 
qup) = eG + 81K J d'x DG — xYTag() — }napT” p(x) 


in a 1 ine 


Papo =O Ppa” = $a 
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(10.2.30) Remarks 


-— 


. The Tyg dx? are the energy-momentum forms without the gravivational contri- 
bution. It is not inconsistent to neglect gravity in this approximation, because 
K Tg," vanishes to zeroth order. This makes (10.2.29) and (10.2.27) consistent 
to first order. i 

2. In the static limit, f dt D™(x — x) = Koa Top = Mja jg, where j = 

(—1, v)é*(x), Pag becomes 


~ 2Mk,., 
Pap) = — — Ga jp + tap: 


i.e., the same result as stated in (5.6.2), because g = (rag + 29,5) dx" Q dx?. 
This justifies the choice of the factor 8x > 0. The sign is not dictated by the 
geometry, but is only found empirically. 

. The analogy with electrodynamics should not make us overlook that, as dis- 
cussed in Chapter 6, the metric as measured is g and not nog dx“ &dx^, although 
the difference is not great if the fields are weak. 

4. The symmetry of Tyg justifies our ansatz peg = fa a posteriori. 


Ww 


We close this section by investigating whether the generalization of the calcu- 
lations of §8.1 and §9.1 connected with conservation laws brings new insights to 
the case of a gravitational field. Since the metric is not fixed a priori, there are now 
more invariance properties, and one would expect to find additional conserved 
quantities. 

Returning to equation (10.2.17) for the variation of £, we start by looking at the 
new contribution from gravitation. If the variation comes from the Lie derivative 
Lx in the direction of the vector field X, then equation (10.2.17) implies that 


(10.2.31) Lx(*e*? A Rag) — de® ^ Lywap) 
= (Lye) ^'T* 
(ix déy + dixég) ^*T? 
—(ix@go)e? ^*T* + (ixe as A*T* — (ixe;)a* T^ 
+ d((ixeg)*T"), 


where *T® := *e*P* ^ Rg, € Es and e" is an orthogonal basis. 

If (10.2.31) is integrated over a four-dimensional manifold N without a bound- 
ary, and X has compact support in N, then from f Lxw = 0 for all w € Em, the 
invariance of the integral under Lie differentiation (2.6.14), and from (ix «xo )e? ^ 
*T* = 0 (because e? A *T* = e* A*T?) we infer that 


f Xy(d*T* --o*, A*T?) 20, Xa I= Ly ey. 
N 


Since this must be true for all vector fields X of compact support in N—no invari- 
ance properties have been assumed of X—we obtain the 
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(10.2.32) Contracted Bianchi Identity 


d*T* = =w", A*T’. 


(10.2.33) Remarks 


1. This fact follows from the more general equation (10.1.26) (Problem 3). 

2. The invariance of the integral under general coordinate transformations is ex- 
pressed by f L xc = 0. No new conservation theorems result from this general 
covariance, but only identities that hold independently of any field equation (cf. 
(8.1.8; 5) and (8.1.18; 3)). 

3. Although (10.2.32) was derived for orthogonal bases, it has the same form in 
all bases, since the *T° transform as "e^. 

4. If Einstein’s equations T^ = —1l6mx(T* + t*) hold, then (10.2.32) implies 
equation (7.3.28): 


d(*T* + *t*) = —w% ^ (*T? + *tP). 


UA 


. Because of the symmetry igT, = i Tg, the 1-forms T, have ten linearly inde- 
pendent components, among which (10.2.22) creates four differential identities. 
Thus only six of Einstein's equations are independent of one another. This is 
felt to be the correct number of equations for the ten components geg = &fa of 
£ = Sap dx“ Q dx?: the equations ought not to fix the coordinate system, and 
so there must remain four arbitrary functions x* (x) to play with. 

6. It is part of the relativity folklore that Einstein's theory differs from other field 
theories inasmuch as Einstein’s equations also determine the equations of mo- 
tion of matter. In particular (10.2.32) is supposed to imply that particles move on 
geodesics provided no other forces act on them. Whereas the proof of this claim 
for point particles encounters the difficulty that they generate singular gravita- 
tional fields we shall find a simple proof for continuous matter in (10.6.30; 4). 
There we will show that for an ideal fluid without pressure Bianchi's identity 
demands that the velocity field be geodesic. Similarly, if one has only one scalar 
field (10.2.32) implies the field equation. With two scalar fields the condition 
(10.2.32) for the sum of their energy-momentum tensors cannot imply the field 
equation because they may interact without changing the conservation of their 
total energy-momentum. Thus the situation is not too different from Maxwell's 
equations where the one real field describing charged matter d* J = 0 is already 
the field equation d*(dS + eA) = 0. For one complex field NT S the current 
is p(dS + eA) and its conservation does not imply the field equation. 


(10.2.34) Problems 

1. Show that *e' A 8R,, = d(*e^ ^ 8,7). 

2. Show that ô dx" = 0 implies that 9,5 = 195, for weak fields. 
3. Derive (10.2.32) from (10.1.26). 
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4. What effect would a term A*1 in £ have on Einstein's equations? 
5. Calculate *4 from (10.2.18(c)) on flat space in the orthogonal basis of polar coordinates. 
6. Show that R° g ^ RP, is exact. 


7. Use the natural extension of D for V € Sp(L(F)): DV —dV +w ^V +(-1PV Aw 
to show DD*Q = 0. 


8. Show 


Rag n*e = d(e" ^*de,) — $(de* ^ e") ^ "(deg ^ e) 
+ ide ^ €) ^ * (de? ^ eg). 


Hint: Use (10.2.23) and (10.2.14; 3). 
9. Show that the total energy (“ADM-energy”) 


zl d*F? = at * Fo. 
Brk Jy Brk Jon 


where ON = (x € Rt: |X| = R, xo = 0} in an asymptotically flat space is given by 


. * jo ? -" f . . ix 
Jim. TEE Í, e" (gjkk — 8kk,j) with j,k=1,...,3. 


(Use a natural basis e* = dx*, (10.1.37) for w and that gik — nj, for R > 00.) 


(10.2.35) Solutions 
1. 


d*e” A ôwp) = — 20^, ^*e"* ^Ón,, + "e^ ^ ddWpr 
= "e" ^ (dbp + 20," ^ wor) = "e^" ASRor. 
2. To first order, dx* = e“ — g” gef; so 


0 = *ódx* = d(*e* — g^ 5*e?) = —w"g ^ *eP — g" pye ^ "e? 
= (Qgy." — yp — P“ py) ^e. 


By (7.2.28), however, e" ^ *e® = nY&*1, 
d*T' — d(*e"* A Rm) = —ol Ae A Ring — 20", ^ *e A Ring 
+ 2*6" A On? A Ry = —09! j A*T!. 


4. 5(A*1) = Adei ^i jl-A ei A*e j (see (7.2.18(c)). Thus there is an additional term 
^ *e; in*T;. 
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5. 


e = (dt,dr,r dŷ, r sint dg), «i; — —d0, 05- —cosD dg, z = sin? dọ, 
1togysd (top, ^ es) — d(— cos 9 dg ^ dr + 2r sind dg ^ d?) 
= —sin2 dr ^d) Adg. 


6. R*s ^ RP, = dlo", A do” g + Fog ^ of, Naal. 
7. 


D'Q-d'Q-oA^*Q—*'Q^o, 
DD'Q «-do^"'Q—'Q^do—wo^d'Q—d'Q^co 
+ 0^(d'Q-Fo^*Q-—*Q^o)- (d*Q--o^'Q—*'Q^o0)^o 
—QA'Q-—*'QAQ-0 


according to (7.2.17). 


8. According to (10.2.14; 3) *e"P A Rag = d(*e*? A wag) + *eP* w,” ^ Wag. Now always 
using (7.2.18), 
ea ^ *de* = *eP (o plea) 


and 
(EeP) ^ wap = Me = 2*eF (we) => 
1'e'? ^ Wap = e" ^*de". 

Next, with (10.2.23), 


—de* ^* Fy = 1a, ^ & ^ gy ^ "e 
= 1955 ^ Wpy [n?**e?* i nP *e?Y + notre?) 


= *e"* Nw,’ A wap. 
Inserting the expression (10.2.22) for * F, completes the demonstration of the equality. 
9. With (10.2.23) we have 


ikO 


Fo = ligi; + Bia — gjedhe A te? = Y gis + gii) e, 


since by symmetry the first term cancels out and the two others give the same contribution. 


10.3 Maximally Symmetric Spaces 


The spaces with the simplest structure, after flat spaces, are those of 
constant curvature. They are a generalization of the spherical surface 
and, though simple, have some physically interesting aspects. 


Killing vector fields generate isometries (i.e., diffeomorphisms that leave g in- 
variant) of the space and are bijectively related to the constants of motion and 
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conserved currents. The fields need not be complete; it is possible for their flow 
to lead out of the manifold (see (2.3.7)). However, they imprint a local structure 
on the space even when they do not generate one-parameter groups of isometries. 
Generally there are none, but if there are enough of them around, then Einstein's 
equations become more tractable, and explicit calculations are possible. 

The prototype of a Killing vector field is a rotation of IR"; for some pair of 
indices (i, k), vi = x* and vt = —x', and the other components are zero. Note 
that: 


(a) v! + v* ; = 0; and 
(b) v. — 0. 


The generalizations of these facts to pseudo-Riemannian spaces are 


(10.3.1) The Relationships Among the Covariant Derivatives of Killing Vec- 
tor Fields v 


We use the natural basis e, = dy and the notation 


(De,vlea) =: vp, (De, Dev — Dp 


«s Ca) =: Va Bsy 


Then, with the R^,,, of (10.1.24; 2): 
(a) vo; + vg; = 0; and 


(b) Vapo = R gupta. 


Proof: 


(a) Killing vector fields leave the scalar product invariant, L, (X|Y) = (L,X|Y)4- 
(X|L, Y). On the other hand, with Axioms (10.1.6(f)) and (g^), 


L,(X|Y) = D,(X|Y) = (D,X|Y) + (X|D,Y) 
= (Dxv|Y) + (X|Dyv) + (L,X|Y) + (X|L,Y). 


Combined, these make (Dy v|Y) + (X|Dyv) = 0; i.e., (a), if X and Y are 
taken as the basis fields. 


(b) Since a Killing vector field v preserves the metric structure and a torsion- 
free connection is uniquely determined by the metric, L, commutes with 
the covariant exterior derivative D. To demonstrate this formally one has to 
consider the one-parameter (local) group ®, of isometries generated by v 


and observe that j 
= — È, D 
t=0 9 


t=0 
Thus we infer from (10.1.39) that R(v, X)u = (Dx Dv|u). Using the prop- 
erties (10.1.44; 2) of R this becomes (b) when written in index notation. 
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(10.3.2) Discussion 


Part (b) allows the second derivative of v to be written linearly in v. By carrying 
the procedure further, one can reduce all the higher derivatives to v and its first 
derivatives. If we assume analyticity, we can express v locally in terms of v and 
its first derivative at a single point, say 0: 


Up(x) = Ap*(x)u, (0) + Bp? (x)vx;o (0). 


This greatly restricts the number of possible Killing vector fields. In an m-dimen- 
sional space, v;;; (0) = —v,.,(0) can assume m(m — 1)/2 values, and v,(0) can 
assume m values. Hence there are at most m + m(m — 1)/2 = m(m + 1)/2 
independent Killing vector fields. 


(10.3.3) Remarks 


1. “Independent” means that they have no linear relationships with constant coef- 
ficients. They may satisfy equations with variable coefficients, just as rotations 
xj0; — x;0; can be expressed in terms of the translations 9;. Since the Killing 
vector fields do not form a module (8.1.10; 1), this does not mean dependence. 

2. On flat space the Euclidean group is the largest group of isometries (4.1.13; 4), 
and it has exactly m(m + 1)/2 parameters. The statement that the group can be 
at most this large if space is curved is therefore quite plausible. 


To classify the symmetric spaces, we begin with a 


(10.3.4) Definition 


(a) A space is maximally symmetric iff it possesses m(m + 1)/2 independent 
Killing vector fields. 


(b) A space is isotropic about the point x iff it has m(m — 1)/2 Killing vector 
fields, for which x is a fixed point of the flow, and the A‘, of (L,e')(x) = 
A! ,(x)e' (x), where e* are an orthogonal basis, generate the total Lorentz 
group of (R”, n). 


(c) A space is isotropic iff it is isotropic about all of its points. 
(d) A space is homogeneous if it has a transitive* group of isometries. 


(e) A space is stationary if it has a timelike Killing vector field. If the latter is 
orthogonal to a family of spacelike hypersurfaces the space is called static. 


^Transitive means that any point can be reached from every point by a transformation 
from the group. 
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(10.3.5) Remarks 


—_— 


. Definition (b) means that there are m(m — 1)/2 Killing vector fields vi such that 
vi a(x) = 0, and the v',.5(x) form a basis for the space of m x m antisymmetric 
matrices, where i runs from 1 to m(m — 1)/2. 

2. On a maximally symmetric space there are Killing vector fields as in (b) at every 
point. Therefore it is isotropic. 

. To appreciate the distinction made in (e) we remark that in general for a vector 
field X there is locally a family of transversal hypersurfaces N, such that X and 
the vectors in N, span the tangent space. However, this hypersurface will not be 
orthogonal to X in the sense of a given metric and there will be no orthogonal 
family of hypersurfaces. In contradistinction to the above, for a given spacelike 
hypersurface one can find, at least locally, an orthogonal geodesic vector field. 


lo 


The curvature must be the same in every direction on an isotropic space. Because 
of this, there is an extremely simple 


(10.3.6) Structure of the Curvature Forms of an Isotropic Space 


On an isotropic space, 


R'* = Ke'*, for some constant K. 


Proof: Let ® be an isometry and 6, the translation it induces on tensors. We 
noted that ©, commutes with D and from DD®, = ®,DD we conclude RỌ, = 
®,R. Let ® be an isometry with x as fixed point such that ($,e/)(x) = L',e*(x) 
with L’7L = n. If R is decomposed in this basis, then its invariance under ®, 
means that the Riemann-Christoffel-tensor (10.1.42; 2) is invariant under Rj jx: > 
RpnopL"  L" j L^, LP; it transforms as a matrix in the antisymmetric tensor product 
space. This representation is irreducible (except for m — 4) and the matrix group 
elements must be proportional to the unit matrix: R;j" = K(6;'5;" — 5/78; 
or, for the curvature forms, Rjj(x) = K (x)eij(x). For m = 4 there would be the 
possibility Rj; = K*e;;, which is excluded by Ri; ^ e/ = 0. In order to see why 
K has to be constant, consider the equation d Rig = dK ^ ej, + K deix. By using 
Bianchi's identity (10.1.26), we discover that d K — 0, and hence K is independent 
of x. (For m — 2 another argument works.) o 


(10.3.7) Remarks 


1. If the curvature is independent of the direction, then it is also independent of 
the position. For that reason, one says simply that such spaces have constant 
curvature. 

2. By (10.1.44; 3) and (10.3.6), isotropic spaces have vanishing Weyl forms, and 
hence they are conformally flat if m > 3. 

3. It is even true that the existence of more than m(m — 1)/2 + 2 Killing vector 
fields implies that Rj, = Ke; (cf. [23]). 
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(10.3.8) Construction of Isotropic Spaces with m > 3 


Since such spaces are conformally flat, there is an orthogonal basis of the form 
e° = dx*/W, y € Eo. Therefore de^ = y pe’, and thus wap = Waly — V. pes. 
With the help of (10.1.45) again, this leads to the curvature forms 


Rab = V (V. ace b 2 W beea) = V.c V ean. 
If this is to equal Ke,,, then Y ap must be zero for all a b, and hence 
m . . 
y=} FG. 
i=] 
If f, = nai f', then (10.3.6) implies that 


fot Fl =p K + ff. 


Since the left side depends only on x^ and x^, while the right side is the same for 
all a and b, both sides are in fact constant. This makes f a quadratic function, and 
therefore y can be put into the form 


K 
y-lec qe 


Therefore, locally a space of constant curvature always has coordinates for which 


dx! dx* nix : dx! 
= > e = —:: 
dios 8 = F Kx2/4p 1+ Kx?]4 


. K_, 2 
wk = 3 (xet — x*el) 
(where x? :— x?x^n,,). 


(10.3.10) The Killing Vector Fields of Isotropic Spaces 


Because of the isotropy about the origin, the generators of rotations are Killing 
vector fields: Let v = x;8, — x,0;, where x; = n jex* and ð is the dual basis to 
dx (ia, dx' = 8',), and fix a pair of indices (j, k); then 


Lye” = di,e” +i, de" 


Kx 
=a(x(1+ 2) i, ax") 


K Kx? s : l m ; 
=F aira Xia, dx A dx™ — (j < k) 


Kx! 
-du(i 5) 
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K Kx? 
Tow ( t =) ("kx dx! — xy dx") — (j <> k) 


Kx?\"' 
= dx, ( t =) (5 ,5" j — 8" j8" ,). 


Since L,e” = A™ e, and A"" = "ô" j — 6” jô" = —A”™”, rotations about the 
origin are Killing vector fields. (See (8.1.10; 2).) 

Moreover, there are generalizations of translations: If k is fixed, then v = 8^(1— 
x?K /4)+(K /2)x*x;07 is a Killing vector field. This can be verified as in (10.3.10), 
or, what is easier in this case, one can verify the equation of Problem 1 for the 
components v! and gis of v and g in the natural basis, 


M 
0 = v' gini + gimV 1 + gilV m 


= 14 Ke 5 ix a x? K QEXKE 
v 4 m 4 2 


Kx? K K K 
+ (1+ — | -E 4 LG psu + xs) — —9* x, 
4 2 2 


2 
K 
+ (hn exitu) 
= 0. 


These v's form a basis for small x, and so the group they generate in a neighborhood 
of the origin acts transitively: any point can be sent to any other. We can assemble 
our discoveries in a 


(10.3.11) Proposition 

For a pseudo-Riemannian manifold M, the following properties are equivalent: 
(a) M is maximally symmetric; 
(b) M has constant curvature; 
(c) M is isotropic; and 


(d) M is homogeneous and isotropic about some point. 


(10.3.12) Remark 


Our arguments have been strictly local, so nothing can be concluded about the 
global behavior—the Killing vector fields need not even be complete. Unions and 
pieces of spherical surfaces are also isotropic spaces. However, isotropic spaces 
with the same K are locally isometric. 

Every m-dimensional manifold can be imbedded as a submanifold in R2"*!. 
Isotropic spaces can be imbedded in R”+!, whereby the metric is the restriction 
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of a pseudo-Euclidean metric on R"*!, (Restricting the metric means that the 
scalar product determining it is restricted to the vectors in the tangent space of the 
submanifold.) 


(10.3.13) The Geometrical Imbedding of Isotropic Spaces 


Let nog, a, B = 0,1,...,m — 1, fix the sign of the metric of an isotropic space, 
and choose the curvature |K | as the unit of length, so that K = 1. Let the nik on 
R”+! equal nog for i,k = 0,1,..., m — 1, and let nmm = K. Then the isotropic 
space is locally isometric to the submanifold H = {x € R"*! : ixni = K}, 
where g is the restriction of dx! & dx*niy to H. 


Proof: The equation for H can be written as (m = dim H) 
Kx"x" = K — mapk"i? = K - ř°. 
Introduce the coordinates x^ € R” on H by 
Li x“ zÁ- 1 — Kr?/4 
~ 1+ Kr?/4 ~ 14 Kr?/4’ 
where r? = xx nap; then 
dx*(1 + Kr?/4) — Kx*r dr/2 
(1 + Kr?/4* f 
—Krdr 
(1+ Kr2/4)?’ 


dx“ = 
dx" = 
and the restriction of the metric 
‘ Kr? 
dx! dx*ni, = dž“ di? nag + K dx" dx" = dx" dx nag ( + <=) 
takes on the form (10.3.9). o 


(10.3.14) Remarks 


— 


. The Killing vector fields of (10.3.10) are simply the restrictions of the generators 
x*8J — x/8* of the Lorentz group of R"*! to H. Their flow leaves H and the 
metric nig dx! dx* invariant, and hence so does their restriction to H. The group 
of isometries of spaces of maximal symmetry is therefore isomorphic to some 
Lorentz group O(n, m+ 1 — n). 

2. The geodesics are the intersections of H with hyperplanes passing through the 

origin. They are me solutions of a variational problem ô f ds x xx nik = 0 with 

the constraint x' x “nik = K. The introduction of a Lagrange multiplier A leads 
to the equations x = Ax! , making the 
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FIGURE 10.3. Various cross-sections of the de Sitter universe. 


constant. Thus x lies on the plane of x(0), x(0) since 


0 = ei X L? = ej X x* xl. 


(10.3.15) The Physical Significance of Isotropic Spaces 


Spaces of a high degree of symmetry gratify the esthetic feelings of physicists, 
and are therefore popular as models of the world. Since the space around us is 
isotropic and homogeneous as far as we can see, its isotropy about every point 
is often elevated to a cosmological principle. Some theorists went beyond this 
and require a maximal symmetry for space and time, the “perfect cosmological 
principle.” But aside from such cosmological speculation, maximally symmetric 
spaces are also important as solutions of Einstein’s equations when the energy- 
momentum distribution is sufficiently symmetric. It is necessary to distinguish 
between the cases of positive and negative K (K = 0 is Minkowski space): 


(10.3.16) K = 1. The de Sitter Universe 
This can be represented as the hyperboloid 

-xg +x? tax Ha +a 
in R? with g = —dx2 + dx? + dx + dx? + dx2. When reduced to R?, it looks as 
in Figure 10.3. The intersections with planes containing the xo-axis are timelike 
geodesics. If these geodesics are introduced as coordinate lines with the proper time 


as anew coordinate t (these are known as synchronous, or comoving, coordinates; 
see Problem 5), 


Xo = sinh t, xı = cosht sin x sin? cos Q, 
X2 = cosht sin x sin ? sin g, x3 = cosht sin x cos 2, 
X4 — cosht cos x, 
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then the metric takes on the form 
(10.3.17) g = —dt? + cosh r(d y? + sin? x (d9? + sin? 9 dg”)} 


(see Figure 10.3(a)). The sections where t = const. are Riemannian spaces with 
constant positive curvature and radius cosh t; the universe first contracts, and then 
expands again. The geodesic vector field dt, however, is not unique; if intersections 
are taken with surfaces at 45° to the xo-axis, then half of the hyperboloid is covered 
by the coordinates 


" Xi 
t = In(xo + x4), t= — j = 1, 2,3, 
( 0 4) j Xo + X4 J 
in which the metric has the form 
(10.3.18) g = -df? + eis} + ds + di) 


(see Figure 10.3(b)). The intersections where f = const. are expanding Euclidean 
spaces, in the sense that the geodesics X; = const, j = 1,2, 3, grow steadily 
farther apart? There are a great many facets of the de Sitter universe; we shall 
even be able to find coordinates in which gj, does not depend on time at all. It will 
furthermore turn out in (10.4.42) to be a static space. In order to survey the causal 
relationships better, it is convenient to map the whole space into a compact set, in 
what is known as a Penrose diagram. To this end, we write the t of (10.3.17) as 


x 
t' = 2arctan(exp t) — zu 


which makes the metric 


g = cosh?(t)(—dt? + d x? + sin? x dQ?), 
(10.3.19) 
dQ? =d? +sin? ody’, O<y <x, -5 afs =. 


The conformal equivalence to Minkowski space is again evident if the coordinates 


+x t—x 
t+r=tan——“, t—r=tan——, 
2 2 


0cx«m, -m +X <t <T-X, 


are used to turn the Minkowski metric into 


+x t- x 
2 


-2 
(10.3.20) g= nes cos 2 | (-dt? + dx’ + sin? x dQ’). 


‘This is observable, since, for example, the proton and electron in a hydrogen atom do 
not move geodesically, but are electrically bound together, which keeps the Bohr radius 
from expanding with the geodesics. 
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—9» (t, r) = (oc, 0) 


«— (t, r) 2 (—90, 0) 


FIGURE 10.5. The anti-de Sitter universe. 


Both the de Sitter universe and Minkowski space are mapped into a relatively com- 
pact part of R x S°. The difference between the causal structures of the two spaces 
comes about because they cover different parts of the (t', x)-plane (Figure 10.4). 
In de Sitter space, timelike geodesics begin on the lines t’ = —7/2, 0 < x < x, 
and end at t’ = 7/2, 0 < x < x. There are some that do not intersect the past 
of a given point p, and so an observer at p would be unaware of them—they are 
"beyond the particle horizon." Conversely, the union of the past light-cones of a 
particle's trajectory does not fill the whole space; there are points that an observer 
on a geodesic would never see, “beyond the event horizon.” This does not occur in 
Minkowski space, where a timelike geodesic begins at a point (t^, x) = (—x, 0) 
and ends at (zr, 0). Only an accelerated particle could emerge from within the line 
(t, r) = (—09, co) of Figure 10.4, and in that case it is possible for two accelerated 
observers never to see each other (recall (6.4.10; 2)). 
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(10.3.21) K = —1. The Anti-de Sitter Universe 
This can be represented as the hyperboloid 


-x tart t x} -x =-1 
in R? with the metric 
g = -dxi + dx; + dx? + dx? — dx; 


(Figure 10.5). We now observe that the intersection with x = x. = x3 = 0 is 
a closed, timelike geodesic. If the causal structure (cf. (6.4.7)) is to be saved, it 
is necessary to pass to a covering surface, which can be mapped onto the region 
R x R* x S? for the variables (t', n, 2, g) by setting 


r= Jxptxi+x}=sinhn, xo =coshncos?’, 


x4 = coshnsint’. 
The metric is turned into 
(10.3.22) g = — cosh? n dt? + di) + sinh? n dQ’. 


Now the intersection where t’ = 0 = x4 is a Riemannian space of constant negative 

curvature. A sphere of radius R in this space has the surface area 4r sinh? R, and 

proper time ds = dt’ cosh R elapses much faster at large distances. To be able to 

compare this physical system with the earlier ones, we change to radial variables 
= 2 arctan(exp y) — 1/2. This makes the metric 


g = cosh? n(—dt? + dx? + sin? x dQ?), 
(10.3.23) m 
O0<x<>, —oo « t' « oo, 


which is again of the form (10.3.19), except that the overall factor depends on x 
rather than t’. The Penrose diagram is an infinite strip, which shows that in anti-de 
Sitter space there are no Cauchy surfaces at all. If we take the intersection with 
a spacelike surface at 9 = O, then it must lie at an angle of less than 45 in the 
Penrose diagram. It is always possible to find a light ray along ? = 0 which will 
never intersect this surface (Figure 10.6). Thus, in the covering surface, which 
has infinitely many sheets, time has the unusual property that for any infinite 
spacelike surface it is possible to find an event at a much later time having no 
causal connection with it. 


(10.3.24)  Einstein's Equations for Isotropic Spaces 


If Reg = Keag, then Rg = i, R"; = 3Keg, R = i,R* = 12K, and Ra — 
e, R/2 = —3K €s, so the energy-momentum tensor is Tyg = —1ag3K /8rk. In 
the phenomenological description (9.1.25; 3), this corresponds to a fluid at rest 
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light ray 


n/2 


intersection with a spacelike 
surface at 9 = 0 


FIGURE 10.6. Penrose diagram for the covering surface of the anti-de Sitter universe. 


with energy density = —pressure = 3K /8zk. A negative pressure is necessary 
to maintain the de Sitter universe (K > 0), and a negative energy is needed 
for the anti-de Sitter universe (K < 0); of course the distributions must also be 
homogeneous. Such unphysical T,g’s could be caused by: 


(a) a contribution A*1 in £ (cf. (10.2.14; 2)); 


(b) the vacuum expectation value of the energy-momentum tensor of fields, 
which can be ~ ~ nag for reasons of invariance; and 


(c) extra terms in Einstein's equations [50]. 


There is no very persuasive reason to believe in any of these suggestions, so, de- 
spite their esthetic appeal, maximally symmetric spaces are not the front-running 
candidates for models of the universe; in fact, the empirical evidence goes some- 
what against them. 


(10.3.25) Remarks 


1. Einstein's equations control only the local behavior of space, and not its global 
structure. They do not say whether it is necessary to enclose the anti-de Sitter 
universe in a covering surface to save the causal structure, or whether it is 
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permissible to destroy the causal structure of the de Sitter universe by identifying 
antipodal points. 

2. Since we have discovered that quite simple spaces require drastic revisions of 
our familiar causality relationships, we have to be prepared for the worst when 
we couple fields to the energy-momentum tensor. With gravitation, these phe- 
nomena occur only on the cosmic scale, but similar, though strong, interactions 
for hadrons could wreak havoc on the small scale. 


(10.3.26) Problems 
1. What is the condition on the g,,, of the natural basis so that v is a Killing vector field? 


2. Show that the Poisson bracket of p, v" (x) with the Hamiltonian g^? (x) p, Pp vanishes iff 
v is a Killing vector field (cf. (5.1.10; 2)). 


3. Suppose there exists a Killing vector field v. Find a coordinate system in which the gi, 
of the natural basis are independent of one of the coordinates. 


4. It is always true in two dimensions that Rj, = K (x)ejx(x) (cf. (10.1.43)). Why is K not 
necessarily constant? 


5.Let e? = dt in an orthogonal basis. Show that e° is a geodesic vector field (see 
(10.1.41; 3)). 


6. Calculate d* F” in the basis (10.3.9). What is the sign of the gravitational energy? 


7. Calculate the integral f *1 over a Riemannian space of constant positive curvature 
(K = 1). 


(10.3.27) Solutions 
1. It is that L, dx" = d(i, dx") = dv" = v" | dx! (cf. (2.5.12; 5)); thus 


0 = Lygim dx! dx" = vg, dx! dx" + 2gimu' ; dx! dx" 
=> V gini + Bim’ 1 + gir m = 0. 


2. {Pa v* (x), g?" (x) pp Py} = —2pav* yg”? pg--v" g?" «psp, = 0 for Killing vector fields: 
Bap” = ôa” => 8P” a = —gP" gop a8” , which brings us to the condition of Problem 1. 


3. By Theorem (2.3.12), it is always possible to find local coordinates for which the 1- 
component of v (in the natural basis) equals 1, and the others vanish. Then by Problem 
1, 8im,1 = 0. If v is timelike, this coordinate can be treated as time, making the metric 
constant and v = ó,. 


4. There are no 3-forms in two dimensions, and hence there is no Bianchi identity. 


5.0 = de® = w, ^ e implies that œ, ~ e, for k = 1,2, 3. Hence (cf. (10.1.11) and 
(10.1.17), 


Dee? = —e*(w, |e) =0. 


10.4 Spaces with Maximally Symmetric Submanifolds 481 


6. The basis is orthogonal, hence £,5,5 = —&7?"?, and 


K 
— 76 gg, Aes = — 3 8" xgeys; 


K Kr? 
— ier? d(wpy Aes) = — S [en ( + 2 — Kapi*e 


K Kr? 
S [re ( + =) — Kxgx° 2!e, ud 


K? 2 
-3K'e + 


*e* — KHx*xg*e = Srk(7" + *T?). 


The term linear in K is the same as the right side of Einstein's version, and the parts 
~ K? are the gravitational contribution ^ w ^ w, which is always negative for the energy 
density Too: — K?((|xl? + 312)/4. It is necessarily negative if K > 0, since the integral of 
the energy density over a compact space must be zero (7.3.35; 2), and the part ~ K is 
positive. 


7. f= f a"xjü +r?" = S, i drr™-"/(1 +r?/4)", where Sm = 21"? / T (mJ2) 
is the surface area of the m-sphere. If B = (1+r7/4)~', then, recalling that '(m)/ l'(m/2) = 
(2"-1/ A/T Gn + 1)), 


*1 m-l ia m-2 1 = D. = 9n-i l'(m?/2) 
J peste I ape (5 x Fon) 


2g "n*02 
= ——— = Smau. 
m4l ml 

r (=) 


Since the space is isometric to the (m + 1)-sphere, the calculation of the volume is correct. 


10.4 Spaces with Maximally Symmetric Submanifolds 


The nonlinearity complicates Einstein's equations so much that the gen- 
eral solution lies beyond human capabilities. Explicit solutions can be 
written down only if the space is of sufficiently high symmetry. 


If the symmetry of a maximally symmetric space is reduced, the variety of possible 
curvature forms becomes great enough to conceivably correspond to physically 
acceptable energy-momentum currents. It would, however, lead too far afield if 
we tried to classify all the possibilities exhaustively, so instead our plan will be 
to investigate the physically relevant metrics that come up when the symmetry is 
reduced in successive stages. 


(10.4.1) Spaces with Six Killing Vector Fields 


The interesting case is the Friedmann universe, with six spacelike Killing vector 
fields, generating a group isomorphic to O(4). The trajectories of a point under the 
action of the group form a spacelike submanifold with six Killing vector fields, 
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i.e., a three-dimensional Riemannian space of constant curvature. It is convenient 
to choose comoving coordinates, for which the geodesic vector field furnishes the 
coordinates lines x — const. perpendicular to this space, and the proper time on 
these geodesic lines is the time-coordinate t (cf. (10.3.26; 5)). Writing r? = |x?, 
the metric g is of the type of a 


(10.4.2) Robertson-Walker Metric 


|dx|? 


= -dt Zeca n 
g= di? ERUIT ay 


(10.4.3) Remarks 


1. R(t) is an as yet unspecified function of time, something like cosh(t) in de Sitter 
space (see (10.3.17), and note that |dx|?(1 + Kr?/4)7! is dx? + sin? x dQ? in 
the coordinates used there), or like exp(t) for K = 0 (see (10.3.18)). If K > 0, 
then the submanifold t = const. has the finite volume 2z? R?(t)/ K?’ (see 
(10.3.26; 7)). 

2. If anew time-variable t’ such that dt'/dt = 1/ R(t) is introduced as in (10.3.17), 
then g becomes conformally equivalent to that of de Sitter space, and conse- 
quently of Minkowski space, 


NOU |dx|? ) 
KERU d taxa 


(cf. (10.3.19)). It frequently happens that t’ takes values only in a finite interval 
to < t < tj, as inde Sitter space. In that case the causality relationships turn out 
to be similar to those discussed in (10.3.16), and in particular there are particle 
and event horizons. 


(10.4.4) The Curvature Forms of the Friedmann Universe 


Let Greek indices run from 0 to 3 and Roman ones from 1 to 3. If we write the 


orthogonal basis as 
R a 
2 - (a, BO) 


"14+ Kr?/4 
then : 
R K 
de* — (0 x — "T s) ; 
and therefore 
(10.4.5) wo = o, = Ra ; Wab = ——(Xg€p — Xpq)- 
R 2R 
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Consequently, 


and a similar calculation to that of (10.3.8) leads to 


2 
SEER ge 


(10.4.6) R” = >e, ^ ge $2 


The contracted quantities become 


i - :2 
R R K+R 
R? = 358, R= (s + a) e^, 


R R? 
(10.4.7) 5 E 
_ [KRO , RO 


(10.4.8) Remarks 


1. If R(t) = const., then the curvature is constant only in spatial directions, 


The time-independence of R gives rise to an R^ and contributes to R^. 
2. A comparison of (10.4.7) and (10.1.44; 3) reveals that the Weyl forms are now 
zero, as required by the conformal equivalence to Minkowski space. 


(10.4.9)  Einstein's Equations in the Classical Form 


In order to satisfy (10.2.20(a)), the energy-momentum forms of matter must be 
€" x (some function of t), because of (10.4.7). Therefore the energy-momentum 
tensor of matter is necessarily diagonal, and in the spirit of the phenomenological 
description (9.1.25; 3) we set Too = p = energy density and Tj; = p = pressure. 
Einstein's equations then imply that 


R +K 
3 = = 8rKp, 
(10.4.10) és 
2R R+K 
—— — -—8rkp 
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(10.4.11) Remarks 


1. The Bianchi identity (10.2.32) relates p and p to R, and of course the same 
relationship follows from (10.4.10). It implies that 


d*To = d(p*e?) = dp ^*e + p d*e? 


= -Wj ATTI = -poj n*e, 
and therefore 
* 0 0 * j . $ R 
dp^*e —(p— p)» j n*e, Lêz à -3g( - p. 
In the form 


d 3 

4 (OR) 
d 
QR 


this has the interpretation that pressure — —(rate of change of energy)/(rate of 
change of volume). It is noteworthy that gravity does not appear in the total 
energy in comoving coordinates. 

2. The static situation È = O requires a negative pressure if K > 0, as in de 
Sitter space, and a negative energy if K « 0. This originally induced Einstein 
to include the cosmological term A*1 in his action principle. Friedmann later 
discovered the solution bearing his name, and the modern tendency is to accept 
the dynamical equations as is. In order to illustrate their significance better, let 
us examine 


(10.4.12) Einstein's Equations in Landau and Lifshitz’s Form 


In (10.2.20(a)) and (10.2.22(b)) the energy-momentum forms for matter and grav- 
itation were represented as exterior differentials of 2-forms. Since it is not yet 
apparent what the gravitational energy is, let us track it down. To this end, we 
calculate the restriction of the exterior differential of the 2-form 


ci K Ci 
-ie* dwp Ned = — Ti 7 Xpecd, 
K Kr? 
1 Obcd Obcd 
—3€ (tbc ^ ea) muse ceu |era ( + =) 

2 t=const. 2R? 4 

= Kissen] 
t=const. 
3K — K?r?/4 
(10.4.13) = hE = Srk(* TO + *2°) 
R t=const. 


to t = const. 
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(10.4.14) Remarks 
1. Equation (10.4.13) states that 


3K — K?r?/4 

R2 
so 87 «- the gravitational energy density equals 8zt«- (total energy density — 
p) = —(K?r? + 12R°)/4R2. In the static situation (R = 0) this is the energy 
density of a homogeneous mass distribution p according to Newton’s theory, 


constructed just as in electrodynamics, but with the other sign and 47x — e?. 
If we chose units where R = 1, then 


87x - the total energy density = 


Ay K Kr? 
= ep = —, = —, 
e= 4e 
xK 1 K?r? 
W=—, -IVVP =-— ; 
2e zl | 28? 4 


and thus, as promised in $7.3, — K?r?/4R? corresponds exactly to 87x- the 
Newtonian gravitational energy in the most nearly Cartesian coordinates. In the 
dynamical case, there is also a contribution R. 

2. The gravitational energy is exactly large enough so that if K > 0, the integral 
of the total energy over the whole space is zero: 


Kf r?dr " K? T rtdr 
o ü--Kr/45 4 Jo (14+ Kr2/497 


3. If we write the first of equations (10.4.10) as 


then it has the form of the conservation equation for the energy of a (nonrel- 
ativistic) particle with coordinate R and speed R. The kinetic energy plus the 
potential energy is constant, where the latter is taken as the potential energy on 
the surface of a ball of radius R and homogeneous density p: 


-v(r)= 


4n R?p 4r R? r? 
Or — aae —r). 
3 (r—-R)+ 2 ( + m) O(R =r) 


Note that V(0) — V(R) is smaller than V(R) — V(oo) by a factor of 2. 


In the following section, we shall return to (10.4.10) when we study the collapse 
of stars, and we shall solve them for selected pressure-density ratios. A detailed 
discussion of their importance for cosmology may be found in [27], [28], and [29]. 


(10.4.15) Spaces with Five Killing Vector Fields 


In 85.8 we learned that there are in general five constants of the motion in the 
field of a gravitational wave, which are linear in the momentum components. This 
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motion accordingly allows five Killing vector fields, and the invariance group 
they generate is isomorphic to the invariance group of a gravitational wave, and 
consequently (5.8.4; 1) to that of an electromagnetic wave (5.5.3). The metric given 
in (5.8.1) is a special case of what we examined in (10.2.24), where it depended 
on only one coordinate u. The interesting situation is where discontinuities are 
allowed, in which du = nae”, 0 = nan” =: n?. If the coordinates are chosen so 
that 


(10.4.16) n = (—1, 1,0,0), u=x-t, 
then the metric (5.8.1), with the required invariance structure, is of the form 


(10.4.17) g = -dt + dx? + plu} dy? + q(uy dz’. 


(10.4.18) Remarks 


1. The form of g is that of a metric in a comoving coordinate system (cf. (10.3.26; 
5)). Therefore the coordinate lines x = const. are possible particle trajectories. 

2. The gravitational field described by g is a kind of transverse wave, which al- 
ters the distance perpendicular to the direction of propagation between particle 
trajectories. If p — 1 and q — 1 have compact support, then the pulse looks 
schematically as shown in Figure 10.7. For example, in the solution given 
in (5.8.7) p < 1 and q < 1, so the trajectories draw closer together in the y- 
direction and spread apart in the z-direction, as with a quadrupole field. This 
effect would not be measured by measuring rods, as they would be stretched in 
the same way. However, the deformation would be observable by measuring the 
time-delay of a reflected light signal. 


(10.4.19) The Curvature Forms 
If the orthogonal basis 


e” = (dt, dx, pdy,q dz), 
de” = (0,0, p' du ^ dy, q' du ^ dz) 


is used, then the affine connections become 
Dap = Sang P3 Sana, Sa = (0, 0, p dy, q dz), 


as in (10.2.13). Since n, S% = 0 = nan”, we find that wag ^ wf, = 0 for all œ and 
P, and the curvature forms are 


Rog = do —du^ (Sing mi Sgro), 
Sq = (0,0, p" dy, q" dz), 


(10.4.20) 
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FIGURE 10.7. Schematic drawing of a gravitational pulse. 


with the contractions 


n n 
Rg = igR“g = —ngdui, S" = —ngdu (E + £), 
(10.4.21) p q 


R=0. 


(10.4.22) Remarks 


1. In two dimensions, g = —dt? + p*(t) dy, the curvature is p” dt ^ dy, and thus 
Rag are precisely the curvatures of the corresponding two-dimensional surfaces. 

2. The Wey] forms are not of necessity zero, and the space need not be conformally 
flat. However, if p" — q" — 0, then it is always flat (cf. Remark (5.8.8; 2)). 


(10.4.23) Einstein's Equations in the Classical Form 


By equations (10.4.21), 
n n 
Ry — Lea R = —n, du (E + E), 
P q 


and thus an energy current ~ du could well be a source of the gravitational pulse, 
as long as it is accompanied by an equally large current of the 1-component of 
the momentum while the other components vanish. Such an energy-momentum 
current could be produced by an electromagnetic wave. If 


F = f(u) ^ du with (f |du) = (du|du) = 0, 
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then F ^ *F = 0, and the energy-momentum forms (7.3.23) are 


T, = (i F) A! F) = ~ir F = —(fatdu — mais) f Adu 
= ny du(f |f). 


Therefore Einstein's equations imply that 


P 4L 4 gsetflf) 2 0. 
p q 


To solve this equation, set p = L exp(B) and q = L exp(—£). Then 


(10.4.24) T + B? 4 Ank(f |f) — 0, 
u Hp uu 1/2 
(10.4.25) pu) = Í du’ (E — Ank(f (u^) fy) ; 
0 L(u) 


(10.4.26) Remarks 


1. 


w 


In the approximation linear in «K, 


L(u) = 1 — 4k l du’ I du" (f (u^)| fu), 
0 0 


while f remains arbitrary to first order. If the equations are homogeneous (f = 
0), this provides us with a solution that could be used for ^^ in (10.2.18) because 
to first order, B = #22 = —935, and the other y’s are zero, so that 0 = g,* = 
Pba,“ a Qao, p^ - 


.If L > 0, then it is a concave function, because (f|f) > 0, and f and p’ 


contribute in similar ways to the curvature L" of the function L(u). In this 
situation, the trajectories of particles are focused in the (y—z)-plane. This is an 
effect of the gravitational field produced by the electromagnetic or gravitational 
wave. 


. If L’ is ever negative, then L must sooner or later have a zero. This singularity in 


the metric might not be a genuine one, but may only indicate that the gravitational 
wave has disrupted the coordinate system. The space might appear as Minkowski 
space in some other chart (cf. (5.8.8; 2)), as soon as the wave has passed. 


(10.4.27) Einstein's Equations in Landau and Lifshitz’s Form 


It remains to find out how well the interpretation (10.4.26; 2) of 8? as an energy 
density accords with the formulations (10.2.22(b)). In the latter formulation gravity 
contributes 


BE 
i 1 * ,Byp 
la = 508gy Nap A € 
a &rx? By ap 
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to the energy, and the other summand is zero. Substitution from (10.4.19) yields 
(10.4.28) Bikey = "(Sgny ^ Son ^ *e^PY) 


= — naissis (e^ ^ du) = -na du2P4- 
Pq 


L' 2 
m 
so that an additional negative term —(L’/L)* occurs along with 8°. 


(10.4.29) Remarks 


1. In the linear approximation (10.4.26; 1), L' = 0, 2B = 5; = —&33, and the 
result is that 

(822 — 833)” 

64nk ` 

2. Provided that L has a slowly varying amplitude in comparison with B, (10.2.22(b)) 
states that Å? creates gravity like any other kind of energy, and that the energy 
of a gravitational wave is positive. 

3. Fictitious energies associated with fictitious forces also appear in (10.4.27); their 
origin is that the 4, do not vanish even in flat space (p" = q” = 0). 

4. The speeding-up of a double star with a short period seems to be consistent with 
the energy loss due to gravitational radiation as calculated with this formula. 


energy density — momentum density — 


(10.4.30) Spaces with Four Killing Vector Fields 


We shall consider the spaces that are the counterpart to the problem of a central 
force in mechanics. The energy and angular momentum will correspond to the 
operations of time-displacement and rotations that leave g invariant. In the polar 
coordinates for M = R x Rt x S?, the &ap depend only on r = |x|, and the metric 
can be written as 


g = —di? exp(2a(r)) + dr? exp(2b(r)) + r(d9? + sin? 9 dg’). 


(10.4.31) Remarks 


1. If Einstein’s equations in vacuo hold, then it can be shown that the existence 
of the timelike Killing vector field follows simply from the spherical symmetry 
(Birkhoff’s theorem, Problem 5). 

2. In comoving coordinates, the g,5 are in general time-dependent. 


(10.4.32) The Curvature Forms 
In the orthogonal basis 
e* = (e^ dt, eè dr,rdd,rsind dg), 
de" = (a'e" dr ^ dt, 0, dr Adv, sind dr ^ do +r cos0 dd A dg), 
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the affine connections turn out to be 


CNN NNNM 


(since Wag = ~ga, we write them only for a < f). They make 


e "b dr ^ d8|e "(—cos9d9 + sin 9b'dr) ^ dp 


sin 9 d9 ^ do 


(10.4.33) "PES 


a — 
dwg = 


e" "(a" + a'(a' — b'))dr ^ dt 


o — e” bq’ dt a d9 | — ea sin 9 dt ^ d9 


e *>sin9d8 ^ do 


a UPS 
Wy A W's = 


The term ~ d? ^ dg cancels out of dw'3, and the R” g become proportional to 
€" g: 


(10.4.34) 


R^, m 


(10.4.35) Einstein's Equations 


Since the remaining symmetry still suffices to make R%, of the form R%g = 

K” ge" g (no sum), the energy-momentum forms T° (letting this embrace every- 

thing coupled to gravity) must likewise be ~ e". Thecoefficientsare - $^ Kgy, 
B 


<y 
Bo. ya 
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and depend only on r: 


1- —2b —2b 
(10.4.36) (- 5 = wt) e? = 8x T?, 


("Ly 
(e +a? — a'b/ + = e T? = 8zkT?. 
r 


(10.4.37) Remarks 


1. 


Because of the spherical symmetry, there is an invariance under 2 <> 3, and, 

more specifically, 7 ? and 7? have the same factor in front of e? and, respectively, 
3 

e 


. T? is of the form c%e* (no sum), and the contracted Bianchi identity (10.2.32) 


subjects the coefficients c^ to the equation 


dc? A*e?* = vs ^ *eP(c* — c). 
B 


. The 7? are written with the basis of (10.4.32), and thus the 77, j = 1,2,3, 


are obtained from Cartesian energy-momentum forms by local rotations (cf. 
(7.3.26)). If, for instance, 77 = pe/ in the Cartesian basis, then it is also true 
in this basis. 


(10.4.38) Special Cases 


1. If we make the phenomenological assumption that 
T, = (pe^, pe’) 


(cf. (9.1.25; 3)), where p and p are not too singular and decrease sufficiently 
fast as r — oo, then the first of equations (10.4.37) is solved by 


8 á 2kM 
(10.4.39) pue Í marnas e 
r 0 r 
and the second one determines a once b is known: 
oo 
(10.4.40) a = —b — 4zk f dr’ r' e" olr") + p(r’)). 


The last two identical equations relate p to p, and are equivalent to requiring 
the contracted Bianchi identity. This subject will be pursued in the following 
section; for the T° treated here it is satisfied. 
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If it happens that p(r) = p(r) = 0 for all r > ri, then the metric in the region 
where r > rj is the 


(10.4.41) Schwarzschild Metric 


d 2 oo 
pas (1 & Tar +Z trd, = ane | r? dr p(r). 
F gat 0 
r 
On the other hand, if p — const. — — p, then we return to the situation of (10.3.23) 
and obtain (cf. Problem 4) a 


(10.4.42) Static Form of the de Sitter Metric 
Pee ey ee ger K = — p 
1— Kr? i g 


2. Equations (10.4.37) allow the pressure in the radial direction to differ from 
the pressure in the 2 and ø directions. This could happen for the Coulomb 
field of a point particle, for which the energy-momentum forms can be 
calculated as 


(10.4.43) T" = ~ [0° ~e!, ee. 
2r4 
If we set exp(2a) = exp(—2b) = w(r)/r in (10.4.37), then Einstein’s 
equations read: 
l-y’, i-o Qv". y" = 
( a €, E e, ae A ane = 8n Ta. 


If Y = r — ro + Axe? /r, then this simply reproduces (10.4.43), and the 
resulting metric is called the 


(10.4.44) Reissner-Nordstrøm Metric 


r 4n ke? dr? 
s=-(1-24 2 Jat Rue enam. 
r r Dep 


(10.4.45) Remarks 


1. In the linear approximation, and with |p| « p, equation (10.4.40) becomes 


n 1 1 r oo 
dics = —47rk Hi dr’ p(r)r? «f dr’ e| ! 
2 r Jo r 


which is the Newtonian potential of the spherically symmetric energy density 
p, as it must be on account of (10.2.30; 2). 
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2. The pressure contributes to (10.4.40) as the density contributes to goo. Hence 
the negative pressure p = —p of the de Sitter universe in fact makes a = —the 
Newtonian potential, because for constant densities, 


1 f*. | f^ 
| r?dr' p= zl r' dr' p + const. 
r Jo 2 r 


3. If p is more singular than r ? atr = 0, then one can write f% instead of — fy in 
(10.4.39). This is the case with the Reissner solution (10.4.44), so the positive 
field energy contributes with a reversed sign to the gravitational potential. The 
interpretation is that M — M(oo) represents the total energy, and the potential 


Mk | 4nek 
r 2r? 


shows that as one approaches the origin, part of the energy density is left behind, 
and the potential is effectively decreased compared with its asymptotic value, 
—Mk/r.If M < co, then it follows that the “naked mass” at the origin must be 
—oo, since the electromagnetic mass 


4n [9 dr 


2 0 r4 


is divergent. This has the paradoxical consequence that gravity is repulsive at 
short distances. Once again, the infinite electrostatic self-energy of a point charge 
is causing trouble. 

4. The basis of (10.4.32) is less suitable for a discussion of gravitational energy 
using the version (10.2.20(b)) of Einstein’s equations, since it is possible to 
simulate a gravitational & even in flat space, with polar coordinates. In Problem 6 
the gravitational energy is discussed in the maximally Cartesian coordinates (see 
(5.7.17; 4)). It turns out that as long as there is asymptotically a Schwarzschild 
metric, the total energy including the gravitational energy is M. Note that 


Í +70 _ an | dr re" p(r) AM = sa | dr r?p(r). 
t=0 0 0 


5. In Problem 7 the energy density of gravitation is calculated as —« M? /87r* in 
these coordinates. This is equal to the negative of the energy density (e/4z r?°)? /2 
of a Coulomb field, where e? is replaced with 4 x M?, analogously to Remark 
(10.4.14; 1). Since M is the integral of the total energy density, there can be an 
everywhere regular solution with M > 0 only if p > 0 counterbalances the neg- 
ative gravitational energy. The increase of the Schwarzchild potential compared 
with the Newtonian potential at small r can be interpreted as the field produced 
by the negative gravitational energy. 
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FIGURE 10.8. A choice of the metric on the surface t = const., 9 = const. 


(10.4.46) Properties of Spherically Symmetric Fields 


1. The Geometric Interpretation of the Spatial Metric. The restriction of the 
metric to a plane passing through the origin, 


2b 2 2 2 
8|:=const. = € dr’ +r°dvd’," 
y=const. 


is the metric on a surface of rotation in R?. If it is written in cylindrical 
coordinates as z(r), then 


dz dr? er? d)? = dr?(1 + 2°?) + r? d8? = e”? qp? + r?° dv’, 


or, using (10.4.39), 
2kM(r) 
'=V1- e = | —, 
3 1 r —2«M(r) 
r 2x M(r’) 
= dr’ | —————. 
MI Í Yr -2xM(r) 


As a consequence, the Schwarzschild metric M (r) = const. gives the inter- 
section q = const. the geometry of a paraboloid of revolution, 


2(r) = Arr To 


(Figure 10.8). The metric is singular at r = 2x M(r). The paraboloid of the 
Schwarzchild metric can be extended beyond that point, but, if so, r is no 
longer a monotonic function of z. 
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2. The Causal Structure. The Schwarzschild metric was extended beyond r — ro 
in (5.7.2; 5), with the aid of the coordinates 


t le r cosh ] 
= |/— — lex — —]. 
" ro P 2ro 2ro 


(10.4.47) 
t 
v= Lollexp E sinh | — |, u? — v? »-1, 

ro 2ro 2ro 

in which 
du? — dv? 
(10.4.48) g = rd exp (-=) eee de 
ro r 

There remains a singularity at r = 0, which is now a spacelike hypersurface 
u? — v? = —1. The quickest way to understand the causal relationships is 


to draw the Penrose diagram that results from using the coordinates 


veac (5). v-u=m (255), 
(10.4.49) 


um uz 
—zn«wy-técrm, ES A x 


The metric 
g = A*(-dy? + d£? + R? dQ”), 
YQ _ pyr 2 S 
A= ve 7 cog"! L(y — £) cos”! (y +£), 


R=-, 
A 

reveals that timelike lines run in the (V/—5)-plane at angles of at least 45°, 
and radial light rays run at 45?. The region covered by the new time and 
radial coordinates looks as shown below. Since the boundary contains the 
spacelike piece where r = 0, there is a horizon. Although r = ro is not a 
singularity, it is the event horizon for all trajectories that remain in Region I, 
where r > ro. Regions II and III are invisible from Region I, which is itself 
invisible from Regions III and IV. Although nothing exceptional happens 
locally at r = ro, the surface r = ro has a global significance. 


The Reissner metric (10.4.44) becomes singular for some r € (0, oo) if 
Anke? < M?&?, For hadrons this inequality is far from being satisfied, 
since in natural units e? = 415 > (x/4z)M? = (Planck length/Compton 
wave length = (10733 cm/107!^ cm)". Thus no horizon prevents people 
from starting at the "naked singularity" at r — 0. The "cosmic censorship 
hypothesis" conjectures that naked singularities do not develop in reality. 


Indeed 4ze? > M?k means that the Coulomb repulsion of charged matter 
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Pad 


event horizon for region I 


FIGURE 10.9. Penrose diagram for the Schwarzschild solution. 


FIGURE 10.10. Penrose diagram for the Reissner solution. 


would be stronger than the gravitational attraction, thus preventing the col- 
lapse to a singularity. If M?«? > 4z ke?, then the singularity of (10.4.44) 
at small r lies only in the choice of coordinates; with other coordinates it 
would be possible to continue to r = 0. In that case, the repulsive nature of 
gravity makes r = 0 a timelike line. The appropriate Penrose diagram, Fig- 
ure 10.10, thus extends in the timelike direction to infinity, as with the anti-de 
Sitter universe ([28, p. 921]). Hence there are again no global Cauchy sur- 
faces, but instead there is a bizarre possibility that one might crawl through 
the wormhole bounded by r = 0 into another universe just like ours (I’ in 
Figure 10.10). 


. Singularities. Now that the singularity at r = ro has successfully been 


removed from the Schwarzschild metric, the question arises of whether the 
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singularity at r = 0 is genuine. It is not necessarily significant that the g;, 
are infinite there, since these quantities depend on the coordinates. However, 
the invariant *(Rag ^ * R"?) goes as r~®, and grows without bound as r — 0 
(Problem 8). This would not be possible at a regular singular point, so we 


conclude that the Schwarzschild metric cannot be extended regularly across 


the region u? — v? > —1. 


(10.4.50) Problems 
1. Construct the five Killing vector fields of the metric (10.4.17) (cf. (5.8.3)). 


2. In the linear approximation, the metric at large distances 
4k ; 
Sap Em Nap + p [es (Top = ITma)c s 


looks like the field of a plane wave. Using (10.4.29; 1), calculate the energy radiated in 
the 1-direction, and express it in terms of the quadrupole tensor 


Da = [ex Too (3x4 xy ES Sup |X|"). 


3. Calculate the 7, of (10.4.43) for F = (e/r?)e?! . Verify that i. Ta = 0. 
4. Reexpress (10.4.42) in the form (10.3.9). 


5. Prove Birkhoff’s theorem: If the a and b of (10.4.30) also depend on time, and Einstein’s 
equations hold with 7, = 0, then there exists a time-coordinate t’ such that g is of the 
form (10.4.30) with a and b independent of time. The metric g must then be of the form 
(10.4.41). 


6. Use the Schwarzschild metric in the form 


kM KkM\`' 
k= (1-1 ++ 
( mm) (+S) : 


(cf. (5.7.17; 4)) and the version (10.2.20(b)) to identify the total energy 
(T°? +°) 
N3 
with M. Use a ball of radius R — oo for N3. 
7. Calculate the density of the total energy as in (10.4.45; 4) with the w’s of Problem 6. 


8. Calculate *(Rag A * R^?) for the Schwarzschild metric, and check that it is unbounded at 
r=0. 


498 10. Gravitation 


(10.4.51) Solutions 


1. The fields with components 


/ = (0,0, 1,0), ,0,0, D (1, 1,0,0), ( | xs) ( [ 9) 
seinen qu) VU. py 


satisfy 
V' £i i + Bin V. Fiag BiU an = 0, 


and are therefore Killing vector fields according to (10.3.27; 1). 
2. From the continuity equation of the linear approximation, T°? , = 0, it follows that 
8? y 3 1 8? 3 
zao = = VaVoTub, i.e., d` x Typ = 238 d^ x X,XpToo. 


Therefore 

2x 8? 
r on 
The contribution ~ nap is irrelevant, because we require only the square of the difference 
of the eigenvalues of the (2-3)-subspace (£33 — 827)? + 483). Substitution of D,, yields 


Bab = [es XaXp Too F Nabe. 


To = (zzi) (Bas - Bra)? + 4531 


(cf. (7.1.13) and [51, 8104]). 


3. 
*F— A 23 [ F F- F] 
es i , 2 liga F lig F 
le. e e 
. 01 0 
To 2 il^ ;* ae 
2 
T= : pedata 
1 2p €0 y2 4°? 
h= [es fae 
2 22-372 rt 
le, en È, 
3 = = e^ = —e 


4. Suppose K = 1, and introduce the coordinates 
x4 =(1— r°)? cosht and — x5 = (1 —r’)' sinht 
on the surface where x? + x2 + x2 + x2 — x2 = 1. Then 


2 dr? 
—-pX 


g = dx? + dx — dx? = |dx}? — (1 — r°) dt? + : 
If K = —1, then take the coordinates 


x4 =(l1+r?°)cost and x5s=(14+r’)sint 
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on the surface where —|x|? + x? + x2 = 1. 


5. If a and b depend on time, then the only immediate change is o, by exp(b — a)b dr. 
This produces the following extra terms in the 87 « 7? of (10.4.35): 


e^ 


æ —0:2b el, 
r 
dad 


aœ —1:-2b e, 
r 


a —2,3: e? (b + p — ab)e*. 


Ifa = 0, then we also find that b = O and hence exp(—2b) = 1—ro/r. If, however, o = 1, 
then a’ = —b’, and thus exp(2a) = (1 — ro/r) f(t). With the variables dr’ = f(t)dt, 
we have the Schwarzschild metric. No new coordinates result if @ = 2 or 3. 


a y hx NE ADS T E ET 
6. e = (hdt, f dx), w” = ——dt, w = —(x* dx’ — x! dx), 
fr fr 
8z f (T? 59-2 — Tag) Whe A €4 
N3 ð N3 
Obcd f c b d 
—E =x" dx’ ^dx 
an; T 


= — lim Í dQ2f'r? = 81kM. 
r=R 


—00 


In the above equations, dQ is the element of solid angle, and we have recalled that 


go — 013 = 1. 
7. 
1 
8xk(*19 3E *2°) m ies 2e (Wye ^ eu) = ae dhed 
d (Z=) dx" adx! = —dx' A dx? ^ dx? [£ +2r (£) | 
r r 
M 2 
- e df ^dx? adx. 
* 


8. RP = ce”? (no sum); 


í n 24(k MY. 
Banka a PNE. 
a,b 


ré 


10.5 The Life and Death of Stars 


Gravity differs from other interactions by having a very small coupling 
constant, and by being universal. For cosmic bodies, the latter property 
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makes the action of gravity sum constructively to such an extent that it 
dominates all other interactions. 


(10.5.1) The Orders of Magnitude 


The gravitational energy of N protons (mass m) in a volume V is on the order of 


k(Nmy? 22/3 yr 1/3 
Eg 7 — via = -km NC No, p-y 


Although the Coulomb interaction is unimaginably stronger than this, e? ~ 10?6 
«m?, it is neutralized in normal matter, so that the electrical energy per particle is 
~ —e*/(the distance between nearest neighbors). This distance is ~ p~!/3, so the 
total electrostatic energy is 


(10.5.2) E, ~ -e Np? = Eç. 


e 
We see that if N ~ (e?/km?)?? ~ 10%, then gravity starts to dominate the 
electrical forces. The mass of Jupiter is about that of 1054 protons, which is the 
point at which the Newtonian potential supplants the Coulomb potential as the 
determiner of the structure. In a larger body, gravity crushes the atoms together, 
and the matter turns into a highly compressed plasma. 

The Fermi energy, which is the origin of the solidity of matter, is (the number of 
electrons) x (the nearest-neighbor distance) ? x (the electron mass)~!; in natural 
units @ = c = 1): 

2/3 
(10.5.3) Enoch. 


m, 


The density p of an object adjusts so as to minimize the total energy. Whereas for 
the Coulombic energy (10.5.2) this makes the density independent of N, 


(10.5.4) p ~ (e? m, = (Bohr radius) ?, 
in the case of gravitation objects containing more particles are smaller: 
(10.5.5) p? ~ mik NP, VN Im; (cm). 


However, as soon as the separation between nearest neighbors is on the order of 
magnitude of the Compton wavelength o!/? ~ m,, the relativistic energy |p| is to 
be used in calculating Er instead of |p|?/2m,, and (10.5.3) is replaced by 


(10.5.6) Er ~ No'”. 


The gravitational energy consequently dominates the Fermi energy when km? N?? 
> 1 > N > (m^)??? ~ 10°7, i.e., when the mass is somewhat greater than the 
mass of the Sun; and the minimum of the total energy is attained when p = oo and 


10.5 The Life and Death of Stars 501 


v = 0. After that point, there is a process in nature that dramatically controls what 
happens. The rate of energy loss from stars is normally rather slow—one photon 
takes several million years to escape from the interior of the Sun— but sufficiently 
energetic electrons can create neutrinos by inverse beta decay e^ + p > v +n, 
which, as they feel no strong interaction, leave the star immediately. This makes 
the transition to states of lower energy proceed at a much higher rate, and in a 
matter of seconds the star collapses to a neutron star, of nuclear density. Hence the 
energy released is on the order of the kinetic energy of neutrons at this density, 
about 10 MeV per particle, and thus as much energy is emitted as in the normal 
thermonuclear reactions, but much more rapidly. That is why it is assumed that the 
catastrophe just described is what takes place in a supernova, for which a single star 
may radiate with the brilliance of a whole galaxy for a week. The energy released 
would be the same, because a galaxy has typically 10!° stars, and normally a star 
takes 10? years ~ 10? weeks to burn up all its nuclear fuel. 

This line of reasoning makes use of a naive, Newtonian picture of gravity, and 
it is interesting to see how it changes in Einstein's theory, with the help of the 
material developed in the preceding section. It might be hoped that a sufficiently 
great pressure could counteract the gravitational attraction and render the stars 
stable. This is not necessarily the case, however, because in the relativistic theory 
pressure can also produce gravity, which can aggravate the situation. 

Recall, in the spirit of the phenomenological description of the energy and 
momentum of matter, 


(10.5.7) To—-pe,  Tj-pe, j=1,2,3, 


that the energy density p and pressure p cannot be chosen completely arbitrarily, 
due to the contracted Bianchi identity (10.2.32) connecting them. For the special 
form (10.5.7) it requires that 


(10.5.8) dp ^*el = wg A*e(p +p) 
(see (10.4.37; 2) with œ = 1 and c! ș only nonzero if B = 0). 


(10.5.9) Remarks 


1. We shall later be primarily interested in the static, spherically symmetric, case. 
Then both sides of the equation in (10.4.37; 2) vanish for a Æ 1, with the e's 
and c's of (10.4.30); hence (10.5.8) contains all the information of (10.2.32). 

2. Since we have earlier expressed the metric in terms of p and p, equation (10.5.8) 
creates a relationship between p and p, which must be satisfied in order to have 
static equilibrium. If an equation of state is known for p and p, then there can 
be a static state only at the density distribution for which (10.5.8) agrees with 
the equation of state. 


Taking the w of (10.4.33), 


0 
(10.5.10) dp ^ *e! = exp(—b) (2) *1 = —exp(—b)a' (p + p)*1, 
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and according to (10.4.39) and (10.4.40) (with kM(r) > M(r)), 


a’ = —b + 4zkr(p + pe? 


-1 
= (: — 2 A |-arere + t + 4nkr(p + »| : 


When this is substituted into (10.5.10), there results the 


(10.5.11)  Tolman-Oppenheimer-Volkoff Equation 
dp _ (p+ p\[M(r)  4nkpr?] 


dr r(r - 2M(r)) 


(10.5.12) Remarks 


1. Of course, this also follows from (10.4.37), but the Bianchi identity does the 
trick without the extraneous information of (10.4.37). 
2. Equation (10.5.11) generalizes the nonrelativistic fact that 


_9p pM 
ar roc 


The increase of the pressure for decreasing r is intensified by the following 
relativistic effects: 


(a) There is an additional term ~p in M (r), since pressure also produces gravity; 
(b) itis necessary to add p to p, since the gravitational force also acts on p; and 
(c) gravity increases faster than ~ 1/r? as r — 0. 

We saw at the outset that large, gravitating masses lose their stability in the 
special theory of relativity, because a relativistic electron gas is not as stiff as a 
nonrelativistic one, and does not stand firm against gravity. The general relativistic 
situation is even more precarious, because the solidity of matter also fails to help. 
In order to see this, we integrate (10.5.11) for the most extreme equation of state, 
viz., that of incompressible matter, which cannot be squashed to arbitrarily high 


density. If o = const., and we require the boundary condition p(R) = 0, where R 
is the radius of the star, then in dimensionless variables we find 


[8 | 
x=r n xo = R me fa, 
3 3 R 
(10.5.13) ir EN DER 
p(t) = o À— 
3,/1 — x- V1 — x? 


(Problem 1). As a consequence, we can read off the 
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(10.5.14) Maximal Pressure in Homogeneous Stars 


jay DESEE NUR 
EUST ee 


(10.5.15) Consequences 


1. Whereas p(0) goes as pro/4R for stars of homogeneous densities whose 
radii are much larger than the Schwarzschild radius, and thus p(0) is nor- 
mally much less than p, if R — ro it increases rapidly and becomes infinite 
at R = 9rg/8. 


2. The pressure in matter comes from the electrons, while the protons give 
rise to the energy density. The relative orders of magnitude are that p/p ~ 
(electron speed v)? x (electron mass)/(proton mass) ~ v? - 1073, so that 
the pressure in the center of a star like the Sun, with R ~ 10?ro, requires 
electrons to be moving at ~ 1 the speed of light. The electrons must be 
relativistic in stars of the same mass but hundreds of times smaller (white 
and black dwarfs), and the situation becomes critical. 


The next question to answer is how Einstein's theory affects the naive expression 
(10.5.1) for the gravitational energy. In $10.4 we saw that 


is the total energy of the system, while 


oo -1/2 
(10.5.16) f dui ae Í E ( » ae) 
0 


equals the total energy of the matter alone. If p = const., then equation (10.5.16) 
can be evaluated easily, and there results the 


(10.5.17) Gravitational Energy of a Homogeneous Star 


3 , ro ro ro R a 
Ec=M-— +99 = Ml1—- LENS LU Vea ccs ; 
G [ore ( 5 [arcsin 1 a 


if 
3 KM? 
R DEG = --— 
> ro: Eg 5 R' 
3x 
R = ro: Eg = — (7-1) 


When the density is small, this reduces to the Newtonian self-energy of a ball of 
uniform density, and as R — ro this formula is of the same order of magnitude, 
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but its numerical factor is somewhat different. At the limit of stability R = 9ro/8, 
itreads Eg = —0.37M. 

If the pressure called for in (10.5.11) cannot be provided, then it is not possible 
to have static equilibrium, and the star collapses. In order to pursue this drama 
analytically, let us consider only stars of uniform pressure and density distributions. 
The Friedmann solution (10.4.2) applies in the interior, while in the exterior the free 
Einstein equations hold, for which, according to Birkhoff's theorem (10.4.50; 5) 
the only available solution with spherical symmetry is the Schwarzschild solution. 
The problem of matching the solutions will be discussed later, after we study the 
dynamics in the interior. 

The point of departure is equations (10.4.10), which will be used in the form 


d 
qr 
(10.5.18) p= Re 
LR 
dt 
R^ danpR K 
(10.5.19) Roue uc 


We solve them first for the extremal equation of state, p = 0. In normal matter, 
p is always much less than p; the greatest pressure is that of massless particles, 
p = p/3. When either p = p/3 or p = p, analytic solutions can be written down 
(Problem 3), and we shall later figure out the qualitative behavior for all p > 0, 
which is generally similar. 


(10.5.20) Solutions with p — 0 


Equation (10.5.18) implies that M = 4z p R?/3 = const., making (10.5.19) of the 
form of the energy of the radial Kepler motion, with no angular momentum. This 
equation was integrated in $4.2, and the solution is most conveniently written in 
the form of Kepler's equation (4.2.24; 7). We can identify the variables used there 
as 


K M 
m-l E=->, «=M > a- t. e=1, 
and must distinguish three cases: 
(a) K > 0 
kM kM . 
(10.5.21) R= «x — cosu), t-t = pna” — sinu). 
(b) K =0 


1/3 
(10.5.22) R = (t — 0)? (=) 
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R 
KM/K 
FIGURE 10.11. Cycloid for R(t). 
(c) K <0 
kM KM... 
(10.5.23) R= ieee — 1), t-f= Fae — u). 


(10.5.24) Remarks 


— 


. The case K > 0 in (10.5.19) corresponds to a negative energy in the Kepler 
problem. Accordingly, R equals zero when u = 0 (t = tọ) and when u = 
2z (t = to + 2KM/K?/). In this case Kepler's equations (10.5.21) are the 
parametric representation of a cycloid, specifying how time elapses during a 
free fall into the center. 

2. Case (a) describes a big bang at t = fo, which was so weak that the particles 
flying along the geodesics x = const. are eventually stopped by gravity, turn 
around, and all will eventually crash together again. In case (b), on the other 
hand, the initial velocity is high enough to send the particles to infinity. The 
space t = const. is not compact, but in fact simply R°. 

3. In case (c) the particles retain some kinetic energy when they reach infinity, and 
the space t = const. has negative curvature. 

4. If t = to, then R = 0, and we learn from (10.4.7) that the metric has a genuine 

singularity at that point, because the curvature scalar approaches infinity. 


These results are probably not too surprising, since matter without pressure 
or angular momentum would be expected to fall into the center unless it has a 
large enough initial outward radial velocity. A positive pressure changes nothing, 
because the extra gravity it produces actually favors the collapse. The reason can 
be seen formally in (10.4.10), by which a positive p contributes negatively to R, 
thus increasing the concavity of the function t — R(t). In that case, R(t) must 
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approach zero if the initial slope is too small. To be mathematically precise, let us 
state these thoughts as a 


(10.5.25) Criterion for Collapse of the Friedmann Universe 


Let R(0 < K > 0 and p = 0. Then R(t) vanishes for some 


) 2R(0) 
VK — RO) 


in which R(0) is connected with R(0) by R(0)? = 3(K + R(0)) /81 kp(0), according 
to (10.4.10). 


Proof: Let us write the second equation of (10.4.10) as 


Hc Rey K —RüSEpa) /— K 
~ 2R() 2R(t) 2 ^  2R(t) 


Then 


R(t) = R(0) + tR(0) + Í dt! Í dt" R(t”) 
0 0 


2 5 2 . 2 
< RO) i89) - 5 = n 4 SO _ E ( : Hox | 


where a :— sup, R(t). If R(0? < K, thena < R(0) + aR(0)?/K implies 


. 2 ~] 
a < RO) ( E ) 
K 
and the zero for R(t) happens before 
2R(0a | |4aR(0) 4a2R(0)? ; Ki 
= =—— —— + — R = > .-° 
to eo pros ROT ORO) 
The bound on a implies (10.5.25). O 


(10.5.26) Remarks 


1. If p = 0, then the condition R(0 < K corresponds to the statement for the 
equivalent Kepler problem that the kinetic energy is less than minus the total 
energy. This obvious criterion preventing escape is valid for all p > 0. 

2. The time t is that of a comoving coordinate system, and thus the space collapses 
to a point within a finite proper time for freely falling observers. 
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Finally, we construct a solution of Einstein's equations, which describes gravita- 
tional collapse. The physical picture of what takes place is as follows: If, after hav- 
ing exhausted its nuclear fuel, a star has shrunk down so far that the Fermi energy of 
the electrons has risen above the threshold for inverse beta decay e^ + p > v +n, 
then the greater part of the matter is turned into neutrons. Since the star is supported 
against collapse mainly by the Fermi pressure of the electrons, it suddenly gives 
way. Thus the model would be that of a star in static equilibrium, whose pressure at 
some time is suddenly reduced to zero. The solution of Einstein's equations before 
that time is as in (10.4.30). Afterward, the solution in the interior is (10.4.2), and in 
the exterior it is the Schwarzschild metric. We now need to show that the solutions 
can be joined smoothly at the surface to satisfy Einstein's equations with o — 
const. inside and 0 outside, and p = 0. Since the surface of the star falls freely, its 
radius in the co-falling coordinates (10.4.2) is r — a — const. For simplicity we 
use units in which ry = 8x «a? p/3 = 1 and consider the case K = 0. This makes 
the motion parabolic, with the surface of the star infinitely large at the beginning. 
Similarly, the solution with K > 0 is a Friedmann space in the interior, matched 
to a Schwarzschild metric. If p > 0, the calculation becomes much more compli- 
cated, because it cannot be constant inside the star, as otherwise there would be 
an infinite pressure gradient at the surface. However, the essential features are not 
greatly altered if p > 0 [55]. 

In order to join (10.4.30) to (10.4.2), we have to express the two metrics in the 
same coordinates. For this reason, we write the 


(10.5.27) Schwarzschild Metric in Co-Falling Coordinates 


It is convenient to introduce the coordinates (t, F) in place of (t, r), where t is 
the proper time for radial parabolic motion, and r is r at the time t = 0. Since the 
speed approaches zero asymptotically, 


and thus 


dr \? d 1 
-l= d (4«(£)) => ese => t= 3? — H2, 


r—1 d dt Jr 
Consequently, 
— = — {1 > ft-r-2 I : 
dr Tha) ý Vi L 


This puts the metric in the normal form g = —dt? + gi; dx! dx/, because 


dt = JF df — Jrdr, 


Jr r . JF 
=dt 
r-l r-l r—l 


dt = dt — dr 
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leads to 
(10.5.28) 
-|1 
g= -dP 4dr — +r d% 
r r—-i 


—2/3 4/3 
= -dr + (1-37) aP + (1-37) Pag. 


(10.5.29) Remarks 
2 


1. This chart can be used for 37/2 < r?? and becomes singular at 37/2 = 7?^?, 
which corresponds to r = 0 though. Equation (10.4.29) therefore extends the 
Schwarzschild metric beyond r = ro = 1, but it is not the maximal extension 
(10.4.48). 

2. A particle falling freely from infinity travels from r — r tor — O in proper time 
2p? /3, in units where rg = 1. 


3/2 


To discover the proper Friedmann solution, note that equation (10.5.19), with 
a = R(0), ro = 81kp(0)a? /3 = 1, and K = 0, implies that 


and hence that oe 
R(t) 2 a (1 — 31a??y^, 


By redefining the coordinates t > t, ar > r, we come up with the 


(10.5.30) Oppenheimer-Snyder Solution 
The metric 


panda? 1 7 dra NGF + Fan) if 
(1 — 3077)? dF? + (1 — 37 OP dQ? if 


Satisfies Einstein’s equations with p = 0, 


_ | 3(a3/? —3rc/2)? 81k iff <a, 
p= ee 
0 ifr >a. 


Proof: Einstein’s equations are satisfied for r > a and r < a by construction, 
and, as the curvature ought to be discontinuous at 7 = a (cf. (10.2.24)), it is only 
necessary to check that it has no delta-function singularity there. Let us write the 
orthogonal basis for g, 


&* = (dr, e"v' dr, e" d, e" sin? dg), 
F(1 — 3a 325 


F — 3er yis 


(10.5.31) gen | iff <a, 


ifr >a, 
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where v’ :— 0v/dr and ý :— àv/8; v' is discontinuous and v is continuous with 
a discontinuous first derivative. When restricted to r = a (drjz=q = 0), only the 
continuous parts of e% remain, and even the de® are continuous at 7 = a: 


de” = (0, e"(v' + bv’) dt A dr, e" (V dx + v' dr) Add, 
e" ((V dz + v' dP)sin? + cos? dd) ^ dg). 


From this formula we get the affine connections, 


T r 9 o 
eea aa 
o [e e 


(10.5.32) og = 


Observe that the discontinuous functions v’ and v’ are multiplied by dr, and so no 
v" shows up in dog (see Problem 4). Hence, while AR" 5 is discontinuous, it does 
not contain a delta function. o 


(10.5.33) Remarks 


- 


. As Einstein's equations do not allow delta-function singularities in the contrac- 
tions Re, the question arises of whether they can occur in R” s. The answer is 
that they cannot, because the surface of discontinuity has a spacelike normal dr, 
and by (10.2.24), the regularity of R, implies that of R" g in this case. 

2. If the basis given in the proof is supplied with a more general function v(r, r), 
then it is easy to find a solution of Einstein's equations that describes the 
gravitational collapse of a C% density distribution. The discontinuous solution 
(10.5.30) can be considered as the limiting case of a C?? solution (Problem 4). 

. In order that the solutions join seamlessly, the Schwarzschild radius of the outer 
solution must be 


U 


a 
8k Í dř F pF, t)i-o. 
0 


This is to be expected, because when t = 0, dr = dr. In the static coordinates 
(t, r), the dramatic action in the interior is not detectable from outside. The 
Schwarzschild solution is as silent as the grave about what it hides within. 


(10.5.34) The Geometric Significance of the Oppenheimer-Snyder Solution 
The chart of (10.5.30) is workable if 
t < 2 minfa’, 7°”), 


though the metric becomes singular at the boundary. The lines 7 = const. are 
the world-lines of freely falling observers, and t measures their proper time. In 
this chart the light-cones inside the star flatten out as they approach the singularity, 
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Singularity 


~ 


surface of the star 


Schwarzschild 


light-cones of the world-lines 
of freely falling observers 


FIGURE 10.12. 


while on the outside they narrow down (see Figure 10.12). Note that the significance 
of r = 1 asahorizon for7 > a can thereby be expressed as the fact that from this 
point on, the light-cones remain completely on one side of the curve r = const. 


(10.5.35) Problems 
1. Integrate (10.5.11) for p = const. (cf. (10.4.12)). 


2. Show that p = 3/567 kr? is a solution of (10.5.11) for the equation of state of radiation, 
p= p/3. 


3. Solve (10.4.10) for K > 0, if p = p/3 and if p = p. 
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4. Use the basis (10.5.31) 
& = (dt, e"v' dr, e" d, e" sin? dg), with v(t,7), 


to find a solution of Einstein's equations for Tọ = p(r)e°, T; = 0. 


(10.5.36) Solutions 


1. Let x be the dimensionless variable given in (10.5.13), and y = p/p; then this equation 
becomes 


dy x/2 s -3 1 dxx 
a = (1 nia. ie, dy | dus 
dx Ep DIa ad (ta) 1 — x? 
1+3 1, 1-x? 1+3 1- x? 
hl det uy c a 
l+y 2 1-x I+y 1— xj 
V1 —x? — 1- x$ 
> ———— =y. 


3,/1 — x3 — V1 — x? 


2. 
p = 1/56r«r°, M(r) = 4nK Í i dr' r? p(r') = 3r/14, 
B ME __ 4 èr +r/14 _ p+pM(r)+4rkpr’ 
ðr 28zkr Són? r(0—3) — r r—2M(r) ` 
3. 
pais A+R = — => R+RR+K=0 > T R= -2K 


=> Rz-(cet - KP)’. 
p = p: Letdz/dt = 1/R. Then 4K +4Ř° +2RR = 0 becomes the oscillator equation, 
d? R? 
dt? 
consequently t is given by 


=—4KR => Rc-Rwlin2/Kr]"; 


t 
Rmax Í dt [sin2VKr']'”. 
0 


In both cases we have chosen R(0) — 0, and we observe that R decreases again to zero 
after a finite time. 
4. By (10.1.28) the affine connections (10.5.32) lead to the curvature forms 
R9; = e'Qvv' + ?v' + i + v) dt ^ df, 
R9, = e"(V? +b) dv ^ d9, 
R*, = e” (ù? + V) sin? dt ^ dg, 
R, = e” (v vv) d? ^d, 
R’, = e™ (v + $v)vsin? d ^ dg, 
R°’, = e" y! sind dd ^ dg. 
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Once again, Rog ~ eap, SO Tyg is diagonal. Einstein's equations require that 


&rkp = 30? 4-25 = Bri, 
v 
0 = e'Q? + 20) = Tz, 


| d viuum. 
z= ( + »5) (3v + 2) = Ty = Toy- 
The last two of these equations are solved by e” = (F(F)t + G(r))/?. Since the basis 
is invariant under a change of charts 7 — r(F), we may set G = 7^, and are left with 
only one function, F(r). If t = 0, then the first of Einstein's equations becomes 


; 1/2 
FF'-O9nkPp(F,0 => F=- L Í dr r^ p(r, J . 
0 


In the case p(r, 0) = 3/87 ka?, we revert to (10.5.30). 


10.6 The Existence of Singularities 


The solutions of nonlinear differential equations have a tendency to 
develop singularities; in particular this is true of Einstein's equations, 
where the attractive nature of gravity reveals its physical origins. 


The models we have considered of gravitational collapse, in which a singularity 
develops, were all radially symmetric. It is not at all surprising that a fall directed 
right at the center will end in a catastrophe. The one new feature of Einstein's 
theory is that the catastrophe cannot be prevented by any pressure, no matter how 
strong, because the pressure itself produces more gravity. There is a question, 
however, whether the situation is qualitatively changed by a perturbation of the 
radial symmetry, just as the angular momentum in the Kepler problem prevents 
the plunge into the center. In the relativistic Kepler problem, the effective gravita- 
tional potential goes as —1/r?, which is stronger than the centrifugal potential (cf. 
(§5.7)), but it is conceivable that other mechanisms might impede the growth of 
a singularity. It is often claimed ([51, §1.14]), on account of this observation, that 
normally the solutions are free of singularities, which are pathologies afflicting 
spaces of high symmetry. It was the accomplishment of R. Penrose and others of 
the school of D. Sciama to disprove this claim: as long as energy and pressure 
are positive in some reasonable sense, and at some instant there exists the kind of 
geometry set up by a large mass, then the formation of a singularity is unavoidable, 
regardless of any symmetry. 

Let us agree at this stage what we mean by a singular space. Regularity is 
incorporated in the concept of a manifold, and any singular points are removed. It 
might be suggested that unbounded growth of R” could be taken as a sign of a 
singularity in the vicinity. We shall see shortly that the R" & describe the tidal force, 
and consequently this conjectured indicium has a direct physical significance, as it 
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can be observed as bodily discomfort. Unfortunately, it is difficult to express this 
mathematically, since the components of R“ g depend on the basis, and could also 
become infinite in the absence of a genuine singularity. Conversely, it is possible 
for all 14 of the invariants that can be constructed from R” to vanish without R” g 
itself vanishing. For example, this happens for plane gravitational waves, and is 
analogous to a nonzero vector in Minkowski space having zero length. 

Hence we resort to a different feature of the solutions we have discussed as the 
criterion for a singularity, viz., that an observer falls into the singularity in a finite 
proper time, thus leaving the manifold. There is, of course, the trivial possibility 
that the manifold has simply been chosen too small—if the manifold were only a 
piece of Minkowski space, then one could leave it in a finite time, although there 
is not necessarily any singularity outside the piece. In order to exclude such cases, 
we make a 


(10.6.1) Definition 


A pseudo-Riemannian manifold M is extensible iff it is a proper subset of a larger 
manifold M', i.e., its metric is the restriction to M of the metric on M'. 


(10.6.2) Remarks 


1. M' is not, of course, uniquely determined by M, so our criterion cannot in- 
volve examining an extensible manifold to see where there are singularities. 
For instance, the Schwarzschild metric for r > Sro can be extended either to 
the regular solution with a continuous mass distribution for r < Sro or to the 
singular solution. 

. When confronted with an extensible manifold, one gets the feeling that some- 
thing has been intentionally left out. Therefore we postulate that the physical 
space-time continuum is nonextensible. 

. There are examples ([52, p. 58]) of nonextensible manifolds that can be es- 
caped from, so it is actually necessary to postulate a more refined property, 
local nonextensibility. However, the examples seem rather artificial, so we shall 
content ourselves with the primitive definition. 


N 


o 


The next step is to decide what observers we will grant an unlimited stay in the 
manifold. 


(10.6.3) Definition 


A pseudo-Riemannian manifold is said to be geodesically complete in timelike 
directions iff every timelike geodesic can be extended to an arbitrarily long proper- 
time parameter. 


(10.6.4) Remarks 


1. A positive metric g defines a metric for the topology of a Riemannian space M, 
and then geodesic completeness means the same thing as completeness in the 
sense of a metric topological space. 
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2. An affine parameter could also be defined on lightlike geodesic lines, and one 


lo] 


can speak of lightlike and spacelike geodesic completeness. These conditions 
are not equivalent (Problem 1); but at any rate (10.6.3) must be required on 
physical grounds. 


. Geodesic incompleteness puts an observer who can stay in the manifold for only 


a finite time into a predicament, but is not necessarily evidence of any kind of 
infinity. This is shown by the example 


h h 
g--d? (1-3) +a (145) ran 
À 4 
h= pms (t — x) — 1), à € (0, 2), 


on R? (if desired, dy? + dz? can be added in). If A is small, this is only a weak 
gravitational wave that spreads throughout the flat space, but nonetheless the 
space fails to be geodesically complete in timelike directions, even for arbitrarily 
small A (Problem 2). The reason is that a particle of the right initial velocity rides 
the crests of the waves, as in a linear accelerator, and reaches nearly the speed of 
light. Its proper time runs ever more slowly and never exceeds some finite value. 
There is no singularity, and the only R' ; that does not vanish is R°, = e°h”/2. 
Since A is periodic in u = t — x, g can be used as a pseudometric on T?, in which 
case even this compact set is geodesically incomplete, although it is certainly 
not a piece of a larger connected manifold. Despite that, we follow common 
usage and refer to the space as singular. 


4. Even in Minkowski space it is possible to reach the end of the manifold after 


CA 


a finite proper time on certain timelike lines. If, for instance, x = t + 1/1? for 
t > 1, then 


d oo 2 oo 
fas=[ Gar= | abl eae zl dtt = 4, 
dt 1 dt 1 


It is only the choice of coordinates that makes the end at x — oo, and it can be 
transformed to any finite point, just as the end lay at —oo in the Schwarzschild 
metric with the variable In r. 


. One might require that timelike lines with bounded acceleration Z^ z? gag can be 


continued to arbitrarily long proper times. If this were not so, then the crew of a 
rocket with a finite supply of fuel could conceivably find themselves at the edge 
of the Universe, and would not know what to do. Yet geodesic completeness 
leaves this possibility open [53]. 


Geodesic lines are the world-lines of freely falling observers (cf. Problem 4). 


The nonrelativistic analogue of a geodesic vector field is the velocity field v; of 
an ideal fluid with no pressure in a gravitational potential ®. For stationary fluid 
flow, the equations of hydrodynamics require that v,vj, = —®,;. Let n be the 
distance-vector field between nearby fluid particles, which is carried along with 
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the stream. Its Lie derivative with respect to v vanishes, so 
(10.6.5) UN; k = NkUik 


(recall (2.5.12; 5)), which makes the second derivative along the streamlines 


a ð 
(10.6.6) Vk ak (un) = —N® jx. 


Thus the gradient of the field «b ; affects the distance between two particles, and 
in fact the effect of the second derivative of is to focus them together: Since ® 
satisfies the equation 


(10.6.7) $j;j—-pz0, 


the net effect of the gravitational field, when averaged over all directions, is to 
focus particles. For irrotational fluid flow, v; 4 = v, ;, this can be expressed as an 


increase in the rate of convergence c = —v; ; of the flow along the streamlines: 
0 c 
(10.6.8) Vj —C = —UjUr iy = UpiVig d Oa m o. 
Ox; 3 


This equation used (10.6.7) and irrotationality, which entered through the trace 
inequality for symmetric (n x n)-matrices 


(10.6.9) (Tr MY « n Tr(M?) 


(Problem 3). If c is positive at some point, then it increases so rapidly by (10.6.8) 

that it soon reaches infinity, and the streamlines meet. If s is the parameter on a 

streamline, given as x(s), vi(x) = dx;/ds (cf. (10.1.42; 1)), then (10.6.8) implies 

that 

dc c c(0) 

— > — > > ——————, 

as 3 9) 2 DT e 

and thus c gets arbitrarily large before s — 3/c(0). This elementary property of 

gravity contains the essential features of the relativistic theory discussed below. 
The relativistic generalizations of (10.6.6) are 


(10.6.10) 


(10.6.11) The Equations of Geodesic Deviation 


Let v = vey be a geodesic vector field and n a vector field such that Lyn = 0. 
Then 
D, Dyn = —e,(R* g|n & vv. 


Proof: By (10.1.7(g)), Dun = D,v, and because of (10.1.19), (10.1.33; 2), and 
the equation D,v — 0, 


0 = D, D,v = D, Dsn + (D, D, — D,D,)v 
= D, Dyn  e,(R*g|n & vv. L] 
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(10.6.12) Example 


Consider the Friedmann universe (10.4.2). Let the fields v and n be the natural 
contravariant basis elements 0, and 0,. Their Lie brackets with each other vanish, 
and à, is geodesic, since we are using co-falling coordinates. The contravariant 
components of the metric (10.4.2) are 


2 2 
g? = —], gl = 1+ Kr'/4 ‘ 
R 
so v and n can be written in the orthogonal basis as 


€1 R 
= ey. 
gu 14+ Kr?/4 


v=h=o, n= = 


With the affine connections of (10.4.5), we see that 


R R R 
Dyn = ETA + WW 2r d = T+ kya" 
R R R 
UE Pc) ASIERA = R" 


which, because of (10.4.6), is precisely 
—ei(Rloln @ v). 


(10.6.13) Remarks 


— 


. Since R(t) describes how the distance between neighboring world-lines x = 
const. varies, we perceive that D, D,n has the significance of a relative acceler- 
ation. 

2. Proposition (10.6.11) shows that from the physical point of view it is R® g rather 

than cg that takes over the role of the electric field strength. Because of the 

principle of equivalence (5.5.11), there is no trace of the w’s; freely falling 
observers can only notice the gradient of the field R, specifying the corrections 
to the principle of equivalence, which holds only in the infinitesimal limit. 


The curvature forms may have either sign, either focusing or defocusing. The 
contractions R, are immediately determined by the energy and momentum, from 
which they inherit the positivity (8.1.13). As with (10.6.8), this leads to an 


(10.6.14) Increase in the Rate of Convergence of Geodesic Vector Fields 


Let v be a timelike geodesic vector field perpendicular to a hyperplane t — 0, and 
assume i, Ro > 0. Then the rate of convergence c = — Y, (e? |D., v) (cf. Problem 
4) satisfies the differential inequality 


N 


C 
Dyc > ce 
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Proof: We work in the natural basis of a co-falling coordinate system, so that v = 9, 
and g = —dt? + gq, dx" Q dx”. As in (10.6.11), Dv = 0, and D,à, = Da,v. By 
also recalling that 


0 = D,^5 = (D, dx^|8g) + (dx* |D,0g), 
we find 


Dsc = — D, (dx* | Da, v) = —(D, dx*|D,0q) — (dx* |D, Da, v) 


= — (D, dx" |8g) (dx^|D,8,) + (R*5|8, & v)v? 
2 
(dx"| D, 9g) (dx |Dydq) + i, Ro > 3: 


since the trace inequality (10.6.9) is again applicable: 
Map :— (95D, 9g) = (8s |Da,v) = Tos 


is symmetric in œ and f and vanishes when a or f is zero, because of D,v = 0. In 
the space orthogonal to v, g is positive and c = Tr(Mg) = Tr(./gM./g), while 
Tr(/g M ./g./gM./g) occurs in the above equation. o 


(10.6.15) Example 


Let us take another look at the Friedman universe, for which 


R 
Da, v = DyIa = — 3a, 


R 
and thus c = —3R/R. Proposition (10.6.14): 

93R 3È 3Ë c 3R 

Dc = —-— — = — — — > — = — 

QR R R3 R2 


holds if R < 0, which amounts to the condition that i, Rọ > 0. From equations 
(10.4.10), this condition is met if p + 3p > 0. 


(10.6.16) Remarks 


— 


. According to Einstein’s equations (10.2.20(a)), the condition i, Ro > 0 Vv: 
(v|v) < 0 implies for the total energy-momentum tensor that Too + Tj; + T7; + 
T33 > 0 ("positivity of the energy"). This is true for all sensible models of matter. 
The reason for the positivity condition is that negative energy produces a repul- 
sive gravitational force, which could prevent the convergence of the geodesics. 

2. Generalizing the nonrelativistic result (10.6.10), we see that if c is ever posi- 

tive, then it must become infinite after a finite time under the circumstances of 

(10.6.14). Let s be the proper-time parameter (cf. (10.1.42; 1)) on the geodesics 

of v, v'(x(s)) := x'(s), and c(s) := c(x(s)). If c(0) > 0, then c becomes infinite 

for some s such that 0 < s < 3/c(0). 
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3. If Nab :— (eales), then (det N)'/? is the volume spanned by the spacelike basis 
vectors. Since 
c = —(e"|Dye,) = —} D, In(det N), 


c — oo would mean that the volume approaches zero, and neighboring geodesic 
lines meet. Hence there exists a basis field n, Lyn = 0, which becomes zero. 


It is not necessarily a sign of a disaster if c does not remain bounded; (10.6.14) 
made no use of the strict positivity of i, Ro, which means that the same conclusions 
could be reached in flat space, even though the metric is everywhere regular. 


(10.6.17) Example 


Let us introduce the coordinates c = — vt? — x? and u = x/t on M = ((t, x) € 
R?: t «0,x «0, > x?; g = —dt? + dx?), and let the vector fields 


t x 
v=0, = —— 3, dx, 
/t? ne x2 t2 m x 
2 3 
xt t 
n = ð, = 2 ta z0x, 


serve as the basis; it is easy to verify that D v = 0, Dyt = 1, and Dyn = Dv = 
—n/t. The streamlines of v are geodesic since they are straight lines through the 
origin, and the streamlines of n are normal to them in the sense of the metric 
(Figure 10.13). 


D 1 
gS up yo =, 
(n|n) T 
and in fact 31 : 
Dic = -—- = — =’, 
ys art T? 


and in one space dimension (10.6.14) can be strengthened to D,c > c?. At the 
origin c becomes infinite, although the space is not singular; it is only that the chart 
(t, u) is unsuitable there. 

When geodesics cross, they lose the property of being extremal, which can bring 
about some contradictions. This will lead to the conclusion that one cannot make 
the assumption that geodesics are extensible past the points where they cross. Let 
us distinguish the different possible states of affairs by making 


(10.6.18) Definition 


(a) The future J* (x) (resp. past J~(x)) of x € M consists of the points of M 
that can be connected to x by causal curves (see (8.1.15)) directed toward 
the past (resp. future). 


(b) Let S be a spacelike hypersurface and x € D*(S). Then the set of causal 
(resp., differentiable causal) curves from x to S is denoted by C(x, S) (resp. 
C (x, S)). The set C(x, S) is topologized as follows: A basis of neighbor- 
hoods of the curve A consists of all curves that stay in a neighborhood of 
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Xx- 


t 
FIGURE 10.13. The convergence of a geodesic vector field on flat space. 


i, in the sense of the topology of M. We let C! have the topology induced 
by C. 


(c) The length, or proper time, of 4 € C' (x, S) is defined by 


d(a) = J dsj-—gag^M, — A(s)e S, (Sy) = x. 
so 


(10.6.19) Remarks 


1. The topology on C(x, S) is that of uniform convergence. It is metrizable, since 
the topology of M is metrizable: the Hausdorff distance function between two 
subsets of M is defined in terms of the topology of M, and the distance function 
oftwo causal curves produces the metric on C(x, S). Consequently, compactness 
becomes synonymous with sequential compactness. 

2. Cl is dense in C, and so d(A) can be extended to C (Problem 5). 


To simplify the next chain of reasoning, let us eliminate pathologies at the outset 
by making for the duration the 


(10.6.20) Assumptions 
(a) that M is orientable with respect to time (8.1.15); and 


(b) that if x and y vary over M, then the interiors of J ^ (x) J * (x) form a basis 
for the topology of M (cf. (6.4.10; 3)). 


The above assumptions imply the 


(10.6.21) Propositions 
For all x in the interior of D* (S): 
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(a) J- (x) N D*(s) is compact, 
(b) C(x, S) is compact; and 


(c) d: C'(x, S) > RR* is upper semicontinuous. 


(10.6.22) Remarks 


1. Neither time direction is distinguished, either here or below. Where appropriate, 
D- (and J~) can be substituted for D* (and J+). 

2. Proposition (b) is a variant of Ascoli's theorem, according to which any family 
of equicontinuous curves on compact sets is relatively compact in the topology 
of uniform convergence. However, a set of curves of arbitrary gradient is not 
compact; for example, x = sinnt, n = 1,2,...is not uniformly convergent to 
anything. The requirement that a curve never gets out of a light-cone prevents 
this from happening in (10.6.21). 

3. Proposition (a) is a necessary condition for (b); for example, x = sint/n, 
n = 1,2,..., does not converge uniformly to zero on —oo < t < 0. 

4. The function d is not continuous, because in any neighborhood of à € C(x, S) 
it is possible to reflect lightlike curves back and forth to make d vanish. 

5. The extension of d to C(x, S) is likewise upper semicontinuous (Problem 5). 
We let it define the proper time on a nondifferentiable causal curve. 


The proofs of these propositions are rather technical, and are left for Problem 6. 
An important consequence of them is 


(10.6.23) Theorem 


Let S be a spacelike hypersurface and p be in the interior of D* (S). Then there is 
a curve of greatest proper time from p to S, and it is the geodesic through p that 
is orthogonal to S in the sense of the pseudometric g. 


Proof: It follows from the compactness of C and the upper semicontinuity of d 
that d achieves its supremum ([41, 12.7.9]). The maximal curve must be geodesic, 
because otherwise one could find a nearby curve of greater proper time to the same 
point of intersection with S. The orthogonality follows from the requirement that 
geodesics to other nearby points of S take less time: according to (3.2.18; 6), the 
change in the time taken on a geodesic line having endpoint x is 


8x" XP gap 
| XP x" gp, 


If x were not perpendicular to all the tangent vectors of S, then one could find a 
way to increase the time. LI 


9 -B. 
irr —KPXY gg, = 
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causal curve staying pforty >0 
away from S 


FIGURE 10.14. Geodesic lines perpendicular to S in (10.6.24). 


(10.6.24) Example 


As in Example (10.6.17), let g = —dt? + dx, p = (to, 0), and S = ((t,x) € 
R?: 1? — x? = 1, t < —1). The straight lines through the origin are the geodesics 
perpendicular to S. The straight lines through p, x = v(t — to), intersect S where 
x? = v*(t — to? = t? — 1, so the distance along them to S is (tọ — t)//1 — v? = 
(14-2 — 21tor)!? (see Figure 10.14). If to < 0, the maximum is achieved att = —1, 
since t < —1, and the geodesic orthogonal to S is then the longest line. If tọ > 0, 
then the distance grows without bound as t — —oo; there exists no maximum, and 
the line through (—1, 0) is the shortest. This does not contradict (10.6.23), since 
in this case p ¢ D*(S). 

It is intuitively reasonable that one could obtain a more nearly extremal curve 
from two crossing geodesics, by rounding them off near the intersection. This 
expectation is confirmed by the 


(10.6.25) Theorem 


Let v: Dyv = 0 and (v|v) = —1 be the geodesic vector field perpendicular to a 
hypersurface S, let y(t) be a streamline of v and suppose n with the properties 
Lyn = 0 and (n|v) = 0 vanishes at y (0) but not on all of y. Then for all p > 0, 
y is not the curve of greatest proper time from y(p) to S. 


Proof: We choose comoving coordinates g = —dt? + gik d x! dx*, and let t be 
the proper time along —v = @,. Since n satisfies (10.6.11) and vanishes at t = 0, 
it is impossible for D,n to vanish at that point, as it would otherwise be zero on 
y. Therefore, letting w := n/t, lim,,9(w|w) is positive (i.e., n is spacelike). 
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Because 


the quantity 
1 
(Dyu|w) = z unu) t (D,w|w) 


approaches +00 on y as tT — 0. This expression has the significance of the second 
derivative of t along the geodesic line in the direction of w: Let w be the geodesic 
vector field having the same direction as w on y, so Daw = 0 and uy, = wy; 


then 
2 


» ð 
(Duvlu)y = Da(dzli)y = $35 


where r is the curve parameter of the streamline dx“ /dr = w%(x(r)). If p — T(x) 
is the distance from the point x to y (p) along the geodesic connecting these two 
points, then the function 7 (x) is defined and regular in a neighborhood of y (0) for 
sufficiently small p. On y, t = T, and there exist points on y such that 


2 er d 
ar - op)" 


therefore there exists a point q in the neighborhood of y (0), for which t) > rj. 
If y intersects S at tT = To < 0, then the distance from y (p) to S along y equals 
— 19 + p. The distance along the geodesics from p to q is p — tj, and the distance 
from there to S is t; — to, so that the total proper time along this path y’ is 
p—%™%+% — To > p — to (Figure 10.15). 


(10.6.26) Example 


In the case of straight lines (10.6.17) and (10.6.24) with S = {(t, x) € R2: t?—x? = 
1,t < —1}, y = the t-axis, t = ~t? — x?, and p = (to, 0) for to > 0, we have 
w = 0,, and thus r = x and 


es I er (onion 1 
— = SOS Er = —X = 
aj" |e] ar? ax? ur ets Mead 
for allt « 0. The explicit calculation of (10.6.24) confirms the conclusions reached 
earlier. 

Finally, let us collect our results in a 


(10.6.27) Theorem 


Let (M, g) be orientable with respect to time, i, Ro > 0 for timelike vectors v, and 
let S C M be a spacelike hypersurface on which the rate of convergence of the 
orthogonal geodesic vector field v is always > co > 0. Then there cannot exist a 
point p in D(S) at a distance greater than 3/co from S. 
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FIGURE 10.15. A curve y’ having longer proper time than the geodesic y. 


Proof: Proposition (10.6.14) states that the rate of convergence of v becomes 
infinite within a distance < 3/co of S. Hence, given any geodesic through p per- 
pendicular to S, there exists a field n that vanishes before p (cf. (10.6.16; 3)), and 
thus no geodesic through p is the curve of greatest proper time from S. This con- 
tradicts (10.6.23), and the only remaining logical possibility is that the geodesics 
cannot be extended to p. o 


(10.6.28) Remarks 


1. If D(S) is sufficiently large, for instance all of M if S is Cauchy, and c is 
positively bounded on S, then M cannot be geodesically complete; there must 
be a singularity somewhere. The shortcoming of this statement is that we do 
not learn what happens physically at the singularity—whether there are infinite 
tidal forces, or a “quasiregular singularity” for which everything remains finite, 
as in (10.6.4; 3). 

2. The convergence of v leads one to suppose that the rate of convergence of 
the streamlines of matter also becomes infinite, and that the energy density is 
divergent at some point. The difficulty in proving this is that there might exist 
an earlier, quasiregular singularity, and the time-evolution might stop before 
reaching an infinite density. 

3. In order to draw conclusions from (10.6.23) about the existence of singularities, 
it is necessary to know something about the size of D(S). If there were a Cauchy 
surface S with cp > 0, then singularities would be unavoidable. 
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FIGURE 10.16. Intersection of geodesics in flat space. 


4. There are numerous variations and refinements of this theorem [52], yet the 


precise physical nature of what happens at the singularity is still unclear. 


(10.6.29) Examples 


1. 


N 


W 


The Friedman universe (10.6.15) with S equal to the hypersurface at t = const. 
This is a Cauchy surface, so every later point lies in D(S). Hence, if c = 
—3R /R > 0, then no pressure, however great, can prevent the formation of a 
singularity. 


. Let (M, g) be (R?, —dt? + dx?) and S = {(t, x): t? —x? = 1,t < -1, |x| < r}. 


Then it can be calculated that 
D(S)-((t,xy? — x? > 1t<x4tr—Vr241,t<-x4tr—Vvr?4]} 


(see Figure 10.16). In this case, co = 1 (cf. (10.6.17)), and the geodesics per- 
pendicular to S leave D(S) at the latest at r + 1 — V1 +r? < 1 < 3/co, so 
(10.6.27) predicts no singularity. 


. The Oppenheimer-Snyder Solution (10.5.30). With S such that rt = 0 and 
v = po, we calculate that 
y > iff <a, 
c= di =- (30+) = us E 
v Pn ifr >a. 


Therefore c is again infinite at the singularity at r?? = F°? — 37/2 = 0. In the 
static coordinates, c ~ r ?/?, because the radial speed 


v, ~ |potential energy|!? ~ r^? 


means that v,., ~ r72. 
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The great interest in singularities is clearly because what is at stake is whether 
most stars end up as black holes or black holes exist only in peculiar circumstances, 
and whether the Universe originated in a point and will some day return to a point. 
The question of singularities reveals how incomplete our understanding of natural 
laws is—are they ever superseded by something beyond human understanding? 


(10.6.30) Problems 


1. Construct an example of a pseudo-Riemannian manifold that is geodesically complete 
in spacelike and lightlike directions, but not in timelike directions. Do this by choosing 
g = Q(t, x)(dx? — dt?) on R2, with a suitable function Q. 


2. Find timelike geodesics for the metric of (10.6.4; 3), on which x + t becomes infinite 
after a finite proper time. 


3. (a) Prove (10.6.9). (b) Find an example of a nonsymmetric, real (2 x 2)-matrix that 
violates (10.6.9). 


4. In the notation of (10.3.1), for the energy-momentum tensor (9.1.25; 3) with p — 0, 
T* = pvv"; the contracted Bianchi identity implies that (ov’v")., = 0. Show that 
this makes v geodesic. Identify the rate of convergence of an arbitrary vector field as 
C= Ug = —ôv = *(L,*1) = *(d*v). 


Nn 


. Extend the definition of d from the dense set C! (p, S) to C(p, S) upper semicontinuously. 
Give an example of a densely defined continuous function which cannot be extended 
upper semicontinuously, and several examples of upper semicontinuous extensions of 
continuous functions. 


6. Prove (10.6.21). 


(10.6.31) Solutions 
1. Let Q = 1 for |x| > 1, €, (t, 0) = 0, and lim, >æ |t|?+* Q(t, 0) = 0 for some £ > 0. 
Then the time axis is geodesic, and the proper time on it is 


T ds = 2 dt. Q(t, 0) < oo. 


However, light rays and spacelike lines leave the strip |x| < 1 and continue on as in 
Minkowski space. 


2. Let u = t — x and v = t + x; then the Lagrangian for the motion becomes 


h 
EL: T — uv. 
Consequently 
h 
=ù? — úù = —1 and EN E E ae 
2 dv 


Therefore we must integrate 


1 2 
à = y P?+2h, USE el) E 
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If P? :— A, then 
P a? A. 
u = cosu => s=tanu > u= BI? 
1 + 1/P?s? 2s 2 
=> p= cQ. => DEES ray FE pa, PPO 


(a) If M = TmT™!, where m is diagonal, with eigenvalues m,, then (10.6.9) is the 


Cauchy-Schwarz inequality 
2 
(Em) < Dy 1- yn. 


1 1 0 


(b) m= (7 o ete mn = 1, but a? = ( * J and TH?) = a 


4. Multiply 0 = (pv). gv" + pv? (v%.g) by va. From (v|v) = —1 it follows that v,(v*.5) = 
0, and we conclude that 0 = (pv*).,. In that case, v^(v^.5) = (e"|D,v) = 0. The 
equivalence of the expressions for c follows from 


Ly*1 = di,*1 = d*v, 
d(e va) = — ve" ^ "e? t dug ^ *e = * (e? |dvg — wo" g) 
= * (e |D,, v) = *(v.,). 


5. Let d(A) = infci5u5, sup;,u d(À). This is upper semicontinuous and workable as long 
as the supremum is finite for sufficiently small U , which is the case as a corollary of the 
proof of (10.6.21) (see Problem 6(c)). If f: R\ {0} — R sends x — |x|~', then this is not 
the case at {0}, and this function cannot be extended upper semicontinuously to a function 
f:R — R. Incidentally, the above extension is maximally continuous; for example, to 
f:R\{0} — R, x — |x| it ascribes the value f(0) = 0, whereas f(0) = a > 0 would 
make the extension only upper semicontinuous. 


(a) If J~ (x) à D*(S) were not compact, then there would exist an infinite, locally finite 


covering with relatively compact neighborhoods U; with a; € U; for {a;} without a 
point of accumulation. Let x € U, and y; be a family of causal curves from x to a;. 
Then y; N ðU; has a point of accumulation ;. If c, is a causal curve from x to hy, 
then c; contains a point x; that lies not only in U; but also in another set U2. Since 
J^ (x1) contains a neighborhood of h, by Assumption (10.6.20(b)), it also contains 
an infinite subfamily (1) of the {y;}, and consequently infinitely many a;,. There 
is a point of accumulation h2 for (yj,) N U2, N J^ (x1), and there exists a causal 
curve c from x, to h2, and so on (Figure 10.17). This procedure yields a causal line 
connecting x, x1, X2, ..., which cannot be extended father downward, since the a; 
have no point of accumulation. However, for the same reason, it cannot intersect S, 
as otherwise one of the relatively compact U; would contain infinitely many a;. The 
existence of a nonextensible causal curve not meeting S contradicts the definition of 
D* (S), and therefore J- (x) N D*(S) must be compact. 
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FIGURE 10.17. Construction of a nonextensible, causal curve that does not intersect S. 


(b) 


(c) 


C(x, S) is compact as a metric space if it is complete and precompact. A uniform 
limit of causal curves is continuous ([41, 7.2.1]), and, because of (10.6.20(b)), causal. 
Therefore completeness follows immediately. Precompact means that for all £ there 
exists a finite covering of C(x, S) with neighborhoods of diameter £. Such a neigh- 
borhood of a curve y is the set of curves 


| sup inf p(x, y) « 1 , 
yey! *€Y 


where p is a distance function for the metric on M. Since J~(x)M D*(S) is compact, 
we can cover it with finitely many A; = the interior of J~ (a;)N J+ (aj), i — 1,...,n, 
with diameter < £. Let x be in A,, and form all unions 


with 
Aj = Al, Aj, NSD, 
Aj, n Aj z 9, J (Ai) n Aja z ð. 
The B; = (y € C(x, S): y C Bj) are a covering for C(x, S), since every causal 
curve of x must be in some such union. The number of the B; is finite, and their 
diameter < £. 


We need to show that for all £ there exists a neighborhood U of À such that d(À) < 
d(A) + € for all À € U. For this purpose, we use comoving coordinates moving with 
A, so that A is one of the time axes x/ = const., j = 1, 2, 3, and the 8o; vanish. Since 
d does not depend on the choice of the curve parameter, we can take this parameter 
as x^; we then have to compare 


d(A) = [ es 


= zak 
d(À)- Í dx* V -go — gi A. 
À 


with 
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afak 
Since, however, g T i > 0 and go is uniformly continuous, as a continuous 
function on the compact set J~(x)M D*(S), we can make d(A) < d(A) + € by taking 
a small enough neighborhood. 


Some Difficult Problems 


l. 


Only approximate solutions are known for the diffraction at a slit. Find 
bounds for the errors. 


. Give a general, rigorous formulation of Babinet's principle [21]. 


. Show that the Green function for diffraction at a wedge has causal support 


properties. 


. Find a solution of Einstein's equations that describes the emission of gravi- 


tational waves. 


. Harmonic coordinates are used to prove that Einstein's equations are hyper- 


bolic. Give a purely geometric formulation of this state of affairs, without 
reference to particular coordinates. 


. Discover singularity theorems that show that M is not only geodesically 


incomplete, but that the curvature invariants are in fact unbounded, in the 
right circumstances. 


. Solve the general relativistic two-body problem. 
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hypersurface, 303 


imbedding theorem, 15 
impact parameter, 138 
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incompressible, 82 
infinitesimal variations, 6 
integrable system, 113 
integral, 77, 78, 296 

curve, 36 

invariant, 92 

of motion, 105 
interior is a manifold, 20 
interior product, 50, 52, 297 
isometries, 61 
isotropic, 470 


Jacobi’s constant, 191 
Jacobi’s identity, 74 


K-A-M theorem, 163 

Kepler problem, 173 

Kepler's equation, 180 

Kepler's Third Law, 177 

Killing vector field, 61, 333, 447 
Kirchhoff's theory of diffraction, 415 


Lagrangian, 330 
Landau-Lifshitz form, 461 
Laplace-Beltrami operator, 299 
Larmor orbits, 221 

Larmor's formula, 288, 372 
Legendre transformation, 43 
length of a curve, 519 

Lenz vector, 174 

Levinson's theorem, 137 
Liénard-Wiechert potentials, 348 
Lie bracket, 72 

Lie derivative, 33, 69, 70, 299 
lightlike, 238 

lightlike coordinates, 306 

linear approximation, 464 

linear motion, 38 

Liouville measure, 81 

Liouville operator, 33 

Lissajou figure, 8, 110 

local canonical transformation, 90 
local coordinate, 15 

local flow, 39 

local Lorentz transformation, 456 
locally Hamiltonian vector field, 93 
London's equations, 384 

Lorentz force, 214, 320 

Lorentz gauge, 344 


542 Index 


Lorentz transformations, 217, 455 


Meller transformations, 189 
Möbius strip, 29 
Meller-transformations, 125 
magnetic charges, 314 
magnetic field, 214 
manifold, 6, 11, 12 

with a boundary, 19 
mass-renormalization, 378 
maximally symmetric spaces, 468 
Maxwell’s equations, 215, 313 
metallic boundary conditions, 390 
minimal frequency, 402 
Minkowski space, 271 
mixed fixed point, 144 


naked singularity, 495 
natural basis, 34, 47, 296 
neutron star, 292 
Noether’s theorem, 331 
nondegenerate, 57 
normal modes, 397 


observables, 7 

Oppenheimer-Snyder solution, 508 

orientable, 56, 78, 298 

orthogonal basis, 51, 300 

oscillator, 98, 118 

oscillator with a changing frequency, 
155 


parallel at a distance, 28 

parallel transport, 435, 439 
parallelizable, 29 

partial differential equations, 300 
past, 518 

Peano curves, 110 

pendulum, 118 

Penrose diagram, 476 

perfect cosmological principle, 475 
perturbation series, 147 
perturbation theory, 145 

phase space, 43 

plane wave, 257 

plasma frequency, 386 

Poincaré group, 217 

Poincaré transformations, 317 
Poincaré's lemma, 67 


Poincaré's recurrence theorem, 82 
point-particle, 321 

Poisson bracket, 94 
Poynting's vector, 335 
precession, 219, 252 
principle of equivalence, 323 
product manifold, 15 
projection to a basis, 29 
proper time, 519 
pseudo-Riemannian, 57 
pull-back, 62 


quadrupole oscillations, 261 
quasi-periodic orbits, 110 
quasiregular singularity, 523 


radiation field, 374 

red-shift, 279 

reduced mass, 174 
regularizations, 6 
Reissner—Nordstrgm metric, 492 
Reissner-Nordstrom metric, 482 
renormalized equation of motion, 378 
resonant cavity, 401 

restricted three-body problem, 190 
restriction, 296 

retarded Green function, 342 
reversal of the motion, 125 
Riemann normal coordinates, 247 
Riemann-Christoffel tensor, 449 
Riemannian space, 57 
Riemannian structure, 297 
rotating basis, 322 

rotating charges, 361 

rotating coordinates, 103 
run-away solution, 379 


saddle-point method, 410 

scattering angle, 429 

scattering cross-section, 137, 288, 430, 
431 

scattering transformation, 129 

Schwarzchild's capture theorem, 83 

Schwarzschild metric, 492 

Schwarzschild radius, 248 

section, 433 

secular terms, 153 

shadow, 414, 421, 427 

signal velocity, 399 


small denominators, 149 
small oscillations, 118 
soldering form, 444 
sphere, 14 

stable, 140 

star (*) mapping, 53 
starlike, 67 

static, 470 

stationary, 470 

steepest descent, 410 

step function, 303 
stereographic projection, 28 
Stokes's theorem, 79, 297 
submanifold, 16 
superconductor, 383 
supernova, 501 

surface area of the m-sphere, 481 
surface tensor, 56 
symplectic matrix, 93 
symplectic space, 57 
synchrotron radiation, 373 


tachyons, 401 
tangent 

bundle, 28 

space, 23, 24 
tangential, 23 
TE solutions, 403 
tensor, 48 
tensor algebra, 48 
tensor fields, 294 
tensor product, 48, 295 
tensors, 45 
tetrad, 294 
Thompson’s theorem, 85 
tidal force, 247, 523 
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TM solutions, 403 

Toda molecule, 119 

Tolmann-Oppenheimer- Volkoff 
equation, 502 

torsion, 444 

torus, 14 

total charge, 318 

trajectory, 17, 36 

traveling plane disturbance, 237 

trivial, 30 

trivializable, 30 

Trojans, 192 

two centers of force, 182 


unbounded trajectories, 187 
uniform acceleration, 357 
uniform motion, 355 
universality of gravitation, 245 
unstable, 140 


vector bundle, 29 
vector fields, 31, 294 
vector potential, 314 
virial theorem, 206 
virtual displacements, 6 


wave-front, 401 
wave-guide, 396 
wedge, 49 

wedge product, 295 
Weyl forms, 449 


Yang-Mills theory, 455 
Yukawa potential, 386 


Zeeman's theorem, 277 


